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CHAPTER 9.
Two-Dimensional Computer Modelling
of the Flow Within the Swirl Atomizer
9.1 Introduction
This chapter continues, from Chapters 7 and 8, with the development of methodologies
to predict the flow within the swirl atomizer. Although the chapter concentrates almost entirely
on the internal flow it is to be understood that in order to be of practical benefit one ought to be
able to use the results of the predicted flow within the atomizer to estimate details of the spray
issuing from the atomizer. In order to predict the nature of the resultant spray one would need a
detailed knowledge of the flow within the outlet. This chapter presents details of a
methodology for predicting the size and shape of the air-core together with the dependent
variable fields of velocity and pressure using two-dimensional computer models. The
computed air-core topology and the dependent variable fields are compared with the results of
experimental work.
Using the methodology, described in the ensuing sections, one may acquire a
knowledge of both the distribution of the velocity components within, and the thickness of, the
annular liquid film at the atomizer exit and from these details one could, in principle, predict
the resultant spray, although currently there is no computer code capable of predicting the
break-up of either flat or, in this case, annular liquid sheets into droplets. However there are
empirical formulations from which one can estimate the drop size and distribution, from a
knowledge of the annular film thickness, and a number of these are given in Lefebvre (1989).
The computational modelling employs the FLUENT code, version 4.26, which was
ported to a PC computer incorporating a 90 MHz clock speed Pentium processor with 32
MByte of RAM and 2.2 GByte of hard disk space. Real physical scaled up atomizers were
modelled and the results are presented in two-parts: The first part is based on the atomizer used
by De Keukelaere (1995, 1996), shown in fig. 5.11, which was run at Reynolds numbers in the
range 27350 to 41500, as defined in eqn.(5.1). The computer model predicts the air-core size
and shape, the pressure along the side wall of the atomizer and its discharge coefficient. The
results from the computational model are compared with the experimental results which were
presented in Chapter 5. The second part predicts the flow within a number of large scale model
atomizers which were investigated experimentally by Horvay and Leuckel (1984, 1986) and
their work is also presented in Chapter 5. These atomizers were shown in figs. 5.2 and 5.5, and
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were run at Reynolds numbers in the range 1125 to 38037. These computer models were
designed to predict the axial and tangential velocity component profiles and comparisons of
these results are made with the empirical velocity profiles that were determined by Horvay and
Leuckel, using laser Doppler anemometry. An estimate of the air-core topology within these
atomizers is given. With Reynolds numbers in the ranges given above, for both the atomizer of
Keukelaere and those of Horvay and Leuckel, laminar flow could reasonably be assumed, as
discussed in Chapter 8, and laminar computations are thus used throughout.

9.2 The Modelling Methodology
Within a pressure swirl atomizer, running at normal operating conditions, a free
surface boundary exists between the liquid and the air-core. In principle, taking pressure
variations in the air as second order, the free surface boundary will be at that position in the
atomizer where the static pressure is the same as that of the air into which the atomizer is
discharging, i.e. at zero gauge pressure. The air-core forms as a result of the low pressure along
the axis of the atomizer which is itself due to the swirling motion of the operating liquid. The
tangential and axial movement of the liquid surface surrounding the air-core will cause
movement of the air that it surrounds, which should be principally in solid body rotation. The
axial motion of the discharging liquid should, however, remove some of the air which is
replaced by air being drawn in along the axis of the atomizer, the centre of the air-core. Thus it
is expected that the air within the air-core will undergo solid body rotation but with some recirculation in the axial direction, in the form of an elongated and distorted torus. The above is a
reasonable supposition, based on physical arguments, and no experimental information exists
on the flow within the air-core. However, because of the high liquid/air density ratio, it is
reasonable to assume that effects on the liquid flow of the air-core are minimal (in comparison
to the effects of the liquid flow on the air flow). This is an assumption and in this work, as an
approximation, the liquid flow is assumed to experience the air-core as a "with slip" boundary.
It is of course duly noted that after the liquid leaves the nozzle exit its relative velocity with the
ambient air is critically important in the atomization process and this is referred to later, in
Section 9.3.7.
The computer models, in this chapter, assume a two-dimensional axisymmetric flow
and, as will be described, a computational technique has been instituted whereby the air-core
topology may be approximately predicted using single phase (liquid) computations.
The exit boundary to the flow domain of the swirl atomizer was modelled using a
'pressure' 'inlet' boundary. In this type of boundary condition the liquid may enter or leave the
5
flow domain and the pressure may be fixed at 1×10 Pa, in order to simulate the flow
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discharging into a plenum, at normal atmospheric pressure, containing the same liquid as that
operating the atomizer rather than, as in the true physical situation, air. The alternative was to
use an 'outlet' boundary condition. At outlet cells the velocities, pressure and all other flow
variables take on the values of the immediately upstream neighbours and therefore there would
be no dependent variable gradients across the outlet boundary. This would therefore have been
a poor choice for a flow where the velocity in the plane of the exit was expected to become
finite and also for a flow with axial re-circulation, i.e. were an axial reverse flow was expected
to enter the domain from the virtual plenum (see, e.g. Patankar (1980)).
The swirling motion of the operating liquid produces a low pressure region along the
axis, in the normal way, and this leads to liquid from the virtual plenum being drawn up
through the inlet pressure boundary into the atomizer close to the central axis, where the
pressure had become slightly negative. When this reverse flowing liquid reaches the closed
end of the swirl chamber it moves radially outwards, being displaced by more and more liquid
being drawn in along the axis. This liquid then comes into contact with the swirling liquid in
the main body of the flow, which also has an axial motion, and so this liquid is driven by its
contact with the main body of liquid to now go in the positive axial direction. In this way the
'plenum liquid' undergoes re-circulation, within the atomizer, in the axial direction close to the
axis of the atomizer in much the same way as the air within the air-core behaves in the true
situation.
In the single phase fluid (liquid) computer model the interface between the operating
liquid and the re-circulating liquid, from the virtual plenum, is determined by plotting the zerostream-function contour. In a two-dimensional axisymmetric model the stream function
contours represent concentric tubes within each of which the volumetric flow rate remains the
same at every axial cross-section. The zero-stream-function contour represents the stream tube
within which there is no net volumetric flow at any cross-section, and liquid entering the tube,
along the axis through the exit boundary, is balanced by that exiting the tube. If there were no
reicirculation then the zero-stream-function contour would lie along the central axis.
It will be seen, in the results presented in this chapter, that the position of the zerostream-function contour lies very close to the computed zero pressure contour, i.e. it is
advocated that the zero-stream-function contour may be used to approximate the position of
the air-core. It was appreciated that modelling the air-core in this way, using a recirculating
liquid rather than a gas, was likely to produce discrepancies in the position of the zero pressure
contour, between the modelled situation and the true, two-phase, situation. It will be seen,
however in Section 9.3.6, that the agreement between the predicted air-core topology and that
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determined experimentally is good.
Having determined the size and shape of the zero-stream-function contour the air-core
was modelled approximately by using a solid core, with this shape, with a wall having a
surface with a slip-boundary, that is the computational links of the wall cells with the parallel
velocities were cut. The imposition of this solid core was necessary in order to ensure a better
approximation of the axial velocities as, in the real situation, the whole of the volume flow
actually takes place within the liquid annulus, between the air-core and the atomizer wall,
throughout the length of the atomizer. The presence of this solid core also provided a better
estimate of the axial flux of angular momentum so that the tangential velocities would also be
a better approximation to the true situation. Of course, as these velocities would then differ to
those in the previous situation, which had the zone of re-circulation, then the position of the
zero pressure contour might be expected to differ from its position in that situation. It will be
seen however that its position does concur quite closely with the imposed slip-boundary.
Some computational work has been done previously on swirling flows with axial recirculation such as that of Hogg and Leschziner (1989), on the single phase fluid problem of
modelling gas burners. However modelling swirling flows with axial re-circulation has not
previously been used to investigate the two-phase fluid problem of modelling the air-core
within the swirl atomizer.

9.3 The Modelled UMIST Perspex Swirl Atomizer
9.3.1 Introduction
The design of the perspex swirl atomizer was based loosely on a scaled up version of
that of Widger (1993), a three dimensional study of which was presented in Chapter 8. The
form and dimensions of the perspex model atomizer studied here were given in fig. 5.11. As
explained in Chapter 5, the volumetric flow rate of this atomizer was measured by timed
collection and the supply pressure was measured by Bourdon gauges. However, as noted in
Chapter 5, the Bourdon gauges were not particularly accurate and they were attached to large
diameter pipes, rather than to a plenum supplying the inlets. This led to unknown errors in the
calculation of the discharge coefficient of the atomizer. In the present, computational,
investigation comparisons are made with three different nominal supply pressure cases detailed
in table 1. While recognising that the supply pressure is normally used to calculate the
discharge coefficient, the swirl chamber wall pressure has been used here, due to the relatively
good accuracy of the transducer used to measure this pressure. The average measured value of
the discharge coefficient, calculated using the wall pressures, was then found to be
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and computational comparisons with this value forms part of the present investigation.
Initially the full-length atomizer was modelled on the computer, with ls = 100 mm, fig.
5.11. Later it was decided that a considerable saving in computational effort could be made by
modelling a shortened version with an overall length of 70 mm. In this way the swirl chamber
length was reduced to ls = 37.07 mm. The use of shortened computer modelled atomizers was
justified by the fact that in the three-dimensional models of Chapter 8, which also employed an
unusually long swirl chamber, the flow was found to become axisymmetric after an axial
distance of approximately one half of a swirl chamber diameter. It is therefore advocated that,
if ones primary interest is in the flow at the nozzle end of the atomizer then beyond the limit of
asymmetry the length of the swirl chamber employed in a two-dimensional computer model is
irrelevant. The use of models with shorter swirl chamber lengths greatly reduces the number of
cells required and hence also reduces the CPU load and the time to compute the converged
solution field.
Table 1.
3

Nominal
supply pressure
(kPa)

Q (m /s)

Swirl chamber wall
pressure (kPa)

Reynolds
No. (Re1)

15

0.205×10

-3

13

27350

25

0.265×10

-3

22

35360

35

0.311×10

-3

31

41500

The presentation of the work in this section, on computationally modelling the flow
within the large perspex swirl atomizer, is in the following order. The work was undertaken
using five different initial grids and these are described in Section 9.3.2. The term initial is
used to describe the grids prior to the imposition of a solid core with a slip-boundary wall.
Section 9.3.2 also includes the methodology employed to determine the inlet velocities for this
two dimensional model. For most of this section only the inlet velocities associated with the 25
kPa supply pressure were used. The methodology for computing the flow is described in
Section 9.3.3, which notes the presence of a time dependent "Taylor-Göertler vortex" effect
which was found to exist even for "steady state" flows. The initial results are presented in
Section 9.3.4 in order to demonstrate the time dependent effect and also to indicate the
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position that the imposed solid core should take, by plotting the zero-stream-function contour.
Also in Section 9.3.4 the results obtained using an abridged model are compared with those
from the nozzle end of the full-length model, in order to qualify the use of the abridged model.
The methodology for creating the secondary grids with the imposed slip-boundary is described
in Section 9.3.5. The results of the calculations undertaken using the grids with the imposed
slip-boundary core are given in Section 9.3.6. These results include the position of the air-core,
the velocity profiles and the wall pressures. By the comparison of these results for the different
grids employed, a discussion is given on the degree of grid independence. In Section 9.3.7 a
slightly more sophisticated model is introduced which gives much better results for the wall
pressure. This is then used to calculate the value of the discharge coefficient and the spray cone
angle. A discussion is given in Section 9.3.8 on the possibility of determining the drop size
available from this oversized atomizer by the employment of one of the empirically derived
drop sizing equations for swirl atomizers, from Lefebvre (1989). Finally Section 9.3.9
describes the effect on the values of the discharge coefficient and air-core size of varying the
dimensionless group N = ro/rs (introduced in the dimensional analysis of Chapter 3) whilst
keeping the atomizer constant K the same

9.3.2 The Initial Computational Grids and the Input Conditions
9.3.2.1 The Initial Grids
As with the three-dimensional models of Chapter 8, which used FLUENT version
4.11, the two-dimensional models of this chapter used body fitted coordinate grids (BFC). The
internal geometry of the atomizer in two-dimensions is simple, fig. 5.11, and the only
advantage of the BFC, over an orthogonal block grid, is in modelling the convergence angle.
As axial symmetry is assumed only one half of the grid needs to be modelled. In reference to
the appropriate grid fineness the FLUENT documentation recommended that, for laminar
models, the first node adjacent to the wall be within the laminar boundary layer. This is in
order to model the steep gradient which is expected at the no slip wall. The neglecting of this
detail in effect imposes a poorly posed boundary condition and would be likely to result in
inaccuracy throughout the entire flow field. The recommended distance from the wall of the
adjacent node is then within
νL ξ
∆r ≤
(9.2)
w∞
where
∆r = distance from wall to the adjacent node
vL = kinematic liquid viscosity
ξ = distance along the wall from the starting point of the boundary layer
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w∞ = free stream velocity.
One may equate the free stream velocity with the inlet tangential velocity, which is obtained by
-4
3
dividing the volumetric flow rate of 2.65×10 m /s (table 1) by the cross-sectional area of the
two ri = 5.5 mm inlets, fig. 5.11, and one obtains
w∞ = wi = 1.394 m/s.

(9.3)

In fully developed flows the boundary layer attains a finite thickness after some distance and a
reasonable estimate of the minimal distance, for this type of flow, may be to take the value of
ξ to be the circumference of the swirl chamber, ξ = 2π×18.18×10-3 = 0.114 m. The kinematic
-6
2
viscosity of water is vL = 1×10 m /s. By using these values in eqn.(9.2) one obtains ∆r ≤ 0.3
mm. This clearly, can only be an estimate of the correct nodal positioning for eqn.(9.2) is a
general expression for the thickness of flat plate boundary layers rather than the present
situation (see for example Schlichting (1987)). The true test, as to whether the grid is
sufficiently fine in the region of the wall, is to compare the velocity profiles, at the wall, which
were obtained from a grid, the fineness of which was determined using this type of calculation,
to those from a grid which is finer still. A discussion of the velocity profiles within the
boundary layer is given in Section 9.3.8.
As described earlier, the flow was expected to recirculate in the axial direction near to
the axis and this suggested, that in addition to a fine grid spacing near to the walls, the grid
ought also to be fine near to the central axis. Figures 5.2 and 5.5, showing the velocity profiles
for the atomizers of Horvay and Leuckel (1984, 1986), indicate that there is a fairly sharp
transition in the tangential velocity from solid body rotation to free vortex motion which takes
place outside of the air-core. With these manner of flow complications in mind it was decided
upon to make the radial grid spacing fairly uniform throughout and, for what will be referred to
presently as the "medium-fine grids", equal to the 0.3 mm determined from eqn.(9.2). The
radial grid spacing will be referred to again presently. This degree of flow complexity was not
anticipated in the axial direction and so the spacing there was simply based on the cell aspect
ratio, that is to say that the cell spacing in the axial direction is set at approximately 0.4 mm, in
the medium-fine grids, i.e. very near to the spacing in the radial direction.
Five different grids were used, and the results compared with the experimental results,
in order to test for independence of the dependent variable fields on the nature and fineness of
the grid. Two grid types were tested and fig. 9.1 shows the first type. The grid, in fig. 9.1,
contains a number of dead cells above the outlet, as indicated in the figure, each of the cells
visible in the figure is a live cell and the types of cells bounding the flow domain are labelled
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on the figure. The other grid type contained no dead cell region and the same number of cells
that were used in the radial direction in the swirl chamber were also used in the radial direction
in the outlet. This type of grid is shown in fig. 9.2. The full length atomizer model employed a
grid of the type shown in fig. 9.2 with additional cells in the axial direction to make up the full
length of the swirl chamber. The grids in figs. 9.1 and 9.2 contain approximately the same
number of cells; 181 × 66 for fig. 9.1 and 180 × 66 for fig. 9.2 (these numbers include the
boundary cells not shown in the figures). Three degrees of fineness of grid were tested, using
the grid type of fig. 9.1; firstly a grid with approximately twice as many cells in both the axial
and radial directions, 357 × 127, and then one with half as many cells, 91 × 34. For the purpose
of discussion the five grids will be assigned the following labels:G1
G2
G3
G4
G5

The finest, 357 × 127, grid with a region of dead cells
The medium fine, 181 × 66, grid with a region of dead cells (fig. 9.1)
The coarse, 91 × 34, grid with a region of dead cells and
The medium fine, 180 × 66, grid with no dead cell region (fig. 9.2).
The medium-fine grid, 343 × 66, grid with no dead cells, full-length model.

Figure 9.1. The medium fine grid with region of a dead cells. The grid has 180 × 65 node
points and hence 181 × 66 = 11,946 cells total, including the boundary cells.
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Having established the types of grid employed in the computational models the
following point concerning the radial grid spacing is relevant. Whilst, in theory, the radial grid
spacing within the body of the swirl chamber could be made to vary, in order to reduce the
overall number of cells and hence improve the computing time necessary to obtain a
converged solution field, this was not done for two reasons: Because of the flow complexities
throughout most of the swirl chamber, described above, there could only be a slight reduction
in the overall number of cells and so the overall computing time would in turn be reduced by
only a small amount, indeed the overall computing time for the G2 and G4 grids were only of
the order of a few hours, in comparison to several days for the three-dimensional models
discussed in the last chapter, and this on a stand-alone PC which could be left to run with little
need of interruption by other persons. The second reason is that a uniform grid spacing is very
conducive to post-processing the velocity profiles. The FLUENT post-processor is only
capable of plotting velocity profiles normal to the grid lines. This is perfectly satisfactory for
grids of type G4, fig. 9.2, when plotting the axial and tangential velocities, as the grid lines are
already parallel to the radial direction. However this is not the case for the grids of types G1,
G2 and G3 where, especially within the conical convergence, the grid lines are not parallel to
the radial direction. For these grids it was necessary to interpolate the velocity and nodal
position data, reported along the grid lines parallel with the x-axis, to give velocity values
along hypothetical radial lines across the flow domain. This was achieved using the
combination of data files, which contained the velocity values and nodal positions and these
could be output from the FLUENT package, a spread sheet for manipulating the data into the
correct form to be interpolated by an interpolation program, written by the author, and finally,
a graph plotting package. The velocity profiles obtained using this method, on the final grids
with the imposed slip-boundary core, are presented in Section 9.3.6.
9.3.2.2 The Input Conditions
The assumption of axial symmetry implies that the twin inlet flow to the computational
domain has to be distributed in some manner to obtain appropriate inlet conditions for this
two-dimensional model. It was therefore decided, as in Brayshaw (1978), to model the inlet
o
flow through a full 360 inlet ring, instead of the two tangential entry tubes. This hypothetical
ring inlet would, of course, be extremely difficult to construct in practice. However, this is not
important as far as the model is concerned. What is important is that the ring inlet closely
approximates the twin tube entry in principle and in outcome. The tangential velocity was
calculated, as in eqn.(9.3) above, to be wi = 1.394 m/s. The radial velocity was calculated by
assuming the length of the ring to be equal to the diameter of the true inlets, 2ri = 11.0 mm, so
that, with the radius of the swirl chamber given as rs = 18.18 mm, its surface area was
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2πrs×2ri = 2π×18.18×10 ×11.0×10 = 1.265×10 m
-4
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3

and the volumetric flow rate of 2.65×10 m /s was divided by this area to give
vi = -0.211 m/s.

(9.5)

In Section 9.3.7 a discussion is given on the conservation of angular momentum at the
inlet level and the conclusion drawn there is that the input tangential velocity ought in fact to
differ slightly from that given in eqn.(9.3) if one hopes to calculate the correct pressure field.

9.3.3 Methodologies for Obtaining a Converged Solution Field
Initial calculations indicated the presence of a flow phenomenon that had not hitherto
been predicted, that of Taylor-Göertler vortices near to the wall of the swirl chamber. The term
"Taylor-Göertler vortices" is used here to describe this flow phenomenon as it is believed that
their presence is due to the similarity between this flow, a free vortex surrounding a region of
solid body rotation, and Taylor-Couette flow. That flow takes place between two concentric
cylinders with a relative motion imposed between them and the principle is employed in rotary
viscometers. The Taylor-Göertler vortices, in these swirl atomizer models, are visible in
velocity vector plots in the two dimensional meridian planes of the models, shown in the next
section. The magnitude of the velocity vectors, representing these vortices, is small in
comparison to the tangential velocity and indeed both the axial and tangential velocity profiles,
shown in Section 9.3.6, gave no indication of their presence. However they are a timedependent phenomenon for both their size and their positions, within the swirl chamber, alter
with time.
There are two methodologies that one may employ to obtain a converged solution field,
in the presence of these small time dependent vortices. The first is to begin iterations without
first invoking the facility to calculate a time dependent flow. The solver then attempts to
calculate the fully developed flow field, however the solution field does not fully converge,
due to the small time dependent fluctuation in position of the Taylor-Göertler vortices. Having
allowed the iterations to continue until there is no longer a reduction in the net sum of the
residuals, one may then invoke the time dependence facility. The solution field will then attain
complete convergence. For the models employing grids G2 and G4 typically 1000 to 2000
iterations were required for the flow to become fully established, which was determined by
viewing the velocity vector component plots at different intervals during the iteration process
in order to establish that the axially re-circulating flow had fully formed.
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The second methodology to obtain a converged steady state solution field is to begin
iterations for a time dependent flow from the outset. This may be likened to the switching on
of a valve supplying the liquid to the atomizer. Converged solution fields, in the form of a data
file, were obtained for each time step (say 10 ms). In this situation 'snapshots' of the transient
start up flow could be taken and one could observe that the size, shape, number and
positioning of the small, Taylor-Göertler vortices varied throughout the swirl chamber with
time. This movement together with the size and shape of these vortices will be discussed
presently in the following section.
One may estimate the average characteristic residence time for a liquid particle within
the atomizer, by dividing the volumetric flow rate by the entire atomizer volume, from its
dimensions given in fig. 5.11 (with ls = 37.07 mm), to be approximately 200 ms. That is the
time for a liquid particle to pass from inlet to nozzle outlet. Therefore one may expect that
transient effects may subside after perhaps 250 ms. One may therefore be reasonably confident
that the solution field that one obtains after 300 ms will be for the atomizer running at the
steady-state fully developed flow condition.
The advantage of the first methodology is that it is much quicker than the second and
the overall number of iterations required to attain a converged solution field, representing the
atomizer running at the fully established operating condition, is much less. Of course, if one
has an interest in the transient effects at start up then only the second methodology is
applicable.
The following section shows the results of these initial calculations, including the
plotting of the zero-stream-function contour and Section 9.3.5 explains how the grids were
modified by the insertion of a solid core with a slip-boundary, at that position of the zerostream-function. Section 9.3.6 shows the final results of the calculations using the modified
grids.

9.3.4 Initial Results of the Flow Field Calculations
In this section two sets of results are discussed: Firstly a comparison is made between
the results obtained using the full length atomizer, employing grid G5, and those from the
abridged version G4. The purpose of this comparison is to demonstrate the similarities
between the results and hence qualify the use of the models with the shortened swirl chamber.
Secondly the initial results are presented from the very fine grid G1 where the calculations
were undertaken assuming a time dependent flow from the outset and hence a discussion is
given on the transient effects occurring within the model atomizer.
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9.3.4.1 Results for the Full Length Model Atomizer
Figure 9.3 shows the results for the full length model atomizer. These results were
obtained using the first calculating methodology described in Section 9.3.3, using time
dependence at the end of the calculation only. Figure 9.3a shows the velocity vectors. Only the
axial, u, and radial, v, velocity components are shown in this figure. The relative magnitude of
the velocities may be determined by the size of the arrows and their colour and the absolute
values are given by the scale to the left of the figure. The colour key follows the visible light
spectrum (Red, Orange, Yellow, Green, Blue, Indigo, Violet) with red representing the highest
velocity.
The position of the cylindrical inlet to the flow domain is apparent by the behaviour of
the vector arrows in its vicinity, the arrows enter the flow domain normal to the inlet and
indicate a slightly higher velocity than the adjacent arrows. Figure 9.3a also shows the recirculation which took place in the axial direction near to the central axis; the flow entered the
'pressure inlet' near to the centre line of the model and underwent a reversal when it contacted
the closed end of the swirl chamber from whence it was caused to move by the main body of
the flow in the positive axial direction. The arrows generally increase in size and their colours
move toward the red end of the scale as the flow entered the convergence and the outlet, as the
axial velocity increased due to continuity. One is able to observe the Taylor-Göertler vortices
predominantly in relatively stagnant positions within the swirl chamber and in particular near
to the side wall. These vortices are not as ordered as the true Taylor-Göertler vortices in
Taylor-Couette flow for they are seen to be of different sizes and shapes and do not fall into
the ordered positions that one observes with Taylor-Couette flow. Also, as will be seen from
the results of the time-dependent calculations, the vortices move about within the flow.
Figure 9.3b shows the stream function contours for this full length model atomizer.
One may observe that the trend of the flow pattern indicated by the velocity vector diagram of
fig. 9.3a is repeated here and the contours follow the directions of the arrows, from inlet to
outlet. Within the region of re-circulation close to the axis the values of the stream function are
negative, as noted by the scale to the left of the diagram, indicating that the flow enters the
domain from the exit. The shape, size and positioning of the Taylor-Göertler vortices are
clearer in this stream function plot than they are in the vector plot of fig. 9.3a. Figure 9.3c
shows the position of the zero-stream-function contour within which the net volume flow is
zero. One may observe that its shape is similar to that of a true air-core for it is smaller within
the swirl chamber than it is in the outlet undergoing a gradual growth within the conical
convergence. An explanation of this differential size for the true air-core was given in Chapter
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2.
Figure 9.3d shows the contours of pressure. One may observe the strong radial gradient
due to the swirling motion of the flow. One may also observe that the pressure contours are
fairly uniform indicating that they are little affected by the presence of the Taylor-Göertler
vortices. Near to the axis some of the pressure contours have negative values and hence are
below the zero gauge pressure stipulated at the exit boundary. From the scale, to the left of the
figure, it is evident that the variation of pressure within the region of re-circulation is much
less than the variation of the pressure throughout the atomizer as a whole.
The zero pressure contour is shown in fig. 9.3e and both the zero-stream-function and
the zero pressure contour are plotted in fig. 9.3.f. One may observe that these contours occupy
similar positions in space thus indicating that the position at which the net outflow is zero is in
approximate accord with the position at which the pressure is zero. It is on the basis of this
agreement that it is advocated that the zero-stream-function contour may be used to estimate
the size and topology of the air-core and in Section 9.3.6 the position of the zero-streamfunction will be shown in comparison to the experimentally determined air-core free surface
boundary.
Figure 9.3g shows profiles of the axial velocity. One may observe that the magnitude
of the axial velocity is largest near to the central axis just outside of the region of reverse flow
which is also evident in this figure. Away from the central axis, within the swirl chamber, the
axial flow is minimal and a careful comparison of these profiles with figs. 9.3a and 9.3b
indicates that the profiles are disturbed by the Taylor-Göertler vortices.
The tangential velocity profiles for this model are shown in fig. 9.3h. One may observe
the finite (input) tangential velocity near the wall of the profile at the axial position of the inlet.
The trend of the profiles throughout most of the swirl chamber is that there is a clearly defined
but thin boundary layer at the wall quickly followed by a classic free-vortex which peaks
roughly at the position of the zero-stream-function contour, shown in fig. 9.3c and there is then
a sharp transition to solid body rotation. Most of the solid body rotation takes place within the
region of axial re-circulation, within the zero-stream-function contour position. The sharpness
of the transition between the free-vortex and solid body rotation is in accord with the
experimental findings of Hsieh and Rajamani (1991), who ran a hydrocyclone at a similar
order of Reynolds number using water, fig. 5.9.
The tangential velocity profiles in the swirl chamber are affected by the presence of the
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Taylor-Göertler vortices as indicated by their fluctuations at some positions although the effect
of these vortices is less marked in the tangential profiles than it is in the axial velocity profiles
as the tangential velocity profiles are generally much higher in value. In Section 9.3.6 velocity
profiles are shown for the final calculation, using the grids with the imposed slip walled cores,
which have been normalised using the inlet tangential velocity from eqn.(9.3), and it will be
seen there that the effect on the shape of these profiles due to the Taylor-Göertler vortices
cannot be detected.
The angular momentum, wr, is maintained approximately throughout the atomizer
(although there is torque at the wall) and this is evident by the tangential velocity profiles
within the convergence and outlet of the atomizer being of a similar magnitude to those within
the swirl chamber. It may be noted however that the position of the peak tangential velocity
had moved radially outward in the outlet, from its position in the swirl chamber and this
behaviour is not in accord with the classical inviscid theories reviewed in Chapter 4 where ∇ ×
V = 0 gave ∂w/∂x = 0.
The profiles of radial velocity are shown in fig. 9.3i. As mentioned earlier the
FLUENT post-processor plots profiles normal to the grid lines rather than normal to the
coordinate axes and this is evident in the convergence of the model atomizer where the grid
lines are at an angle to the r and x axes. The effect of the Taylor-Göertler vortices on the
velocity profiles is very evident in this figure and a comparison of the scale indicates that the
fluctuations in the profiles due to the vortices are of the same order of magnitude to the
fluctuations occurring in the axial velocity profiles of fig. 9.3g. The radial velocity in the outlet
is strongest in two places: The first is at the junction of the conical convergence with the
outlet, where the flow following the wall of the convergence undercuts the flow moving in the
axial direction as it crosses this position. The flow that had been following the wall of
convergence forms a vena contracta within the outlet and this is also evident from the vector
plot of fig. 9.3a. Secondly the radial velocity is also strong at the exit end of the outlet, for as
the operating liquid approaches the open end of the atomizer it is no longer constrained by the
side wall and tends to gain in radial velocity thus the transition from liquid annulus to conical
sheet, in real atomizers, is not an instantaneous process at the exit but has its origins a little
way in to the outlet of the atomizer.
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9.3.4.2 Results for the Shortened Model Atomizer
Figure 9.4 shows the results of the calculations undertaken using the shortened model
atomizer which employed grid G4. As with the full length atomizer the calculations were
undertaken using time dependence at the end of the iteration process only.
In this model the inlet was positioned immediately adjacent to the closed end of the
swirl chamber and fig. 9.4a indicates a strong radial velocity along this wall. This can also be
seen from fig. 9.4i, showing the radial velocity component profiles although comparison of fig.
9.4i with 9.3i indicates that this velocity is only slightly stronger near to the axis in the
shortened model atomizer. The scale for the velocity vectors in fig. 9.3a is in the range from
approximately zero to 5.28 m/s whilst that for fig. 9.4a is from approximately zero to 6.06 m/s
thus indicating a slight discrepancy which is likely to be attributable to viscous losses in the
former. These viscous losses are also detectable in the velocity component figures, g, h and i,
for the two cases. The radial velocity input to the models was the same in each case, given by
eqn.(9.5), thus the volume flow and hence the mean axial velocity, at any cross-section, clearly
ought to be the same for figs. 9.3g and 9.4g, due to continuity. The larger maximum axial
velocity in fig. 9.4g, at 6.82 m/s, compared to that of fig. 9.3g, at 5.95 m/s, must therefore be
attributable to the peak velocity in the outlet being greater, i.e. one can infer that the axial
velocity profiles in the outlet of the full length atomizer has a slightly flatter profile, although
this is not evident from viewing the two figures. The maximum tangential velocity for the full
length atomizer, in fig. 9.3h at 5.81 m/s, is lower than that for the shortened model atomizer, of
fig. 9.4h at 7.14 m/s. This may be attributable to the supply pressure energy in the full length
atomizer being required to drive a greater bulk of liquid in a rotary motion and hence the
tangential velocities are wholly, but slightly, lower for this case. The viscous losses also appear
to affect the value of the pressure contours with the maximum reported pressure for the
abridged model atomizer at 36 kPa, fig. 9.4d, whilst that reported for the full length atomizer
was 26.8 kPa. Thus there appear to be some minor discrepancies associated with the use of an
abridged model atomizer however the main purpose of this investigation was to develop
techniques to model the flow in swirl atomizers generally, which usually have a much lower
ls/rs ratio, and this slight disadvantage may be overlooked in favour of the large advantage of
saving in computing time and effort in modelling the shorter atomizers.
Comparison of figs. 9.3a and b with figs. 9.4a and b shows that the patterns of the
vortices are similar for the two cases, however there are more of the vortices occurring in the
full length model. Figure 9.3i indicates that the vortices become stronger, i.e. the fluctuations
in the radial velocity profiles become more apparent, approximately a third of the way down
the swirl chamber whilst in fig. 9.4i the fluctuations are beginning to grow only near the
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convergence end of the swirl chamber. One may be forgiven for mistaking this behaviour for
the onset of turbulence however the fluctuations seen in the radial velocity profiles of fig. 9.3i
do not continue to grow after approximately half the length of the swirl chamber and indeed
diminish somewhat prior to the entry to the conical convergence. Also, the onset of turbulence
in Taylor-Couette flow is determined by the size of the Taylor number, eqn.(8.12), which has
distinct values at (a) the onset of vortex formation and (b) the transition to turbulence. It is
therefore suggested that the situation that exists for this model atomizer is akin to the situation
in (a), the vortices have formed but they are not turbulent. Equation (8.13), which was derived
by the present author from the works of Liepmann (1943, 1945) and Schultz-Grunow (1975),
may be used to determine the onset of turbulence in the boundary layer on a concave wall, and
was given as
3
V∞ ξ > 2.8 _ 10 .
10
Re2 =
(8.13)
2
νL r

This may be used to estimate whether or not the flow within the perspex atomizer was
turbulent. If one equates V∞ with wi = 1.394 m/s, from eqn.(9.3), and r with rs = 18.18 mm,
-6
2
from fig. 5.11, then with vL = 1×10 m /s for water one finds that ξ need be greater than 2 m
in order for turbulence to occur. With the circumference of the swirl chamber at 2π×18.18 mm
= 0.114 m, then 7 m is equivalent to a liquid particle undergoing approximately 17 revolutions
of the swirl chamber. One may however estimate the number of revolutions that a liquid
particle undertakes within the swirl chamber: The mean residence time of a particle within the
swirl chamber may be approximately determined by dividing the volume of the swirl chamber,
π×(18.18×10-3)2×0.1 = 1.04×10-4 m3 (from fig. 5.11), by the volumetric flow rate, Q =
-4

3

2.65×10 m /s (from Table 1), to give 0.4 s. Now with wi = 1.394 m/s it takes a liquid particle
approximately 0.08 seconds to undergo one revolution, i.e. one circumference (0.114 m), of
the swirl chamber so that within the residence time of the liquid particle it may undergo a total
of approximately 0.4/0.08 = 5 revolutions. This is much less than the 17 revolutions,
mentioned above, and the flow is therefore unlikely to be turbulent, under this criteria. The
overall strength of the Taylor-Göertler vortices may be gauged by fig. 9.4j which, unlike the
velocity vector plots of figs. 9.3a and 9.4a, depicts the magnitudes of all three velocity
components. In this diagram, where the colours representing the bands of different velocity are
shown immediately adjacent to one and other, it can be seen that the vortices make no
particular mark in comparison to the overall velocity of the liquid surrounding them.
It is likely that the vortex occurring at the junction of the swirl chamber with the
conical convergence is in fact due to the recirculating flow there which was reported in the
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three-dimensional models of the last chapter and its presence is due to the lack of activity in
this area. In Section 9.4, with reference to an atomizer designed by Horvay and Leuckel (1984,
1986) having a convex convergence shape, it will be indicated that this region is superfluous
and could possible be omitted from the atomizer geometry.
Comparison of figs. 9.4c with 9.3c indicates that the zero-stream-function contour is of
a similar shape and occupies a similar position within the nozzle end of the atomizer. The zero
pressure contour is slightly different for figs. 9.3e and 9.4e. The zero pressure contour of fig.
9.3e shows more of a hump in the outlet tube than that of fig. 9.4e and it also rises up at the
very exit whilst that of fig. 9.4e does not. The precise positioning of the zero pressure contour
is not as repeatable as that of the zero-stream-function as the range of values of the pressure
occurring within the region of re-circulation is small, i.e. the pressure values of the contours
some distance from the zero pressure contour are themselves close to zero, in comparison to
the overall radial pressure differential.
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9.3.4.3 Results for the Time-Stepping Case
Figure 9.5 shows the results of using time stepping from the outset on the very fine
grid, G1. Grid G1 is of the type shown in fig. 9.1 but has twice as many cells in each direction.
These results are presented for two reasons: firstly to show how the flow within the atomizer
develops with time from start-up and secondly so that the results obtained using this grid and
this time stepping methodology may be compared with the results using grid G4 which were
obtained without time stepping. Grid G4 is of the type shown in fig. 9.2 and the results of the
computations were presented in fig. 9.4.

Figure 9.5a shows the velocity vectors at different times after the iterations were begun
starting at a time of 10 ms then 50 ms and thereafter time steps of 50 ms up until 400 ms.
Figure 9.5b shows the results at the same time steps for the stream function contours. It was
found that the most effective method of calculating the flow field was to have the model
undergo an actual time step of 0.1 ms with converged solutions obtained for each and a data
file, containing the results for the dependent variable field, saved every 10 ms. This was found
to be quicker than having actual time steps of 1 ms or even 10 ms as the dependent variable
field did not alter very much after each 0.1 ms and so the number of iterations required for
convergence was small. The overall computing time up to 400 ms, for this very fine grid (over
45000 cells) was approximately two weeks.
From figs. 9.5a and 9.5b, at 10 ms, one may observe that the flow pattern within the
atomizer is determined only by the conservation of volume flux, the flow enters at the inlet and
leaves at the exit and the imposed swirling motion at the inlet had not yet been carried through
to the main flow field. At 50 ms a swirling body of liquid appears to have formed in the swirl
chamber which is relatively static in the radial and axial directions and the greatest volume
flux took place in the region of the swirl chamber outside of this body, near to the wall. The
situation in the convergence and outlet is identical to that at 10 ms, i.e. the swirling effect had
not reached this position yet. A comparison of the figures for 100 ms and 150 ms shows that a
Taylor-Göertler vortex was beginning to form in the region of the swirl chamber where the
axial flow was most energetic in the figure for 50 ms. The large rotating body of liquid in the
swirl chamber, from the 50 ms figure, had altered in form by 150 ms. As predicted earlier, by
200 ms the imposed swirl velocity at the inlet has reached the final exit. The swirling flow at
the exit had begun to form a region of low pressure along the axis of the atomizer and the axial
re-circulation had begun to form in the outlet. By 250 ms the zone of axial re-circulation had
reached right to the closed end of the swirl chamber and the steady state situation had been
reached. By 300 ms there was no noticeable difference in the zone of re-circulation than the
situation at 250 ms. However it is clear that the size, shape and positioning of the Taylor-
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Göertler vortices do appear to alter with time. A further point worthy of note is that in fig. 9.5b
for 350 ms there appears to be a large blank region in the position of one of the vortices. As the
stream function contours were only plotted from zero upwards it is evident that this vortex is in
reverse flow, i.e. it contains negative values of volumetric flow rate. However comparison of
the colour of the smallest contour in this blank region with the scale to the left indicates that
-6
3
the volume flow, of this blank region is of order of 10 m /s, i.e. it is almost static.
As an aside: the reason that the Taylor-Göertler vortices may be seen in a plot of
stream function contours is that as the liquid particles that make up each vortex are rotating
then the volumetric flow of each vortex as a whole remains constant. A comparison of the
plots of stream function contours for the steady state condition, i.e. at 300, 350 and 400 ms,
indicate that the vortices travelled at a slower rate than the overall volume flow, i.e. than the
mean axial velocity; indeed as seen above, they may have been static. This means that either
one or both of two phenomenon were occurring: the liquid "particles" making up each vortex
themselves changed with time, i.e. liquid particles both entered and exited each vortex,
alternatively each vortex contained the same particles which continued to rotate indefinitely
while the particles making up the surrounding liquid flow only, altered with time.
Figures 9.5 c to h were all taken at 300 ms and are the equivalent to figs. 9.4 c to h, for
the no-time stepping model using grid G4. Comparison of figs 9.4c and 9.5c indicate that the
position in space of the zero-stream-function contour is similar. There are however two
differences: figure 9.5c shows that the zero-stream-function is lower, at the closed end of the
swirl chamber, this would be equivalent to the air-core being smaller there in the true situation
and this is in accord with experimental observations due to the retarding boundary layer at the
closed end of the swirl chamber. Figure 9.5c also shows more of a hump in the outlet which is
due to the vena contracta effect. This is likely to be due to the difference in the types of grid:
the grid lines of grid G4, used for fig. 9.4c, in the convergence are more parallel to the axial
and radial flow directions. The differences between the two sets of results are, however, quite
small in comparison with the overall size and shape of the zero-stream-function contour.
Figures 9.4d and 9.5d show the gauge pressure contours for the two cases and the
overall trends of the contours are seen to be the same. The zero pressure contours are shown in
figs. 9.4e and 9.5e, as with the zero-stream-function contour the latter result shows a lower
value at the closed end of the swirl chamber. In this model it is likely that the boundary layer at
this wall is better represented as the grid is finer in the axial direction than that of fig. 9.4.
Figure 9.5e also shows the hump in the contour that was found in the zero-stream-function
contour. The hump that occurred in the zero-stream-function contour was, as mentioned above,
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due to the velocities forming a vena contracta, as the zero pressure contour shows a similar
behaviour it is likely that the pressure is not only strongly coupled with the swirling velocity,
as is already known for these types of flow, but also with the axial and radial velocity
components.
Figure 9.5f gives a comparison of the zero-stream-function contour with the zero
pressure contour. It may be seen that the contours are of approximately the same size and
shape, as was the case for fig. 9.4f. In fig. 9.4f the two contours are in better agreement in the
outlet but with a small discrepancy in the swirl chamber while in fig. 9.5f the agreement
between the two contours is better in the swirl chamber with a very slight discrepancy in the
region of the hump in the outlet.
Comparison of figs. 9.4g and 9.5g indicate that the scale of the radial velocities are
similar, ranging from approximately -2.6 m/s to about 1 m/s. The trend of the fluctuations of
the profiles due to the Taylor-Göertler vortices are similar in fig. 9.5g to those in 9.4g, i.e. the
fluctuations begin to increase in intensity about half-way down the swirl chamber and are then
brought under control as the liquid enters the constriction of the convergence. The radial
velocity profiles are clearer for the G1 grid, fig. 9.5g, in the convergence than for fig. 9.4g, due
to the nature of the grid lines, and one can see the manner in which the velocity follows the
wall of the convergence to form the vena contracta in the outlet.
Comparison of the scales for the velocity magnitude plots of figs. 9.4h and 9.5h
indicate that whatever small discrepancies there might have been in the individual velocity
components of the two sets of results the overall velocity level remains the same, at 8.4 m/s for
fig. 9.4h and 8.3 m/s for fig. 9.5h.
In comparing the two sets of results, of figs. 9.4 c to h and 9.5 c to h, it can seen that
even though the models used different grids and were calculated using different methods,
within the limits of computational repeatability the results are consistent with one and other.
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9.3.5 Grid Modification by the Imposition of a Slip-Boundary Core
Having determined the position of the zero-stream-function contour for each grid type,
as in figs. 9.4c and 9.5c, new grids were constructed having a similar cell density but which
included a slip-boundary core. Figure 9.6a shows grid G2, shown previously in fig. 9.1,
together with the zero-stream-function contour. Firstly the simple geometry of the new grid
was constructed, in the pre-processor, with initially a straight line representing the core in the
position of the zero-stream-function contour in the swirl chamber, where it is approximately
parallel to the x-direction. Next the number of node points where mapped to each line of the
geometry with a reduced number of nodes in the radial direction, in order to approximately
maintain the previous cell spacing. In the case of fig. 9.6a the total number of cells was
reduced from 181×66 to 181×57. The required nodal positions of the slip core in the
convergence and outlet where determined by noting the position of intersection of the zerostream-function contour with each radial grid line by the use of a digitising tablet. In this way a
file was constructed with the appropriate x and r data. The nodal positions of the new grid
could be adjusted by the use of a file of instructions, a "log file", which contained, for each
node, the I and J indices of the node and the x and r positions and this information was to be
read in sequential order. The instruction file was created by the use of a simple computer
program, written by the author, which read in the file created on the digitising tablet, added the
appropriate I and J indices and output the results into a new file, with the instructions in
sequential order. Next this log file was read into the pre-processor, in order to displace the
nodal positions on the core, and the appropriate two and four point interpolation was then
carried out. Finally, the wall cells along the core were assigned a different label to the other
boundary wall cells so that their links with the parallel velocities could be cut in order to form
a slip-boundary. The results of this process for grid G2 can be seen in fig. 9.6b. For the
purpose of comparison of the results from different grid types new grids, with slip-boundary
cores, were constructed for three of the grid types described in Section 9.3.2. Results were not
sought for the coarse grid type of G3 and the reasons why this grid was not appropriate are
discussed in the following section. For the purpose of reference the three new grids, with slipboundary cores, are assigned the following labels:GC1 The finest, 357 × 110, grid with a region of dead cells
GC2 The medium fine, 181 × 57, grid with a region of dead cells (fig. 9.1)
GC4 The medium fine, 180 × 56, grid with no dead cell region (fig. 9.2).
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Figure 9.6a. The position of the zero-stream-function contour in relation to the
grid lines of grid G4.
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Figure 9.6b. The Modified G4 grid with the slip-boundary core. (the medium
fine, 180 × 56, GC4, grid with no dead cell region).
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9.3.6 Results Using Slip-Boundary Cores
Figure 9.7 shows the results for grid GC4, fig. 9.8 for grid GC1 and fig 9.9 for grid
GC2. In this section the behaviour of the flow in general will be discussed, with reference to
the similarities and differences between the results, using the three grids, where appropriate.
All of the results were obtained by carrying out the iterations without invoking the time
dependent facility, until there was no longer any net reduction in the sum of the residuals, i.e in
the manner described in first part of Section 9.3.3.
The a and b-figures show the u and v velocity components and the contours of stream
function, respectively. Clearly there is no axial reverse flow evident in these models but it is
evident, from the a-figures, that the greatest axial flow, within the swirl chamber, takes place
adjacent to the slip-boundary core as the velocity vectors are larger there. This is also clear
from the f-figures which show profiles for both the axial and tangential velocity components
which had been normalised by dividing through by the value of the mean inlet tangential
velocity given in eqn.(9.3), w i = 1.394 m/s . 3 The axial velocity profiles of the f-figures will be
referred to again presently. The apparent strong vena contracta effect in fig. 9.7a ought to be
viewed with caution for the density of the velocity vectors may be set in the FLUENT postprocessor and, as this particular grid (GC4) has a greater density of cells in the outlet than in
the swirl chamber, then the density of the velocity vector arrows also increases, through the
conical convergence. It appears that the flow becomes even stronger than it actually does as it
progresses through the convergence. This effect is also enhanced by the positioning of the
Taylor-Göertler vortices in this figure. The hump which occurred on the core (in comparing
any of the figures of fig. 9.7, j to m, with those of fig. 9.8, j to m) is more evident in fig. 9.8
than it is in fig. 9.7 and, as suggested previously, this was likely to be due to the vena contracta
effect and so one might infer that it is actually the GC1 grids which exhibit the vena contracta
effect most strongly.
The h-figures show the zero-stream-function contours, which were used to position the
slip-boundary cores, in comparison to the experimentally determined air-core topology for an
inlet pressure of ∆p = 25 kPa, which was first shown in fig. 5.15. The h-figures show the
situation in the nozzle end of the atomizer only and the straight lines in the figures indicate the
relative positions of the swirl chamber, convergence and outlet. One may observe that the
empirical air-core shape was approximately parallel for much of the swirl chamber length and
within the convergence it began to diverge near to the outlet. Within the outlet the air-core
diameter continued to increase and then contracted slightly before undergoing a final
divergence up until the exit. It appears that the zero-stream-function contour shown in fig. 9.7h
gave the best fit with the empirical data while that of fig. 9.8h overestimated the hump effect in
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the outlet. Comparison of figs. 9.7h, 9.8h and 9.9h show that the medium fine grid with a dead
cell region, G2, gave relatively poor results and indeed the coarse grid, G3 provided an even
poorer fit of the zero-stream-function with the empirical data.
Returning to the stream function contours, in the b-figures, one will notice that the size
and positioning of the Taylor-Göertler vortices differed between the three models, this is not
surprising as the stream function contours in the time stepping model, fig. 9.5b, showed large
differences even for the steady state condition, at 300 350 and 400 ms. The pattern of the
Taylor-Göertler vortices is not repeatable, even for any one of these models. However there is
a general trend in the vortices; there are small vortices near to the wall of the swirl chamber
and larger stagnant vortices in the body of the swirl chamber. It may be seen by reference to
the scale to the left of the figures, particularly in fig. 9.8b, that the large vortices in the main
body of the flow move wholly in the reverse axial direction.
The c-figures show the profiles of pressure and these all appear to have exhibited
similar patterns. What is noteworthy is that the scales indicate that negative pressure values
still existed; recall that the slip-boundary was positioned in accordance with the zero-streamfunction which was closely matched by the zero pressure contour. The d-figures show the
positions of the zero pressure contours for the modified grids and these show marked
differences between the three figures. The very fine grid of fig. 9.8d gave the closest zero
pressure contour to the slip-boundary core while that of the medium fine grid with no dead
cells, of fig. 9.7d, shows reasonable agreement. The zero pressure contour is much further
from the slip-boundary core in fig. 9.9d. The m-figures show the zero pressure contours in
more detail, in the outlet. From this trend, between the grid types, it may be inferred that the
coarse grid, of G3 would give an even poorer result than that of the GC2 grid.
The e-figures show filled contours of the total velocity magnitudes. In these figures the
tangential velocity is clearly dominant being largest at the slip-boundary to the core. This is
borne out by reference to the f-figures which show the normalised tangential velocity profiles.
These profiles indicate the same free vortex motion as before, fig. 9.4h, so that by far the
greatest velocity takes place near to the core. However the profiles do not display the solid
body rotation within the swirl chamber, of fig. 9.4h, as this took place within the position of
the imposed slip-boundary core. While there is no marked difference between the overall
velocity magnitudes, between the e-figures, the tangential velocity profiles, of the f-figures,
show a slight difference in the thickness of the boundary layer near to the swirl chamber wall
with the extra fine grid of fig. 9.8f displaying the thinnest boundary layer. There is no marked
difference in boundary layer thickness between figs. 9.7f and 9.9f and this is likely to be
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because these grids have a similar cell density throughout the swirl chamber. The pattern of the
tangential velocity profiles in the outlet are similar in figs. 9.7f and 9.8f and they both display a
small portion of solid body motion near to the core while those of fig. 9.9f are different. The kfigures show this situation in the outlet in more detail. The grids of both 9.7 and 9.8 are
particularly fine in the outlet and indeed even though grid GC4 contains less cells overall than
grid GC1, for figures 9.7 and 9.8 respectively, the cell spacing in the radial direction within the
outlet is slightly finer. The radial cell spacing in the outlet of grid GC2, of fig. 9.9, is
comparatively coarse and one might infer, from this discrepancy in tangential velocity profiles
between fine and coarse grids, that the very coarse grid, G3, would provide an equal or greater
discrepancy still.
The overall trend of the axial velocity profiles in the swirl chamber, of the f-figures, is
similar in all of figs. 9.7 to 9.9; negligible for the largest portion of the swirl chamber and
greatest near to the core. However the actual shape of the profiles does differ between the
figures, with the GC1 grid of fig. 9.8f showing a very strong flow adjacent to the core. This
may also be seen from comparison of the a-figures: fig. 9.8a shows the largest velocity vector
arrows adjacent to the core. This is likely to be a grid dependent effect as the radial cell
spacing of the GC1 grid within the swirl chamber, is half that of the GC2 and GC4 grids. The
axial velocity profiles in fig. 9.7j are flatter than those in fig. 9.4g; recall that the GC4 grid of
fig 9.7 was adapted from the G4 grid used in fig. 9.4. Although the maximum value of the
axial velocity in the outlet is greater in fig. 9.4g the overall volume flow must be the same in
these two cases, as the volumetric flow rate was stipulated by the inlet conditions.
Profiles of the radial velocities are shown in the g-figures. The trends of these figures
are similar to those of figs. 9.4i and 9.5g, for the non-time stepping G4 grid and the timestepping G1 grid respectively. The trend is of a strong radial velocity along the wall of the
closed end of the swirl chamber followed by a quiescent region after which fluctuations, due to
the Taylor-Göertler vortices, become evident in the approach to the conical convergence.
Thereafter the radial velocity is strong along the wall of the convergence leading to the outlet
where, as can be seen from the i-figures, the profiles oscillate, in a motion that is likely to be
set up by the strong flow along the wall of the convergence, and finally they exhibit a strong
positive motion near to the exit of the nozzle. The overall behaviour of the radial velocities
appears to be similar in all three of the figures, 9.7 to 9.9.
The flow behaviour in these models, with imposed slip-boundary cores, is wholly
similar to the previous situation, without the core. The most marked differences being:- (a) the
absence of a zone of axial re-circulation, which previously took place within the position of the
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core, (b) the axial velocity profiles are flatter in the outlet and (c) the tangential velocity
profiles in the swirl chamber do not exhibit solid body rotation, as this motion previously took
place within the position of the core. The flow behaviour is quite similar for the three different
grid cases of figs. 9.7 to 9.9. The more notable differences occurred in the results of fig. 9.9:
the tangential velocity profiles in the outlet did not show solid body rotation adjacent to the
core and both the zero-stream-function contour, which was used to position the slip-boundary
core, and the zero pressure contour differed markedly from the other two sets of results.
While the differences between the results shown in figs. 9.7 and 9.8 are slight it is
apparent that, if it were deemed necessary, one could construct an optimum grid. Comparison
of the tangential velocity profiles, in the f-figures, indicated that the wall boundary layer was
thinnest for the fine, G1 type, grid. The axial velocity profiles in fig. 9.8f showed a marked
increase near to the core, again for the fine G1 type grid, which was not apparent in the other
two cases. These results indicate that the equation used to estimate the near wall grid spacing,
∆r (eqn.(9.2)), actually over estimated this distance, on the assumptions employed in the use of
the equation. An optimum grid would therefore have the near wall grid spacing of grid G1.
The overall grid type would be that of the no-dead cell structure of G4 which had the
advantages of: (a) the grid lines were more parallel to the flow direction, (b) the increased
radial cell density in the outlet provided better results in this important region and (c) as this
grid had fewer cells than grid G1 (approximately one quarter of the overall number of cells)
then the run-time need to achieve a converged solution field was much less.
Finally, in this section, the i-figures show the calculated and measured pressures along
the side wall of the atomizer for its entire length. These measured wall pressures, for an inlet
pressure of ∆p = 25 kPa, were first shown in fig. 5.12. The calculated wall pressure contour of
figs. 9.7i and 9.8i are very similar; the pressure is fairly constant within the swirl chamber and
drops rapidly throughout the convergence, the vena contracta effect at the junction of the
convergence and outlet gives rise to a sudden and large pressure drop in this region which
recovers in the outlet, leading to a final pressure drop at the exit. The wall pressure contour of
fig. 9.9i shows a marked difference in the outlet to these other two i-figures with a secondary
pressure drop within the outlet. Clearly none of these wall pressure contours fit the
experimental data at all well. This is a problem for if one is to hope to estimate the discharge
coefficient, CD, for a swirl atomizer from this type of computational work then one would need
a better estimate of the wall pressure within the swirl chamber, and this is the subject of the
next section.
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9.3.7 Estimation of the Discharge Coefficient and Spray Cone Angle
9.3.7.1 Degrees of Model Sophistication
The problem of the poor fitting of the calculated wall pressure contours to the values
obtained experimentally, in figs. 9.7i, 9.8i and 9.9i, was addressed by the addition of two
minor forms of sophistication to the model. Firstly it was postulated that the sudden pressure
drop occurring at the junction between the conical convergence and the outlet, due to the vena
contracta effect, was overestimated in the calculated data. This can be only a postulation, as the
experimental results were determined using pressure transducers at discrete positions and
experimental data were not available for this particular region. In order to reduce the vena
contracta effect a small, 3 mm, radius was added to the junction of the convergence and outlet.
This is an acceptable modification as there is also a slight radius here on the real perspex
model atomizer. Secondly consideration of the applied tangential velocity of the inlet revealed
that the principle of angular momentum was not being obeyed. The tangential velocity applied
at the inlet was calculated to be w i = 1.394 m/s . 4, from eqn.(9.3), and as the ring inlet was

positioned on the wall of the swirl chamber then this was, of course, applied at a radius of rs =
18.18 mm. However, in the real atomizer this tangential velocity, w i = 1.394 m/s . 5, actually
applies at an effective radius of rs - ri. For this reason a better value for the inlet tangential
velocity, at the wall of the swirl chamber, would be given by

(r s - r i ) 1.394 _(18.18 - 5.5)
w = wi
= 0.972 m/s
=
18.18
rs

(9.6)

where the atomizer geometrical dimensions are given in fig. 5.11. The modified inlet
tangential velocity, of eqn.(9.6), together with the original inlet radial velocity, of eqn.(9.5),
which was based on the correct volumetric flow rate, were applied to the G4 type grid, of fig.
-4
3
9.2. This was done for all three of the volumetric flow rates in Table 1: Q = 2.05×10 m /s at
∆p = 15 kPa, Q = 2.65×10-4 m3/s at ∆p = 25 kPa and Q = 3.11×10-4 m3/s at ∆p = 35 kPa, using
a G4-type grid similar to fig. 9.2.
Figures 9.10 a, c and e show the positions of the zero-stream-function contours for
these three cases. Comparison of fig. 9.10c with fig. 9.7h, which was calculated using the same
grid, for ∆p = 25 kPa, shows that there is very little difference between these two results. In
fact the radius of the zero-stream-function contour is slightly lower along its entire length, in
fig. 9.10c than in fig. 9.7h and this may have been anticipated from the use of a smaller inlet
tangential velocity, at such a low velocity; recall that fig. 5.15 showed that the air-core
asymptotes to a certain position as the pressure is increased but that there is a greater difference
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between the profiles at low pressures, i.e. at low inlet tangential velocities. Figures 9.10 a, c
and e also show the relative positions of the swirl chamber, convergence and outlet together
with the 3 mm radius at the junction between the convergence and outlet.
The most noteworthy result from these modifications may be seen in figs. 9.10 b, d and
f showing the calculated wall pressure contour in comparison to the measured results for the
three different supply pressures. The measured results, for ∆p = 25 kPa, were shown
previously, as diamonds, in figs. 9.7i, 9.8i and 9.9i. The wall pressures for these three cases
were calculated without a slip-boundary core. The wall pressure contour of fig. 9.10g was
calculated, for a supply pressure of ∆p = 25 kPa, using a GC4-type grid with a slip-boundary
core, the position of which was determined from the zero-stream-function contour of fig.
9.10c. Comparison of fig. 9.10g with fig 9.7i, which also used the same GC4-type grid shows
that the former provides a much better fit of the calculated wall pressure contour to that of the
measured values along the entire length of the atomizer. While the calculated wall pressure of
fig. 9.7i greatly overestimated the measured wall pressure in the swirl chamber the calculated
wall pressure of fig. 9.10g slightly underestimated it. However, it might be seen, from figs.
9.10 b, d and f, that the fit is slightly better still without using a slip-boundary core.
Comparison of figs. 9.10 d and g show that the calculated wall pressures without the core are
slightly higher, this is a surprising result as one would imagine that the imposed core might
provide some small restriction to the flow and hence lead to an increase in the overall pressure
field within the body of the atomizer.
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Figure 9.10. Predicted air-core topologies and wall pressures for three different volumetric
flow rates using slightly more sophisticated models.

Chapter 9

page 270

9.3.7.2 Prediction of the Discharge Coefficient CD
One may use the calculated wall pressure in the swirl chamber as an approximation to
the inlet pressure and one may use this to approximate the discharge coefficient CD from

eqn.(3.23),
CD =

Q
.
2∆ p
2
π ro
ρL

(3.23)

The Q-values for the three different supply pressures were given in Table 1 and the wall
pressures, for the three cases, may be obtained from figs. 9.10 b, d and f as: 14 kPa, 23.5 kPa
and 32.5 kPa respectively. Thus, from eqn.(3.23), one obtains
CD = 0.407 ± 0.001.

(9.7)

This may be compared with the discharge coefficient of eqn.(9.1), CD = 0.419 ± 0.004, which
was based on the measured wall pressure in the swirl chamber for three different supply
pressures. Comparison of eqn.(9.7) with this value shows it to be within 2%. The discharge
coefficient of eqn.(5.9), CD = 0.393 ± 0.003, was based on the actual supply pressures over the
range 15 to 55 kPa at intervals of 5 kPa and comparison of eqn.(9.7) with eqn.(5.9) shows that
it is within 3%, on taking into account the respective tolerance limits.
The above results indicate that it is indeed possible to estimate the discharge
coefficient from a hypothetical nozzle design if:
(a) One has a knowledge of the volumetric flow rate, Q, and this will always be the case using
an axisymmetric ring inlet with a prescribed inlet radial velocity.
(b) The importance of the conservation of angular momentum is considered in order to
prescribe the correct inlet tangential velocity.
(c) Consideration is taken to alleviate any possible flow anomalies such as 3 mm radius
applied to the nozzle geometry at the junction of the convergence and outlet in order to reduce
the overestimated vena contracta effect which occurred there in the original models.
9.3.7.3 Prediction of the Spray Cone Half-Angle α

In Section 4.3 a review was given of a number of previous authors' attempts to
determine the theoretical spray cone angle issuing from a swirl atomizer nozzle. It was argued
there that the spray half-angle α could be given by
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The basis of this formulation was that the velocity of the liquid on leaving the exit of the
nozzle in the radial direction would be approximately equal to the average tangential velocity
in the exit, w o . 9 In Section 9.3.5, with reference to figs. 9.7i, 9.8i and 9.9i, it was shown that
at the exit to the nozzle the radial velocity had achieved a finite value so that the average value
of the true radial velocity of the liquid as it leaves the exit would actually be the vector sum of
the mean tangential velocity and the mean radial velocity. For convenience this will be denoted
as vo ’ 10 so that
vo ’ =

2

2

vo + w o .

(9.9)

Therefore a better estimate of the theoretical spray cone half-angle, α, might then be

’
α = tan -1 vo = tan -1 

uo


2
2 
vo + w o 
.

uo


(9.8b)

The data files associated with the results reported in Section 9.3.5 contain values for all
three velocity components at each cell centre and in particular the velocity component values
along the last radial line of live cells in the outlet. From these values one could obtain the
average value of any particular velocity component in the exit from
ro

φo =

2π ∫ r φ dr
r oac

2
)
π(r o2 - r oac

(9.10)

where φ represents any one of the three velocity components. The air-core radius in the outlet,
roac, may be obtained from the position of the zero-stream-function contour at the exit. In this
way one may use eqn.(9.8b) in order to estimate the spray cone half-angle α. This was done
using the data from the converged solution field for the model with the modified inlet
tangential velocity, at ∆p = 25 kPa, and gave
o

α = 33.6 .

(9.11a)
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An empirical estimate of the spray cone half angle taken from the photograph in fig. 2.6
indicates that
o
α ≈ 35
(9.11b)
The results of eqns.(9.11a) and (9.11b) are within 4% of one and other. If one is to hope to
calculate an accurate estimation of α, using this methodology, then it is stressed that it is
important to input the correct tangential velocity to the model in order to correctly satisfy
eqn.(9.9).
9.3.7.4 General
In developing the methodology described above for determining the discharge

coefficient, CD, it was found that the initial calculated wall pressures were unsuitable for this
purpose and that it was necessary to add a degree of sophistication to the model in order to
rectify this situation. It was established that it was necessary to input the correct angular
momentum to the model and a flow anomaly, in the form of an overestimation of the vena
contracta effect, was discovered. In order to gain sufficient confidence for the methodology to
find wider usage it would be necessary to determine both experimental and calculated swirl
chamber wall pressures for a number of different atomizer designs and Reynolds numbers in
order to check for other possible flow anomalies.
While the calculated and experimental results of eqns.(9.11), for the spray cone halfangle, α, are in close agreement for this particular atomizer it should be recognised that the
flow within the outlet is quite complex. Equations (9.8) may therefore represent an over
simplification of this situation for surely, basing the calculation of α on average velocity values
can only be a hypothesis. However whether or not the complexity of the flow is understood the
results are good and it is therefore advocated that, as with the methodology developed to
determine the discharge coefficient, this methodology merits further trials in order to test for
experimental validity over a range of atomizer designs and Reynolds numbers.

9.3.8 Estimation of the Drop Size
Lefebvre (1987, 1989) proposed an equation to predict the mean drop size from
pressure swirl atomizers which was based on considerations of the basic mechanisms involved
in the atomization process. The formulation was in two parts and took the form
SMD = SMD1 + SMD2

(9.12)
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where the initials SMD stand for Sauter Mean Diameter, the definition of which is itself given
in Lefebvre (1989). The two terms of eqn.(9.12) represent two temporal stages in the
atomization of the conical liquid sheet as it leaves the atomizer exit. In the first stage, SMD1,
surface instabilities in the liquid sheet are generated by the combined effects of hydrodynamic
and aerodynamic forces and depend partly on the Reynolds number and partly on the Weber
number.
The Reynolds number was given as
Re3 =

ρL VL t cos α
µL

(9.13)

and it provides a measure of the disruptive forces, which are partly due to turbulence, within
the conical liquid sheet. These disruptive forces are enhanced by increases in the total liquid
velocity, which may be given by
VL =

2

2

2

u o + vo + w o ,

(9.14)

and increases in the sheet thickness, t (due to the greater inertial energy of an integral liquid
sheet) and these disruptive forces are diminished by an increase in the liquid viscosity, µL. In
eqn.(9.13) the sheet thickness, t, is obtainable from
t = ro - roac

(9.15)

where, as mentioned previously, roac may be determined, in the computer models described
earlier, from the position of the zero-stream-function in the outlet, and the spray cone halfangle, α, may be determined from eqn.(9.8b). The average values of the velocity components,
in eqn.(9.14), may be obtained from the computer models by integrating the results from the
data files in the manner discussed in association with eqn.(9.10).
The Weber number was given as
We =

ρg V2rel t cos α
σ

(9.16)

and it governs the development of capillary wave formation on the surface of the liquid sheet.
The rate of growth of the waves into projections large enough to break off and form ligaments
is dependent on the ratio of the aerodynamic forces at the liquid/air interface (which are
themselves dependent on the relative velocity, Vrel, of the issuing liquid sheet with that of the
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surrounding gaseous medium) to the consolidating forces of surface tension, σ, in the liquid.
Lefebvre (1987, 1989) therefore proposed that the formulation representing the first stage in
the atomization process take the form

(

SMD1 ∝ Re× We

)

a

× (t cos α).

(9.17)

In the second stage of the atomization process, SMD2, the high relative velocity, Vrel,
induced at the liquid/air interface by the rapidly evolving conical sheet causes the surface
protuberances generated in the first stage to become detached and break down into ligaments
and then drops. and this final disintegration is opposed by surface tension forces, σ. Lefebvre
(1987, 1989) therefore proposed that the formulation for this second stage atomization take the
form
b
SMD2 ∝ (We ) × (t cos α)
(9.18)

where We was given in eqn.(9.16).
Lefebvre (1989) suggested that for the normal case of a nozzle spraying liquid into
stagnant or slow-moving air Vre ≈ VL. Wang and Lefebvre (1987) carried out a detailed
experimental study on the factors governing mean drop sizes using a range of swirl atomizers
and operating liquids; with differing viscosities and surface tensions. From these investigations
Wang and Lefebvre were able to determine the constants of proportionality and the values of
the indices a and b in equations (9.17) and (9.18) to give

{ (

SMD = 4.52 Re× We

)

-0.5

}

+ 0.39 (We )-0.25 × (t cos α).

(9.19)

Lefebvre (1989) presented this equation with the definitions of Re and We, from eqns.(9.13)
and (9.16), respectively, written out in full and simplified (and with Vre ≈ VL). From that
expression, with reference to the various parameters, he was able to provide a valuable
description of the spray behaviour in support of its validity as a predictive design tool.
The point to be made is that all of the parameters occurring in Lefebvre's drop size
equation (9.19) are obtainable from the computational work discussed hitherto in this chapter
and these were indicated in the above presentation of the equation's formulation. It ought
therefore to be feasible to carry out a detailed computational investigation, along the lines of
Wang and Lefebvre's (1987) experimental investigation in order to ascertain the validity of the
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equation's applicability to real swirl atomizer nozzles. As the constants of proportionality and
the indices, a and b, occurring in eqn.(9.19) were obtained from Wang and Lefebvre's own
work, it is possible that they may only be applicable to the range of nozzles and fluids tested by
them. It is therefore advocated that it would be beneficial to conduct a new set of experimental
tests over a different range of atomizer designs and to use the results of these tests in order to
validate the drop size equation, using the parameters obtained from computational models of
such atomizers. If it can be established that the equation provides a measure of the drop sizes,
within a tolerable error, then clearly one is furnished with an entire design tool in order to
obtain the best possible spray quality, for a given operating liquid under given operating
conditions. To put this another way, one may construct a theoretical model right through, from
pre-supposed initial conditions to the final spray, without the necessity to manufacture
experimental nozzles until one is satisfied that the theoretical model is likely to provide the
required results.

9.3.9 The Importance of the Parameter N
In Chapters 3 and 7, in connection with inviscid analyses of swirl atomizer internal
flow, it was mentioned that no previous author's formulations included the effect on both the
air-core diameter and the discharge coefficient of the parameter N = ro/rs. However, the
experimental work of Dombrowski and Hasson (1969), presented in Chapter 5, with which the
present author's inviscid analysis was compared, in Chapter 7, clearly indicated its effect. The
classical inviscid analysis of Giffen and Muraszew (1953), for example, which was presented
in Chapter 4, suggested that, for a given value of the atomizer constant K0, one could obtain a
unique value of the dimensionless outlet air-core radius ζ, from
3
2
ζ + (2 K02 - 3)ζ + 3ζ - 1 = 0

(4.4)

and from this, parametrically via ζ, a corresponding unique value of the discharge coefficient,
CD, from
1/ 2

 (1 - ζ )3 
=
CD 
 .
 1+ ζ 

(4.5)

In the dimensional analysis carried out by the present author in Chapter 3, it was argued that
the classical treatment of Giffen and Muraszew represented an over-simplification of the
problem as it considered the situation in the atomizer outlet only and was not designed to
determine the air-core radius within the swirl chamber, in addition to that in the outlet. The
dimensional analysis indicated that if both the situation in the outlet and that within the swirl
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chamber are considered simultaneously then one obtains an equation governing the situation in
each, eqns.(3.77) and (3.78) respectively. If one is to determine solutions, in terms of the outlet
and swirl chamber air-core radii together with the discharge coefficient, for these two
equations simultaneously, as was done in Chapter 7, then one must consider the parameter N.
The point to be made here is that any inviscid analysis will represent, to some degree,
depending on its sophistication, an over-simplification of the true situation. It was therefore
decided upon to use the computational methodologies developed in this chapter to investigate
the importance of the parameter N. To this end a computational model geometry was
constructed after the manner described in Section 9.3.6, having the correct angular momentum
and including the 3 mm radius between the conical convergence and the outlet. This latter
computational model had the same atomizer constant, K0, as that described in Section 9.3.6 but
double the value of the parameter N. In this way both parameters ζ and CD could be
recalculated for this model and compared with the former.
The original value of the atomizer constant, K0, may be determined from its definition
in eqn.(3.24) and the dimensions of the perspex atomizer given in fig. 5.11 to be
2 × π × 5.5
Ai
= 0.605
=
π r o rs π × 5.5 × 18.18

(9.20)

5.5
N = ro =
= 0.302.
rs 18.18

(9.21)

2

K0 =

and the value of N is

It was, arbitrarily, decided to double the value of N by halving the swirl chamber radius to rs =
9.09 mm. Therefore, in order to maintain the same value of K0 as before the previous value of
Ai needed to be halved, thus the new value of the inlet radius was ri = 5.5/√2 = 3.889 mm. In
order to keep as many parameters as possible the same the volumetric flow rate was
-4
3
maintained at Q = 2.65×10 m /s, for the ∆p = 25 kPa case, so that the true inlet tangential
velocity was obtained from
wi =

2.65 × 10-4
= 2.788 m/s .
2
2 × π × (3.889 × 10-3)

(9.22)

In the true situation this velocity would operate at a radius of rs - ri whereas in the model
atomizer the ring inlet is actually at a radius of rs = 9.09 mm. Therefore in order to impart the
correct angular momentum to the model the tangential velocity at rs needed to be determined.
As with eqn.(9.6) above, one obtains
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The volume flow was imparted to the model by the radial velocity which was calculated, as
before, by dividing the volumetric flow rate by the surface area of the ring inlet, to give
v=

Q
2.65 _ 10-4
= 0.596 m/s .
=
2 × π × rs × 2 ri 2 × π × 9.09 × 10-3 × 2 × 3.889 × 10-3

(9.24)

Figures 9.11 a and b show the air-core and the wall pressure results, respectively, from
this model in comparison to the measured data from the perspex atomizer with the original
geometry (which has already been presented in a number of figures). From a comparison of
figs. 9.11 a and b with those of figs. 9.10 c and d one may observe that for this particular
geometry configuration the predicted air-core size is in agreement with that of the original
geometry however the swirl chamber wall pressure is not. Interestingly the predicted wall
pressure shows a slight rise in the vicinity of the ring inlet, compared to its value for the rest of
the swirl chamber, which was not present in the wall pressure for the original geometry, fig.
9.10d. The predicted wall pressure is everywhere lower than for the original geometry and as
-4
3
this model employed the same Q = 2.65×10 m /s volumetric flow rate then the discharge
coefficient will be greater. In the experimental results of Dombrowski and Hasson (1969), fig.
5.19, it may be seen that for a given atomizer constant K the discharge coefficient CD increases
with increasing R/ro or increases with decreasing N (= ro/rs). In the predictions from the quasi1-dimensional-inviscid theory, of the present author, figs. 7.3 and 7.4, it may be seen that the
reverse was the case, i.e. for a given K, CD increases as N increases so that this computed
result is more in accord with that situation.
While it is folly to dispute the experimental results of Dombrowski and Hasson the
point to be made here is, quite simply, that in omitting consideration of the parameter N in
their inviscid analysis, Giffen and Muraszew (1953) and other workers who have advocated
similar theories will necessarily predict erroneous values of the discharge coefficient.
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Figure. 9.11. Predicted air-core topology and wall pressure using the same value of the
discharge coefficient K but double the value of the parameter N.

9.4 Modelling the Swirl Atomizers of Horvay and
Leuckel
9.4.1 Introduction
In Section 9.3 the methodology for determining the internal flow characteristics of a
swirl atomizer nozzle was presented with reference to a large perspex model atomizer used in
experiments in the author's department. While experimental results for the air-core topology
and the wall pressure were available, for the purpose of comparison with the experimental
model, there were no experimental results for the velocity components. The details and results
of the laser Doppler anemometry experiments on large perspex model swirl atomizers, carried
out by Horvay and Leuckel (1984, 1986), are given in the literature review of Chapter 5. This
section compares the experimentally determined axial and tangential velocity profiles of
Horvay and Leuckel with computed results obtained using the methodology described above,
for four of their configurations. All of the models tested are of the same order of size with an
overall length of 85 mm, rs = 50 mm, and four rectangular inlets; each 20 mm long in the axial
-4
direction and subtending 10 mm in the radial direction. They were all operated at Q = 2.5×10
3
m /s (15 ltr/min) and w i = Q / A i = 0.3125m / s. There were three different convergence

geometries: a standard conical convergence (similar to the perspex atomizer modelled in
Section 9.3), no convergence, i.e. a complete tubular swirl chamber leading directly to the
tubular outlet and a 'trumpet shaped' atomizer having a convergence with convex walls. The
atomizer with the conical convergence was tested for two different Reynolds numbers, as
defined in eqn.(5.1), of 1125 and 18018, using the two different kinematic viscosities of vL =
-6
2 2
-6
2 2
25×10 m /s and vL = 1.6×10 m /s , respectively. The two atomizers with extreme
convergence geometries were both tested at Re1 = 1125. In addition, purely for comparison
purposes, a high Reynolds number model, Re1 = 38037, has been modelled.

Chapter 9

page 279

9.4.2 The Model Atomizer with a Conical Convergence
Figure 9.12 shows the profiles of the normalised axial and tangential velocities within
the atomizer with the conical convergence which was run at Re1 = 1125. The computational
model employed a grid with a similar structure to the G1 and G2 grids shown in fig. 9.1. The
experimentally determined velocity profiles of Horvay and Leuckel are shown as diamonds.
They were reproduced from the figures of Horvay and Leuckel using a digitising tablet. The
figures were first enlarged on a photocopier in order provide the most accurate reproduction of
their results. The computed velocity profiles are shown as thick unbroken lines. The two
diagrams differ in that the bottom figure, fig. 9.12b, has an imposed slip-boundary core, the
position of which was determined using the zero-stream-function contour from the computed
results of the top figure, fig. 9.12a, in a similar manner to that described in Section 9.3, for the
UMIST perspex model atomizer. One can see that at the x = 70 mm level, in fig. 9.12b, the
experimental points do not reach in as far as the central axis of the outlet of the swirl atomizer.
This was because of the formation of an air-core which is short in this low Reynolds number
model, and which reached only a short distance upstream of the exit within the outlet. One can
see that the position of the zero-stream-function contour, at the x = 70 mm level, is in
approximate agreement but slightly overestimates the diameter of the air-core. This lack of
accurate agreement is to be expected at such a low Reynolds number as this situation is
comparable to an atomizer at some stage of start-up. For a real atomizer, during the start-up
process the air-core increases in size and it would be difficult to accurately predict the air-core
size as it will differ for only slight variations in inlet pressure. A further point is that, the
tangential velocity prescribed at the inlet was w i = 0.3125m / s however, with the benefit of
hindsight, the imposed inlet tangential velocity ought to have been
w = 0.3125 _

R
rs

= 0.3125 _

45
= 0.2812 m/s
50

(9.25)

in order to impart the correct angular momentum to the model. The reduced tangential
velocity, of eqn.(9.25), would have led to the prediction of a slightly smaller air-core, i.e. the
position of the zero-stream-function contour would have been at slightly smaller radii along its
entire length.
The shape of the experimentally determined velocity component profiles was
described, previously, in terms of the general flow behaviour in Chapter 5 and in this section,
discussion is limited to the comparison of the experimental and the computed velocity profiles.
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Figure 9.12a. Measured and calculated normalised axial and tangential
velocity component profiles for the conical convergence atomizer running
at Re1 = 1125.

Figure 9.12b. Measured and calculated normalised axial and tangential
velocity component profiles for the conical convergence atomizer running
at Re1 = 1125. The computer model contained a slip-boundary core.
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There is clearly a reasonable agreement between almost all of the computed tangential
velocity profiles and those obtained by experiment. However there is a slight difference
between the computed tangential velocity profile and the experimental tangential velocity
profile at the inlet level, x = 10 mm. The experimental tangential velocity profile would have
been taken in an r-x plane through an inlet as its immediate increase in velocity was likely to
be due to the interaction of the inlet flow with the established tangential flow within the swirl
chamber, this was described in Chapter 5 in association with fig. 5.3. The computed and
experimental tangential velocity profiles also differ in the outlet, at the x = 70 mm level. It is
likely that this is due to the wobbling of the air-core at this low Reynolds number and this form
of axial asymmetry cannot be detected by the present two-dimensional computational
technique.
The present computed tangential velocity profiles may be compared with those
computed by Horvay and Leuckel (1986) themselves, for this case, which were shown in fig.
6.1. The computed tangential velocity profiles of Horvay and Leuckel overestimated the values
at all axial levels and particularly in the outlet.
There is reasonable accord between the computed and experimental axial velocity
component profiles, in fig. 9.12b, at all levels. In particular the computer model accurately
predicted the increased velocity adjacent to the wall of the convergence. However there is a
discrepancy, between the computed and experimental axial velocity profiles, at the x = 60 mm
level where the computed velocity profile continued to predict the general trend of increased
axial velocity near to the central axis whilst the experimental profile does not show this.
Bearing in mind that the seeding particles used for the laser Doppler anemometry were airbubbles the shape of the experimental profile may be due to their reverse motion in an attempt
to establish an air-core in this region.
The computed axial velocity profiles of Horvay and Leuckel, fig. 6.1, as with the
tangential velocity components, provide overestimated values within the outlet. While present
computed axial velocity profiles, at the x = 70 mm level, show a region of back-flow close to
the atomizer axis, fig. 9.12a, that of Horvay and Leuckel, fig. 6.1, does not. It is therefore
likely that the computer code employed by Horvay and Leuckel was not capable of modelling
the zones of axially recirculating flow that have been shown to be so important in this chapter.
The axial velocity profile at the x = 60 mm level of fig. 6.1 is a little closer to the experimental
results than that of figs. 9.12a and 9.12b for it does show a small region of solid body flow, as
do the measured results, while the present computed axial velocity profile, at that level, does
not.
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The stream function contours for the atomizer with the conical convergence, which
was run at Re1 = 1125, are shown in fig. 9.13. It can be seen that the flow appears not to be
fully established. It is similar to the 200 ms diagram of fig. 9.5b where the zone of axially
recirculating flow was just beginning to form. The Taylor-Göertler vortices which were
evident in the computer models for the UMIST perspex swirl atomizer are not observable in
this figure, however, it will be shown presently that they had formed in the same atomizer
running at a higher Reynolds number. This is also in accord with the notion that the flow is not
fully established for there were also no Taylor-Göertler vortices visible in the 10 ms and 50 ms
results for the UMIST model, fig. 9.5b.
Comparison of fig. 9.13 with Horvay and Leuckel's own computed stream function
plot, fig. 6.2, indicate that the flow patterns are similar. Both fig. 9.13 and fig. 6.2 show that
most of the volume flow takes place near the central axis and along the atomizer walls. Horvay
and Leuckel attributed the axial flow near to the axis to the fact that the inlet flow firstly
follows the wall of the closed end of the atomizer and then moves away in the axial direction
due to continuity.
One of the limitations of the laser Doppler anemometry methodology of Horvay and
Leuckel was its inability to determine the radial velocity components, as the seeding particles
used were air-bubbles and these would have been buoyed inwards toward the air-core due to
the large pressure gradients. The radial velocity components can, however be predicted by the
computational technique and although there is no corresponding experimental data, with which
to compare them, it is of interest to note the similarities of the radial velocity component
profiles with those determined for the UMIST perspex model. It can be seen, in fig. 9.14
showing the radial velocity component profiles, that the radial velocity is strongest in three
distinct regions: (a) at the closed end of the swirl chamber where the prescribed inlet radial
velocity has not yet been strongly affected by its entrainment into the flow within the body of
the swirl chamber, (b) along the convergence where the flow is being directed toward the
outlet by the convergence wall, and (c) at the exit of the atomizer where the flow is no longer
restricted by the walls of the outlet. This flow behaviour is similar to that of fig. 9.8g, which
used a grid of the same type of construction. It will be noted, however that while fig. 9.8g
showed fluctuations in the radial velocity component profiles in the swirl chamber, and that
these were accredited to the existence of Taylor-Göertler vortices there, these fluctuations are
not present in fig. 9.14, therefore the fluctuations must certainly be due to the presence of the
Taylor-Göertler vortices.
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Figure 9.13. Stream function contours for the conical convergence atomizer running
at Re1 = 1125.

Figure 9.14. Radial velocity component profiles for the conical convergence atomizer
running at Re1 = 1125.
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Figures 9.15 a and b show the calculated and measured tangential and axial velocity
profiles for the conical convergence model atomizer of Horvay and Leuckel running at the
higher Reynolds number of Re1 = 18018. As with fig. 9.12, the bottom figure, fig. 9.15b, has
been given a slip-boundary core. Here the flow does appear to have become fully established
for it will be shown presently that the general flow pattern and air-core size did not differ
significantly at the higher Reynolds number of Re1 = 38037. However, firstly a comparison
will be made between the computed and experimental results.
The general agreement between the computed normalised tangential velocity
component profiles with those from the experiments of Horvay and Leuckel is good. However,
the computed tangential velocity profile provides an overestimate at small radii, and this is true
at all axial levels. Thereafter the computed tangential velocity appears to be slightly smaller
than the experimentally measured values. Given that the inlet tangential velocity was also
over-prescribed in this model, at 0.3125 m/s rather than the 0.2812 m/s of eqn.(9.25), this is a
surprising result. From fig. 9.15a it can be seen that overall the computed results predict a
sharper transition from the solid body to free vortex flow regimes, than the experimental plots.
This is likely to be due to there being some degree of wobble in the air-core as this would lead
to a smearing out of the time averaged measured tangential velocity in its vicinity, and this
would account for the apparent over-smooth transition. At the x = 70 mm level the
experimental profile is almost flat and this is almost certainly due to air-core wobble. At the x
= 10 mm inlet level one may see that there is not the sudden hump in the experimental results
which was apparent in the Re1 = 1125 case of fig. 9.12 and this is probably because the
velocities, in the Re1 = 18018 case, were measured in an r-x plane between the inlets.
In fig. 9.15a one may observe that the axial velocity component profiles exhibit
negative values close to the axis and this is because a zone of axial re-circulation was set up, as
occurred in the modelling of the UMIST perspex swirl atomizer. The zero-stream-function
contour, which bounded this zone, was used to determine the position of the slip-boundary
core from which the results in fig. 9.15b were obtained. The trend of the experimentally
determined axial velocity profiles are predicted by the computational profiles. That is, the
greatest axial flow took place in the vicinity of the air-core with minimal axial flow, especially
within the swirl chamber, away from the axis. As with the tangential velocity, the transition
between these flow regimes appears sharper in the computational results. It is likely that this
lack of sharpness in the measured results, as with the tangential velocity profiles, is due to aircore wobble. Visual inspection of the experimentally determined axial velocity profiles
indicate that mass continuity may not have been satisfied. In order to test this hypothesis a
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Figure 9.15a. Measured and calculated normalised axial and tangential
velocity component profiles for the conical convergence atomizer running

Figure 9.15b. Measured and calculated normalised axial and tangential velocity
component profiles for the conical convergence atomizer running at Re1 =
18018. The computer model contained a slip-boundary core.
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Figure 9.16a. Stream function contours for the conical convergence atomizer running
at Re1 = 18018

Figure 9.16b. Stream function contours for the conical convergence atomizer
running at Re1 = 38037.
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polynomial was fitted to each profile, of the form u = u(r), and the volumetric flow rate
determined from
b

Q = 2π ∫ u(r) r dr

(9.26)

a

where a and b were the lower and upper r values for the experimental data. The results are
given in Table 2. It can be seen that the volumetric flow rate appears to diminish moving
toward the exit. Bearing in mind that the true volumetric flow rate, for this case, was Q =
-4
3
2.5×10 m /s then the experimental axial velocity profiles appear to initially over predict the
flow rate and then under predict it. The mean volumetric flow rate from the above table is
-4
3
4.30×10 m /s and therefore the general trend is over prediction. It is not clear why this should
be the case however it may be speculated that the highest velocity was taken at each radial
position.
The discrete experimental data points, the diamonds, were taken right up to the air-core
and, in fig. 9.15b, the computed profiles begin at the solid core with the slip-boundary. From
this it may be seen that there is reasonable agreement between the computationally predicted
air-core and the true air-core.

Table 2
Axial, x-position
(mm)

Calculated Q
3
(m /s)

30

9.52×10

40

4.00×10

50

3.68×10

60

2.84×10

70

1.46×10

-4
-4
-4
-4
-4

Figures 9.16 a and b show, respectively, the stream function contours for the Re1 =
18018 conical convergence model in comparison to a similar Re1 = 38037 case. In the Re1 =
-4
3
38037 case the volumetric flow rate of Q = 2.5×10 m /s was maintained but this was input
through four 5×20 mm inlets, rather than four 10×20 mm inlets as before, so that the average
inlet velocity was w i = 0.625 m/s 29 operating at R = 47.5 mm (rather than w i = 0.3125 m/s 30
operating at R = 45 mm as before). Both figures begin with the zero-stream-function contour
adjacent to the atomizer axis and it can be seen that this contour is at only slightly larger radii
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in the Re1 = 38037 case than in the Re1 = 18018 case, even though the Reynolds number is
nearly double. Contrast this comparison with a comparison between the Re1 = 1125 case, of
fig. 9.13, and the Re1 = 18018 case and it may be seen why it was suggested, by the present
author, that the former case may be likened to a start-up condition.
A comparison of the stream function plots of figs. 9.16 a and b with Horvay and
Leuckel's own stream function plot of fig. 6.2, shows general similarities in the positioning of
the Taylor-Göertler vortices. In both figs. 9.16 a and b, a vortex occurred in the conical
convergence near to the outlet and this was also the case in fig. 6.2. Both figures also show
small vortices near to the closed end of the swirl chamber and these also appear in fig. 6.2.
Horvay and Leuckel's stream function plot, fig. 6.2, does show a zero-stream-function
contour, as may be detected by following the line of the obviously zero value contour along the
closed end of the swirl chamber. The appearance of apparent Taylor-Göertler vortices and the
presence of the zero-stream-function contour, at finite radii, along the entire length of the
atomizer does tend to indicate that their model was run at a much higher Reynolds number
than the Re1 = 1125, stated by them. Interestingly Horvay and Leuckel did not appear to have
attached any importance to the zero-stream-function contour and it is likely that this was
because they would be unlikely to associate it with the positioning of the air-core as there was
no effective air-core present in the real situation, at the low Reynolds number for which the
computer model was claimed to represent. In addition, they made no consideration of the
calculated pressure field and so would not have observed that the position of the zero-streamfunction contour concurred with that of the zero pressure contour.

9.4.3 Atomizers with Different Convergence Geometries
Figure 9.17 shows the atomizer with no convergence and fig. 9.18 shows the atomizer
with the 'trumpet-shaped' convex convergence. A point to be made comparing these two
figures is that although they share many geometrical dimensions and are run under the same
operating conditions, the atomizer with the convex convergence forms an air-core whilst the
atomizer with no convergence does not. Indeed the convex convergence geometry shows a
larger air-core than the conical convergence case of fig. 9.12, operated under the same
conditions. The point regarding the air-core differences, seen in figs. 9.17 and 9.18, was made
in Chapter 5, however it can be seen that the computational model echoes the realistic
behaviour. It too predicts that the convex geometry atomizer should have an air-core whilst the
no-convergence atomizer should not. It is to be noted that the size of the air-core predicted by
the computational model is a little smaller than that indicated by the experimental results. As
with the conical convergence atomizer, of fig. 9.12 which was also run at Re1 = 1125, the flow
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is not fully developed and so the air-core is not fully formed. It would therefore be extremely
difficult to emulate the exact conditions of the experiment on the computer at this transient
stage of development. A further point regarding the extreme geometries of figs. 9.17 and 9.18
is that the former, no-convergence case, required the use of a time dependent solution scheme
in order to attain a fully converged solution field but the convex convergence case did not and
indeed there were no time-dependent Taylor-Göertler vortices occurring in this case. This may
be seen from comparing figs. 9.17b and 9.18b, which shows the stream function contours for
the two cases. Horvay and Leuckel attributed the flow difference between the extreme
geometries to the reduction in 'swirl losses', or the reduction in viscous losses due to the
operating liquid not being required to traverse sharp bends. It therefore appears that with an
appropriate choice of atomizer geometry one can obtain the least swirl losses, and also obviate
the Taylor-Göertler vortices, which appear to be detrimental to the efficiency of the flow. In
other words one could optimise the atomizer geometry, for given operating conditions, in order
to obtain the best spray possible.
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Figure 9.17a. Measured and calculated normalised axial and tangential velocity
component profiles for the no-convergence atomizer running at Re1 = 1125. The
computer model contained a slip-boundary core.

Figure 9.17b. Stream function contours for the no-convergence atomizer running at
Re1 = 1125.
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Figure 9.18a. Measured and calculated normalised axial and tangential velocity
component profiles for the convex, trumpet-shaped, convergence atomizer running at
Re1 = 1125. The computer model contained a slip-boundary core.

Figure 9.18b. Stream function contours for the convex, trumpet-shaped, convergence
atomizer running at Re1 = 1125.
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9.4.4 Predicting the Discharge Coefficient CD
Figure 9.19 was obtained as a result of a private communication with Professor
Wolfgang Leuckel. It shows values of volumetric flow rates for given operating pressures, for
the atomizer with a conical convergence with the narrow, 5×20 mm, inlets. It was operated
-6
2
-6
2
with liquids of two different viscosities; vL = 1.6×10 m /s and vL = 25×10 m /s. One may
use the results shown in this figure to calculate the discharge coefficient from eqn.(3.23). For
the purpose of comparison of predicted (computer modelled) and experimental results the
-6
2
discussion will be limited to the liquid with a viscosity of vL = 1.6×10 m /s. The
experimental discharge coefficient, for this case, obtained from fig. 9.19, was found to be
(9.27)

CD = 0.20 ± 0.01.
-4

3

A predicted value was obtained for Q = 2.5×10 m /s (which was used to produce fig. 9.16b).
The tangential velocity input to the model, in order to impart the correct angular momentum,
was
47.5 × 10-3
2.5 _ 10-4
Q R
= 0.594 m/s
_
=
w=
(9.28)
-3
-3
50 × 10-3
Ai rs 4 × 5 × 10 × 20 × 10
i.e. the applying value of w = 0.594 m/s to the ring inlet, at rs = 50 mm is approximately
equivalent to the true situation where wi = 0.625 m/s was applied to R = 47.5 mm, see fig. 5.2,
Chapter 5. The radial velocity applied to the ring inlet was calculated to be
v=

Q
Q
2.5 _ 10-4
= 0.040 m/s . (9.29)
=
=
area of ring inlet 2π × rs × 20 mm 2π × 50 × 10-3 × 20 ×10-3

The wall pressure within the swirl chamber obtained for this example was 7.63 kPa which
gave, from eqn.(3.23), the discharge coefficient to be
CD = 0.199,

(9.30)

which is within the tolerance limits of the empirical CD of eqn.(9.27). This is a surprisingly
close result, to the empirical value, and ideally the test ought to be carried out over a range of
calculated CD values.
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Figure 9.19. Measured volumetric flow rates for given supply pressures. Courtesy Prof.
W. Leuckel.
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9.5 Concluding Remarks
In this chapter a methodology was presented for computationally predicting the aircore topology of a pressure swirl atomizer. It has been shown that it is likely that the computer
models provide reasonably accurate predictions of the velocity components. It has also been
shown that, if due care is taken in imparting the correct angular momentum to the
computational models, the swirl chamber wall pressure may be predicted. From a knowledge
of the air-core in the outlet it follows that one also has a knowledge of the initial annular liquid
sheet thickness. From a knowledge of the exit velocity components the spray cone angle may
be found. From a knowledge of the film thickness, the spray cone angle and the exit velocity
components it may be possible to estimate the Sauter mean diameters of the resultant spray.
Finally, from a knowledge of the swirl chamber wall pressure the discharge coefficient may be
calculated. Much more experimental work needs to be done on different atomizer designs in
order to validate the results of these computer models. Because the methodology assumes an
axisymmetric flow it has the limitation that it cannot predict phenomena that are asymmetric.
These phenomenon include wobble of the air-core which leads to some error in the prediction
of the velocity component profiles in the outlet, and the use of an axisymmetric ring inlet,
rather than discrete inlets, prevents the model from predicting any forms of asymmetry at the
inlet level.
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CHAPTER 10
Further Discussion, Future Work and
Conclusions
10.1 Introduction
The thesis provided details of two new techniques for analysing the internal flow
physics of swirl atomizer nozzles. These are the two-dimensional computational methodology,
described in Chapter 9, and the quasi-one-dimensional inviscid methodology, presented in
Chapter 7. With the new computational methodology one is able to determine the air-core
topology for approximately axisymmetric flows. Comparison of the computed air-core
toplology and the axial and tangential velocity component profiles with those obtained
experimentally show very good agreement. The quasi-one-dimensional inviscid methodology
was based on the force balance across an atomizer in the axial direction. It was argued that this
technique maybe an improvement upon the classical inviscid analysis which, it was indicated,
involved an over simplification of the flow problem in its neglect of the independent parameter
N. The presentation of these new techniques together with the correlation of previous work has
enabled the thesis to provide a holistic understanding of the internal flow physics of swirl
atomizer nozzles.

10.2 Computer Models
It was mentioned in Chapter 9 that from a knowledge of the flow physics at the exit
orifice one may make estimates of the quality of the resultant spray. The term "spray quality"
has been used extensively throughout the present work and it may prompt one to ask "just what
exactly are the criteria for a good spray quality?" The answer is, of course, that it depends on
the particular application for which the spray is to be utilised. In the application of fuel
combustion one would usually seek as fine a spray as possible in order to optimize the droplet
surface area/volume ratio so that the fuel would readily vaporize and burn. In addition, for
many combustion applications the spray cone angle, α, requires to be narrow in order that the
droplets do not impinge on the combustion chamber walls. According to the particular
empirical drop size equation of Lefebvre (1989), eqn.(9.19), in which cos α is raised to a
positive power, a narrow cone angle does not promote a fine spray. In this respect it may be
necessary to compromise between the desired spray angle and the desired drop size. For fire
suppression purposes the nature of the required spray will depend upon the particular type of
risk. In order to extinguish liquid fuel fires it is necessary to use a fine spray as the water is
required to vaporise to steam in order to displace the burning volatile gasses that are given off
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by the liquid fuel, e.g. Mawhinney (1993), Martilla (1993) and Cousin (1992). The other uses
of fine water sprays in fire suppression include gas fires, Upfold (1989) and Papavergos (1991)
and electrical fires, Spring et. al. (1993) and Martilla (1993). Conversely a number of fire
suppression problems require the use of large droplet sprays. These include fires with high
velocity plumes as large droplets have a greater momentum than small drops and are therefore
better able to penetrate the plumes to the seat of the fire, e.g. Groos (1985). In addition, large
drops are required for surface cooling simply because of their increased heat capacity over that
of a small volume fine spray, Leonard (1991). For crop spraying there is usually an optimum
narrow drop size distribution depending upon the density of the operating liquid and the
particular crop spraying application. Too large a drop size and the spray will be ineffectual in
covering the plants, and the liquid would be largely wasted, and this may also lead to
groundwater pollution. Too fine a drop size and the spray will be carried away by wind drift,
again leading to wastage, and it may also constitute a health hazard to nearby populated areas.
It seems clear from the above discussion that a methodology to predict the resultant
spray quality, of an atomizer on the drawing board, would be a useful tool for designers of
such atomizers. The computational methodology, introduced in Chapter 9, is particularly
useful for studying the effects of design changes on the internal flow. It was also indicated that
one may use the methodology in conjunction with empirical drop sizing equations in order to
estimate the spray quality, however this needs to be validated by comparison with
experimental results. It is also clear, from the above discussion on spray quality, that for a
number of applications one would in fact require as fine a drop size as possible. It is well
known that for a given atomizer geometry one will obtain a finer spray by increasing the
supply pressure, ∆p. This is indicated in the empirical drop size equation of Lefebvre,
eqn.(9.19). The equation includes the liquid velocity at the orifice, VL, in the denominators of
the two terms which make up the equation, and VL increases with increasing ∆p. In this respect
one might use the computational technique of Chapter 9 to optimise the nozzle geometry in
order to provide the finest possible spray by reducing both the annular liquid film thickness in
the outlet orifice, t, and by increasing VL, for a given supply pressure. The possibility of
optimizing an atomizer geometry was indicated in the presentation of the work performed on
the model atomizers of Horvay and Leuckel (1984, 1986), in Chapter 9, where it was shown
that different convergence geometries led to different internal flow conditions under the same
operating conditions. In addition it was shown that the effects on the internal flow physics of
minor geometry changes, such as the small radius applied to the junction of the convergence
and outlet of the perspex atomizer, may be successfully modelled. A further point, regarding
the computational technique of Chapter 9, is that it lends itself to determining the effects of the
addition of flow management devices. For example, it was shown that the flow within many of
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the atomizer geometries contained Taylor-Göertler vortices and these may be detrimental to
the spray quality, although this remains unproven. It may be possible to ameliorate their effect
by the inclusion of devices within the swirl chamber which would prevent their formation.
While the empirical drop size equation of Lefebvre is likely to provide useful estimates
of spray quality the manner in which it relies on t, α and VL is, as Lefebvre himself readily
admitted, an over-simplification. In Chapter 7, in the discussion of the spray cone angle α, it
was suggested that its calculation using average velocity components at the outlet was likely to
provide an error in the value determined and this is because of the complexity of the flow at
the nozzle exit. The tangential velocity profile at the nozzle exit appears to consist of a
combination of solid body rotation and boundary layer flow at the wall, with no free vortex
remaining at this juncture, and the axial velocity profile had become rounded, almost parabolic
but with a finite velocity adjacent to the core. The results of Chapter 9 also indicated that a
radial velocity had become established at the nozzle outlet orifice. Further downstream from
the outlet orifice these velocity components will combine to form the velocity of the conical
liquid sheet relative to the surrounding air. At that juncture the profile, in the liquid, is likely to
have become almost flat. This is because the velocity profiles will have initially combined into
some complex shape whereupon, due to the removal of the wall shear stresses, it would
undergo a relaxation. The angle that the spray cone makes with the atomizer axis should be
some function of these initial complex velocity component profiles. A further complication is
that in real atomizer flow the break-up of the conical liquid sheet begins to occur immediately
the liquid leaves the atomizer orifice. In fact observations of the perspex atomizer (discussed in
Chapter 9) by the author have indicated that disintegration actually begins on the air-core in the
latter part of the outlet. The single phase computational model is clearly not capable of
modelling this level of flow complexity and the only recourse is to seek models of even greater
sophistication. One such option is to employ the Volume of Fluid technique (VOF) of Hirt and
Nichols (1981) as it may transpire that this methodology will lend itself to the formulation of a
proper two-phase computational model whereby one may determine the exact form of the aircore topology and the resultant spray break-up.

10.3 Analytical Models
In Chapter 7 a new analytical technique was presented with which one might determine
approximate values for the discharge coefficient, CD, the spray cone angle, α, and the air-core
radii in the swirl chamber, Rs and in the outlet, Ro. As was indicated in Chapter 7, further
experimental work needs to be done to validate this technique by carrying out a series of tests
over a range of atomizer geometries, i.e. over a range of K3 and N values, while keeping the
volumetric flow rate, Q, constant. In addition it was shown that the technique lacks a suitable
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numerical solution technique. Both this analytical method and the much older classical
method, require some form of numerical solution but the advantage of such techniques, over
full computational fluid techniques, as was mentioned in Chapter 7, is the speed in which the
solutions are obtained. This is because, unlike the full CFD approach, these techniques are
based upon systems of algebraic equations and therefore require no sophisticated discretisation
schemes.
The analytical technique, presented in Chapter 7, itself lacks sophistication as it does
not include the radial velocity in any form. In the computational work of the present author,
Chapter 9, and that of previous authors, Chapter 6, it was shown in plots of the stream function
that the radial velocity was important in both the conical convergence and at the closed end of
the swirl chamber. In order to include the radial velocity component in an analytical model
ones only recourse is to formulate a full steady-state, incompressible two-dimensional inviscid
potential flow model. For such a model one must seek a function of the form
W(z) = φ(x, r) + iψ(x, r)

(10.1)

where z = x + ir, φ is the velocity potential function and ψ is the stream function, see for
example Lamb (1932). It can be shown that solutions of eqn.(10.1), in cylindrical coordinates,
are of the form

and
or
and

φ(x, r) = (c1 sinh(kx) + c2 cosh(kx))(c3 J 0 (kr) + c4 Yo (kr))

(10.2a)

ψ (x, r) = (c1 cosh(kx) + c2 sinh(kx) )(c3 J1 (kr) + c4 Y1 (kr))

(10.3a)

φ (x, r) = (c1 sin(kx) + c2 cos(kx) )(c3 I0 (kr) + c4 K o (kr))

(10.2b)

ψ (x, r) = (c1 cos(kx) - c2 sin(kx) )(c3 I1 (kr) + c4 K1 (kr))

(10.3b)

where the Jn, Yn, In and Kn are all forms of Bessel function. Equations (10.2a) to (10.3b) are all
algebraic functions and what is more, their differentiation, in order to provide velocities, also
provides algebraic functions. The problem of formulating a potential flow model for a swirl
atomizer has been studied by Lewellen (1971) who considered an atomizer with no conical
convergence (of the type used by Dumouchel (1989), Chapter 6) in which he simplified the
problem by assuming no axial velocity within the swirl chamber and assumed a radial velocity
in the swirl chamber of the form described by Harvey and Hermandorfer (1943), Section
4.4.1.2. This was obtained by dividing the volumetric flow rate, Q, by the area of a cylindrical
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surface, 2πr ls. Lewellen commented that "the solution given [eqns.(10.2a) to (10.3b)] is not
particularly useful due to the difficulty in determining all of the coefficients . ." By this
Lewellen meant that the coefficients c1 to c4 together with the parameter k, in the arguments of
the various functions, all need to be found from the boundary conditions of the flow. In
addition there is also the problem of determining which set of solutions, a or b, is to be used. In
Chapter 3 an analysis was given, based on the notion of Binnie and Hookings (1948), that
there exist small undulations, or waves, occurring on the air-core and for this reason it is
probable that the spatially oscillating solution, eqns.(10.2b) and (10.3b), would transpire to be
the better option. This type of wave equation formulation may also provide both an additional
equation to the set of algebraic equations and also aid in determining the boundary values. In
addition, it may be possible to formulate some form of axial force balance equation, of the type
described in Chapter 7, using all of the relevant velocities. Of course such a formulation would
be unsolvable alone but it could be included in the set of algebraic equations which need to be
solved. It is only through this form of thorough analysis that one could hope to truly model
inviscid swirl atomizer internal flow.

10.4 Conclusions
10.4.1 Computational
 A commercial CFD code has been successfully employed in modelling the internal flow of

swirl atomizers.
 A computational methodology has been developed to model the air-core using the zero
stream function profile.
 Comparison of the modelled core with available experimental data shows good agreement.
 Inclusion of a solid, slip boundary core (in place of the zero stream function contour)
permits the calculation of the correct velocity components.
 Comparison of the calculated velocity component profiles with available experimental data
shows reasonable agreement.
 The flow was found to bifurcate at the inlet, in a meridian plane, leading to twin axial
velocity maxima in the swirl chamber corresponding to regions of low tangential velocity;
adjacent to the wall and the air-core.
 Free vortex flow behaviour, of the tangential velocity, was found to be present in the swirl
chamber but not at the nozzle exit.
 The phenomena of Taylor-Göertler vortices has been discovered in the swirl chamber.
 The effect of the convergence geometry on the flow pattern has been studied, particularly in
regard to the formation of the Taylor-Göertler vortices.
 The swirl chamber wall pressure may be determined.
 With a certain degree of sophistication to the computational model it was shown that these
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wall pressures agree well with the available experimental data.
 The calculated wall pressure may be used to estimate the discharge coefficient.
 The calculated values of the discharge coefficient agree well with the available experimental
data.
 From a knowledge of the film thickness and velocity components in the outlet estimates
may be made of the spray cone angle and spray quality.

10.4.2 Analytical
 A new inviscid methodology has been developed.
 The methodology is capable of predicting the air-core radii in the swirl chamber and outlet,

the spray cone angle and the discharge coefficient.
 The methodology indicates that inviscid analytical methods ought to be dependent on both
the geometrical parameters K and N.
 The predicted air-core radii showed good agreement with the available experimental data
and the spray cone angle showed reasonable agreement.
 The predicted discharge coefficient values showed an inverse behaviour with the parameter
N compared with the available experimental data.
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Appendix A
The Flow over a Weir and the Velocity
of Gravity Waves
A1 Introduction
In Chapter 3, Section 3.3 the principle of maximum flow is presented for a convergent
divergent nozzle. There, an expression for the liquid velocity at the constriction of the nozzle
was determined based on the sound assumption that the volumetric flow, by continuity, will
not vary with axial distance. The expression for this velocity was then used to show that the
size of the air-core at the constriction will adjust itself to allow the most efficient flow rate. In
Section 3.4, of Chapter 3, it is shown that this critical velocity, at the constriction of the nozzle,
is equal to that of a long centrifugal wave on the free surface.
The work presented in Sections 3.3 and 3.4 are analogous to the flow occurring over a
weir. In the flow over a weir an expression for the critical velocity at the crest of the weir may
be formulated by the same, sound, assumption that the volume flow will not vary with the
direction of streaming. The expression for the critical velocity is then used to show that the
height of the water over the crest of the weir will always be such as to permit the most efficient
flow rate. As with the nozzle flow, the expression obtained for the critical velocity at the weir
crest is equal to that of a long shallow-water gravity wave.
The first part of this appendix
describes the classical treatment of the flow
over a weir. The second part describes the
formulation of an expression for the wave
phase velocity of a long shallow-water
gravity wave. These are the two classical
treatments that were parallelled by Binnie
and co-workers in their treatment of the
Figure A1. Flow, from left to right, of Liquid swirling flow through the constriction of a
over a Weir.
nozzle, presented in Chapter 3.

A2 Flow over a Weir
The flow over a weir is depicted in fig. A1, going from right to left within a channel.
The flow takes place in a channel with a level bottom. The liquid in the main channel is
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maintained at a constant height h0 above the bottom. The weir is in fact a hump placed on the
bottom of height H(x). The depth of the liquid, from the free surface down to the weir is h(x).
The constant velocity for the liquid in the main channel is denoted u0 and that flowing over the
weir u(x). The methodology works by first determining an expression for the streaming
velocity of the liquid passing over the crest of the weir uc and then, secondly, by obtaining an
expression for ∂Q/∂h into which is substituted this expression for uc. This then gives that
∂Q/∂h = 0 at the crest of the weir showing, through the usual method of determining a
maximum or minimum, that the depth of liquid h(x), at the crest, will be such as to permit
maximum flow.
The first part of this analysis, to determine the velocity over the crest of the weir,
begins with the Bernoulli equation which for the free surface streamline of this flow is
h(x) + H(x) +

2
2
u (x)
u
= h0 + 0 .
2g
2g

(A1)

The volumetric flow rate Q, over the weir, is given by
Q = uhB

(A2)

where B is the breadth of the channel. Here it is assumed that the channel has parallel sides so
that B does not vary either in the vertical direction or the direction of streaming, x. The
differentiation of eqns.(A1) and (A2) w.r.t. x give

and

∂ h dH u ∂ u
+
+
= 0.
∂ x dx g ∂ x

(A3)

∂Q
dh
∂u
= Bu
+ Bh
=0
∂x
dx
∂x

(A4)

which is equal to zero as Q will not vary with x, the direction of streaming. Both eqn.(A3) and
(A4) may be rearranged to make ∂h/∂x the subject. The resultant expressions are equated with
one another to provide
 u h  ∂ u dH
 - 
+
= 0.
 g u  ∂ x dx

(A5)

At the crest of the weir, dH/dx = 0. The streaming velocity u(x) will continue to increase with
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axial direction as it passes over the weir so that ∂u/∂x ≠ 0, at the axial position of the crest of
the weir. If all of these, reasonable, assumptions are applied to eqn.(A5) then it only remains
that, at the crest
u = uc = gh
(A6)
where the subscript c represents the crest. This establishes an expression for the velocity of the
flow over the crest of the weir and this will be used presently. Equation (A6) is also the
expression for the wave phase velocity of a long gravity wave in shallow water and this is
shown in the following section of this appendix.
The second part of this weir flow analysis is designed to establish the principle of
maximum flow for a weir i.e. that the volumetric flow rate Q is a maximum as a function of
the height h of the weir by showing that ∂Q/∂h = 0 at the weir crest. By rearranging eqn.(A1)
2
to make u the subject and employing eqn.(A2) one may derive
2

2
u
Q = 2 gh B2  h 0 + 0 - h - H
2g



 .


(A7)

So that, as B, h0 and u0 are constants and H is not a function of h,
2


∂Q 1
=  2 g B2 h 2 h0 + u0 - h - H 
∂h 2
2g



-1/ 2






2

 

2 gB2  2 h h0 + u0 - h - H  - h 2 . (A 8)
2g


 

From eqn.(A1)
2

2

u0
u
-h-H=
h0 +
2g
2g

(A9)

so that, after some work, eqn.(A8) simplifies down to
∂Q B 2
= (u - gh ).
∂h u

(A10)

Thus if u = uc = √(gh) at the crest of the weir, as derived in eqn.(A6), then ∂Q/∂h = 0. This
establishes that the volumetric flow rate Q is a maximum as a function of h at the crest of the
weir or, as by continuity Q is clearly a constant, that the height of the flow over the hump h(x)
adjusts itself so that Q is a maximum.
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A3 The Wave Equation and Phase Velocity for
Gravity Waves on a Plane Surface
This analysis is conducted in the cartesian coordinate system which has components x,
y, and z with the fluid velocity given by V = u, v, w. The velocity is written as an asymptotic
power series in some small parameter ε, which is representative of the maximum wave slope,
Stoker (1957),
2

3

i.e. V = εV0 + ε V1 + ε V2 + ......

(A11)

In this way the analysis can be thought of as dealing with the first term of the series only. The
use of the asymptotic power series then makes nonlinear terms of second order in ε, ie of order
ε2, so that they are considered to be negligible in comparison to linear terms. The coordinate
system is positioned such that the x and y axes are in the horizontal plane and the positive z
axis is pointing vertically upwards, with z = 0 at the mean-free surface of the fluid.
The boundary conditions at the top and bottom surfaces are given by S(x,y,z,t)=0. At
the free surface, or water-air interface, the wave height will be at z = η(x, y, t) so that S = η - z
= 0. As with the fluid velocity V, and for the same reason, the wave height η is considered to
be of an asymptotic power series in the small parameter ε, so that
η = εη0 + ε2η1 + ε3η2 + ......

(A12)

At the fixed surface or seabed, for ocean waves, z = -h so that S = z + h = 0. The analysis by
Crapper (1984), from which this section is adapted, begins with a general form of h = h(x,y), ie
the depth of the seabed will differ from place to place. Later Crapper makes the simplifying
assumption, in developing the wave equation as reproduced here, that the bottom is uniform
and that h is in fact an absolute constant. The analysis simplifies considerably if one makes this
simplifying assumption from the outset, and so this is done here.
In developing the wave equation, for long waves in shallow water, the following three
equations are employed, the total (particle or convective) time derivative,
∂
∂
∂
∂
∂
D
=
+ (V.∇) =
+u
+v
+w ,
∂t
∂x
∂y
∂z
Dt ∂ t

the gradient of the time dependent version of the Bernoulli equation

(A13)
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p
p
∇ + V2 + + gz  =
+ ∇ V2 + + gz  = 0
ρL
ρL
∂t 2
 ∂t
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(A14)

(where φ is the velocity potential) and the equation of continuity, for an incompressible liquid,
∇.V =

∂u ∂v ∂w
+
+
= 0.
∂x ∂y ∂z

(A15)

As the top and bottom surface boundary conditions are S = 0 then the total derivative
of the parameter S, using eqn.(A13), gives DS/Dt = 0 thus on S = η - z = 0, or z = η,
DS ∂η
∂η
∂η
=
+u
+v
- w = 0.
Dt ∂ t
∂y
∂x

(A16)

Equation (A16) contains two nonlinear terms which are second order in the small parameter ε
and so will be negligible in comparison to the remaining terms. As the value of w, in
eqn.(A16), occurs on the surface, z = η, then it will be denoted as such by the use of a
subscript. Hence eqn.(A16) may be rewritten as
∂η
= w (z=η) .
∂t

(A17)

The continuity equation, (A15), may be rewritten as an integral to provide
z=η

w (z=η) - w (z=- h) = -

∂u ∂v

 dz .
+
∂ x ∂ y 
z =- h 

∫

(A18)

As u and v are independent of z and w(z=-h) = 0, there is no motion normal to the seabed at the
seabed, then eqn.(A18) produces
∂u ∂v
.
+
w (z=η) = - (η + h) 
∂x ∂y

(A19)

As a coefficient η is small in comparison to h, in addition it would produce second order terms
in the small parameter ε when multiplied by the velocity gradients, the coefficient η + h may
therefore be reduced to h. The resultant expression, on the RHS of eqn.(A19), may then
replace the RHS of eqn.(A17) to give
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(A20)

This will be left for the moment and attention will be turned to the pressure.
For the water, in a quiescent state, the pressure at a point z below the surface will be
given by p = ρLgz, where ρL is the liquid density. If however the surface of the water has a
wave of height η then the pressure at a point z + η below this free surface will have a pressure
given by
p = ρLg(z + η).

(A21)

The Bernoulli equation, (A14), can be applied to the wave problem with the pressure given as
in eqn.(A21). As eqn.(A21) already contains the gravity term g then the elevation head term in
eqn.(A14) is taken up by this parameter. Hence the u and v terms of eqn.(A14) become

and

∂u
∂u
∂η
+u
+g
=0
∂x
∂t
∂x

(A22)

∂v
∂v
∂η
+v
+g
= 0.
∂y
∂t
∂y

(A23)

The nonlinear middle terms of both of eqns. (A22) and (A23) are second order in the small
parameter ε and hence negligible so these equations may be rewritten as

and

∂u
∂η
+g
=0
∂x
∂t

(A24)

∂v
∂η
+g
= 0.
∂y
∂t

(A25)

Next eqn.(A20) may be differentiated w.r.t. t, eqn.(A24) differentiated w.r.t. x and
eqn.(A25) differentiated w.r.t. y. The results of these actions may be combined to form
2
2
2
∂ η - gh  ∂ η + ∂ η  = 0.
 ∂ x 2 ∂ y2 
∂ t2



(A26)
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This is a 'Wave Equation', it describes how the wave amplitude η behaves both in terms of
time t and position in the x, y plane on the water surface. The phase velocity of the wave χ will
1

be given by

χ = √(gh)

(A27)

and this is precisely the critical velocity of the flow over the crest of a weir which was given in
eqn.(A6) above.

1

A slightly more rigorous treatment, applicable only to gravity waves and not conducive to
the understanding of swirling flows, produces χ = √(gλ tanh (h/λ)), see for example Chinn
(1988). For shallow water long waves tanh (h/λ) reduces to h/λ so that χ ≈ √(gh).
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Appendix B
Details from Chapter 7
B1 The Algebra of Equation (7.31)
In Chapter 7, the middle integral in eqn.(7.31) is given as
rs

∫ (a r
ro

2
c

rc drc
=
2
+ br c + c )
rs


 2 arc + b - b2 - 4 ac 
b
b rc + 2 c


 (B1)
ln
+
3


2
 (b2 - 4 ac)(ar c2 + brc + c )
(b2 - 4 ac)2  2 arc + b + b - 4 ac  ro

2

for b - 4ac > 0, where the limits of integration, ro and rs, have been added. Equations (7.29),
(7.30) and (7.32) are also restated for convenience;
arc + brc + c = {1 - G }rc + 2 G{G ro - roac}rc - {G ro - roac}
2

2

2

2

(B2)

 
where G =  rsac roac 
 rs - ro 

(B3)

and
b - 4 ac = 4 (G ro - roac )

2

2

2

 



= 4  rsac roac  ro - roac = 4  ro rsac rs roac 
 rs - r o 
 rs - ro 


2

(B4)

respectively.
The algebraic manipulation begins with the first term on the RHS of eqn.(B1) which
may be written out in terms of the parameters a, b and c, from eqn.(B2) to give
s



2 G (Gro - roac ) rs - 2 (Gro - roac )2
1
b rc + 2 c
=
 ( 2 - 4 ac )( 2 +

2
2
arc br c + c ) r o 4 (Gro - roac )  (1 - G 2 )rs2 + 2 G (Gro - roac ) rs - (Gro - roac )
b

r


2 G (Gro - r oac ) r o - 2 (Gro - roac )2
.
2
2 2
(1 - G )ro + 2 G(Gro - roac )ro - (Gro - roac ) 
2

(B 5)

Here the limits of integration and the definition of b - 4ac, from eqn.(B4), have been
incorporated. Equation (B5) may be simplified by dividing numerator and denominator by a
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factor of 2(Gro - roac) and by regrouping terms in the denominators in powers of G to give

1
Grs - (Gro - roac )

2 2
2
2(Gro - roac )  - G (rs - 2 rs ro + ro2 ) - 2 G (rs - ro ) roac + rs2 - roac

Gro - (Gro - roac )
.
2
2
2 
- G (r - 2 ro ro + ro ) - 2 G (ro - ro ) roac + ro - roac 
2

(B6)

2
o

Equation (B6) may be further simplified by writing out G as it is defined in eqn.(B3) and by
cancelling products of (rs - ro) where possible. This gives


(rsac - roac ) + roac
rs - r o
- 2roac2 

2
2
2
2(ro rsac - rs roac )  - (rsac - roac ) - 2(rsac - roac ) roac + rs - roac ro - roac 

(B7)

 rsac

rs - r o
- 2roac2 .

2
2
2(ro rsac - rs roac )  rs - rsac ro - roac 

(B8)

which reduces to

The second, logarithmic, term in eqn.(B1) may be written out, between its limits of ro
and rs, as
 2 ars + b - b2 - 4 ac 2 aro + b + b2 - 4 ac 
b
ln
x

.
(B9)
3
2
2
2
2
+
b
+
4
ac
2
+
b
4
ac


ar
b
ar
b
o
s
2

(b - 4 ac) 
Equation (B9) may be written out with the given definitions of a, b and c, from eqn.(B2), to
give
2 G (Gro - roac )  2(1 - G 2 )rs + 2 G (G ro - roac ) - 2(Gro - roac )
ln 
x
2
8 (Gro - roac )3
 2(1 - G )rs + 2 G (Gro - roac ) + 2(Gro - roac )
2(1 - G )ro + 2 G (Gro - roac ) + 2(Gro - roac ) 
2(1 - G 2 )ro + 2 G (Gro - roac ) - 2(Gro - roac ) 

(B10)

2

2

which incorporates the definition of b - 4ac from eqn.(B4). The coefficient of the logarithm in
eqn.(B10) may be simplified and the terms within its argument regrouped into powers of G to
give
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 - 2 ( - ) - G (ro + roac ) + rs + roac
G
ln  G 2 rs ro
x
4(Gro - roac )2  - G (rs - ro ) + G (ro - roac ) + rs - roac

(B11)

- G (ro - ro ) + G (ro - roac ) + rs - roac 
- G 2 (ro - ro ) - G (ro + roac ) + rs + roac 
2

This equation may be written in terms of the definition of G, from eqn.(B3), and the coefficient
of the logarithm simplified. Both the numerator and the denominator of the argument of the
2
logarithm may be multiplied through by (rs - ro) . The result of these actions give

(rsac - roac )(rs - ro ) ln  - (rsac - roac )2 - (rsac - roac )(ro + roac ) + (rs + roac )(rs - ro ) x

4 (ro rsac - rs roac )2  - (rsac - roac )2 + (rsac - r oac )(r o - r oac ) + (rs - roac )(rs - r o )
(rsac - roac )(ro - roac ) + (ro - roac )(rs - ro ) .
- (rsac - r oac )(r o + roac ) + (r o + r oac )(rs - ro ) 

(B12)

The coefficient of the logarithm cannot be simplified further. The argument of the logarithm
may be written as
- (rsac - roac )[rsac - roac + ro + roac] + (rs + roac )(rs - ro )
x
- (rsac - roac )[rsac - roac - ro + roac] + (rs - roac )(rs - ro )

(B13)

(ro - roac )(rsac - roac + rs - ro ) .
(ro + roac )(- rsac + roac + rs - ro )
Leaving the second term in this product, for the moment, the first term may be written as

which may be written as

rs (rs - ro ) + rsac (- rsac - ro ) + roac (rsac + ro + rs - ro )
rs (rs - ro ) - rsac (rsac - ro ) + roac (rsac - ro - rs + ro )

(B14)

rs (rs - ro + roac ) + rsac (- rsac - ro + roac ) .
rs (rs - ro - roac ) - rsac (rsac - ro - roac )

(B15)

Now, by adding the term rs rsac - rs rsac, i.e. zero, to both the numerator and the denominator of
this term it becomes
rs (- rsac + rs - r o + roac ) + rsac (rs - rsac - ro + roac ) = (rs + rsac )(- rsac + roac + rs - r o ) .
(rs - rsac )(rsac - roac + rs - ro )
rs (rsac + rs - ro - roac ) - rsac (rs + rsac - ro - roac )

(B16)

Appendix B page 317

Thus the product of the two terms which make up the argument are, from eqns.(B13) and
(B16),
(rs + rsac )(- rsac + roac + rs - ro ) x (ro - roac )(rsac - roac + rs - ro ) =
(rs - rsac )(rsac - roac + rs - ro ) (ro + roac )(- rsac + roac + rs - ro )

(rs + rsac )(ro - roac )
(rs - rsac )(ro + roac )

(B17)

which has reduced substantially.
The full expression of eqn.(B1) is thus, from eqns.(B8), (B12) and (B17),
 rsac
 ( - )( - )  ( + )( - ) 
rs - r o
- 2r oac2  + rsac roac rs r o2 ln  rs rsac ro roac 

2
2
2(r o rsac - rs roac )  rs - rsac ro - roac  4 (ro rsac - rs r oac )
 (rs - rsac )(r o + roac ) 

(B18)

which is in the form that appears in eqn.(7.34), Chapter 7.

B2 The Computer Program to Solve Equations
(7.45a) and (7.45b)
Below is a listing of the computer program, which is described in the following text.
The listing contains line numbers which are not normally present but aid in the explanation of
the programs functioning:
Line 10 is the name of the program. Line 30 gives the lower and upper limits of the graph
which is to appear on the computer screen, these may be altered to zoom in on an area of
interest. The line of the graph is plotted, initially, between 0.01 ≤ Rs ≤ x3 with x3 initially set
to 0.99 in line 40 (putting Rs equal to 0 or 1 may give divide by zero errors). Line 60 gives the
relevant physical dimensions of the atomizer and line 70 the corresponding dimensionless
constants. Line 90 is the guessed initial value of Ro. The building block functions, referred to
in the dimensioning instruction in line 100, are located from lines 980 until the end of the
program and are used to construct eqns.(7.46) and (7.47) together with the components of
eqn.(7.45), so that eqns.(7.45a) and (7.45b) may be constructed. The print statements in lines
130 to 150 are used to print the value of Ro and the values of Rs from the two functions, a1 and
a2, onto the screen. The parameters a1 and a2 are the zeros of the functions representing
eqns.(7.45a) and (7.45b). At convergence a1 will be equal to a2. Lines 180 to 500 set up the
screen for the graph together with the graph axes and labels. The resulting screen view can be
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seen in fig. B1. Line 520 is the beginning of the actual plot routine and sets the value of the
independent variable Rs for each calculation. Line 540 sends the program to the subroutine of
building block functions. Line 560 is the first of the two functions to be plotted [eqn.(7.45b)].
Lines 560 to 610 are explained by the relevant remarks on the listing. In essence the program
records that value of Rs for which f1 is closest to zero. Lines 620 and 630 print the value of Rs
for each zero of f1, together with the value of f1 at which this 'zero' is taken, for each iteration.
Lines 660 to 750 are f2's [eqn.(7.45a)] counterpart to f1. Line 880 provides a stopping criteria
for the program. Line 910 alters the guessed value of Ro closer to the correct value ready for
the next iteration.
In practice the methodology neither relies on nor needs an actual graphical output and
the accuracy of the method depends on three factors:
(A) The size of the steps in Rs, line 520.
(B) The closeness to zero at which the 'zeros' are taken, in lines 580 and 690 for f1 and f2
respectively.
(C) The stopping criteria in line 880.
In practice the program may have additional features which provide for a range of values of
atomizer dimensions using a nest of FOR and NEXT loops and the resulting output of values
of K3, N, CD, Rs, Ro and α may be written to a data file.

A Listing of the Program for Determining Ro Rs, CD and α
10 REM GBCOL3.BAS
20 REM Range of graph, from bottom left, x1, y1, to top right x2, y2.
30 x1 = 0: y1 = -1: x2 = 1: y2 = 1
40 x3 = .99
'Initial limit of plot
50
60 ro = 5.5: ri = 5.5: rs = 18.18: noi = 2
'Atomizer Dimensions
70 N = ro / rs: k3 = noi * ri ^ 2 / ((rs - ri) * ro)
'Dimensionless Constants
80
90 j = .6
'i = R[s] and j = R[o].
100 DIM g(100)
'The g(#) are Building Block' functions.
110
120
130 PRINT j
140 PRINT a2
150 PRINT a1
160 a1 = 0: a2 = 0
170
180 REM *************************************************************************
190 REM Start of Graph plotting screen setup
200
210 SCREEN 12
220
230 VIEW (32, 451)-(608, 29), 15, 0
240
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250 spacex = (x2 - x1) / 10
260 spacey = (y2 - y1) / 19
270
280 WINDOW (x1 - spacex, y1 - spacey)-(x2 + spacex, y2 + spacey)
290
300 LINE (x1, 0)-(x2, 0), 0
310 FOR x = x1 TO x2 STEP (x2 - x1) / 100
320
LINE (x, 0)-(x, (y2 - y1) / 200), 0
330 NEXT x
340 FOR x = x1 TO x2 STEP (x2 - x1) / 10
350
LINE (x, 0)-(x, -(y2 - y1) / 100), 0
360 NEXT x
370 LOCATE 17, 8: PRINT x1
380 LOCATE 17, 70: PRINT x2
390
400 LINE (x1, y1)-(x1, y2), 0
410 FOR y = y1 TO y2 STEP (y2 - y1) / 100
420
LINE (x1, y)-(x1 + (x2 - x1) / 200, y), 0
430 NEXT y
440 FOR y = y1 TO y2 STEP (y2 - y1) / 10
450
LINE (x1, y)-(x1 - (x2 - x1) / 200, y), 0
460 NEXT y
470 LOCATE 3, 10: PRINT y2
480
490 REM End of Graph plotting screen setup
500 REM *************************************************************************
510
520 FOR i = .01 TO x3 STEP .0005
530
540 GOSUB 980
550 REM f1 is eqn.(7.45) incorporating eqn.(7.47) for CD
560 f1 = ((g(20) + 1) / (k3 ^ 2) + (1 / g(5)) + g(21) + g(24)) - (j ^ 2) / g(8)
570 IF ABS(f1) > 10 * x2 GOTO 650
'If f1 off-screen then miss this one
580 IF ABS(f1) >= y2 / 5000 THEN GOTO 640
'Do not set a1 with this
590 IF ABS(a1) > 0 GOTO 640
'If a1 already set then don't reset it
600 a1 = i
'Record the value of i for which f1 is approx zero
610 LOCATE 4, 46: PRINT "f1 Red"
'Print the value of i at which f1 is approx zero
620 LOCATE 4, 56: PRINT USING "##.####"; i
630 LOCATE 4, 66: PRINT USING "##.###^^^^"; f1
640
PSET (i, f1), 12
'Plot the point in Red
650
660 REM f2 is eqn.(7.45) incorporating eqn.(7.46) for CD
670 f2 = ((g(30) + 1) / (k3 ^ 2) + (1 / g(5)) + g(21) + g(24)) - (j ^ 2) / g(9)
680 IF ABS(f2) > 10 * x2 GOTO 760
'The comments concerning f1 also apply to f2
690 IF ABS(f2) >= y2 / 5000 THEN GOTO 750
700 IF ABS(a2) > 0 GOTO 750
710 a2 = i
720 LOCATE 5, 46: PRINT "f2 Blue"
730 LOCATE 5, 56: PRINT USING "##.####"; i
740 LOCATE 5, 66: PRINT USING "##.###^^^^"; f2
750
PSET (i, f2), 9
'Plot the point in Blue
760
770
780 REM *************************************************************************
790 REM The following prints the running Rs value and the corresponding f#
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800 REM values at the top of the screen.
810 LOCATE 1, 4: PRINT "i = ": LOCATE 1, 8: PRINT USING "##.#####"; i
820 LOCATE 1, 19: PRINT "f1 = ": LOCATE 1, 24: PRINT USING "##.##^^^^"; f1
830 LOCATE 1, 35: PRINT "f2 = ": LOCATE 1, 40: PRINT USING "##.##^^^^"; f2
840 REM *************************************************************************
850
860 NEXT i
870
880 IF ABS(a2 - a1) <= .0001 GOTO 930
890
900 x3 = (a1 + a2)
'Shortens the extent of the plot
910 j = j + (a2 - a1) / 10: GOTO 120
'Resets the value of R[o]
920
930 PRINT j
'Print the latest value of R[o]
940 PRINT a1
'Print the latest value of R[s] from f1
950 PRINT a2
'Print the latest value of R[s] from f2
960 END
970
980 REM *************************************************************************
990 REM A Subroutine of 'Building Block' Functions.
1000 REM r[sac] is non-dimensionalized using rs to give R[s] and
1010 REM r[oac] is non-dimensionalized using ro to give R[o].
1020
1030
g(1) = 1 - i ^ 2
1040
g(2) = g(1) ^ 2
1050
g(3) = (i * N * k3) ^ 2
1060
g(4) = (i * k3) ^ 2
1070
1080
g(5) = 1 - j ^ 2
1090
g(6) = g(5) ^ 2
1100
g(7) = (j * k3) ^ 2
1110
1120 REM g[8] and g[9] are the CD(R[s]) and CD(R[o]) respectively.
1130
g(8) = (g(4) * g(2) / (g(2) + g(3))) / (N ^ 2)
1140
g(9) = g(7) * g(6) / (g(6) + g(7))
1150
1160
g(15) = N - 1
1170
g(16) = j - i
1180
g(17) = N * j - i
1190
1200
1210
g(20) = LOG(g(7) / g(8))
1220
g(21) = (g(15) / g(16)) * (j / g(5) - N * i / g(1))
1230
g(22) = (1 - i) * (1 + j) / ((1 + i) * (1 - j)): IF g(22) <= 0 GOTO 80
1240
g(23) = LOG(g(22))
1250
g(24) = (g(17) * g(15) / (2 * g(16) ^ 2)) * g(23)
1260
1270
g(30) = LOG(g(7) / g(9))
1280
1290 RETURN
1300 REM ************************************************************************

A sample output, which has reached convergence after a small number of iterations, is
given in fig. B1. The 'Red' line, representing f1, function (7.45b), is the plot which cuts the
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horizontal axis in two places, starting from the bottom left. At convergence the plots of the two
functions, which already share the same Ro, also share the same Rs and so cross the horizontal
Rs-axis at the same point. In practice the graph plotting is halted shortly after both plots have
achieved their zeros and the value of Ro is updated for the next iteration, in fig. B1 the plots
have been permitted to traverse the entire graph for completeness.

Figure B1. Sample graphical output to determine Rs and Ro from eqns.(7.45)-(7.47). The 'Red'
line is the plot that cuts the Rs-axis in two places.

B3 Comments on Numerical Solution Schemes
B3.1 A Two-Dimensional Newton-Raphson Scheme
Initially a solution of the system of equations (7.45a) and (7.45) was sought using a
two-dimensional Newton-Raphson iteration scheme (see for example Burden and Faires
(1985)). In this methodology, in comparison to the usual one-dimensional Newton Raphson
scheme, which is generally written as
f ’ (x k )
xk +1 = xk (B19)
f (x k )
the n-dimensional scheme is written as
-1
Xk + 1 = Xk - J (Xk ) F(Xk )

(B20)
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where Xk is the k-th iteration of the vector of unknown variables x1, x2, . . . xn, F(Xk) is a
vector having the k-th iteration of the, n, unknown functions, f1(Xk), f2(Xk) . . .fn(Xk) (these
-1
would be eqns.(7.45a) and (7.45b) in the present case (n = 2)) and J (Xk) is the k-th iteration
of the n x n Jacobean tensor. This is the n-dimensional equivalent to f'(x) and it is a matrix
which has the elements
∂ f i (Xk )
.
(B21)
∂ xj

The method is however rather complicated as in order to obtain the four elements (in
the present system of two equations) for the Jacobean matrix one needs to differentiate
eqns.(7.45a) and (7.45b) with respect to both Ro and Rs. A further point, which was missed
during initial trials, is that this methodology will not work for functions with discontinuities,
2
caused by denominators becoming zero. Examples of such are the Rs - Ro, 1 - Ro and 1 2
Rs terms occurring in eqns.(7.46) and (7.47). A discontinuity is clearly visible in the f2
('Blue'), function (7.45a), plot in fig. B1, at approximately 0.55 on the horizontal, Rs-axis. A
solution to this problem is to multiply all of the terms in eqn.(7.45) by those denominators that
are likely to give discontinuity problems.

B3.2 Analytical Solutions for Ro and Rs
The system of equations, (7.45), (7.46) and (7.47) have the three unknowns, Ro, Rs and
CD. The graphical technique and Bisection Algorithm methods, discussed in Chapter 7, and the
n-dimensional Newton-Raphson method all reduce the system to the two unknowns, Ro and
Rs. It is, however, theoretically possible to reduce the system to one unknown, CD, as
eqns.(7.46) and (4.47) may be solved analytically, for Ro and Rs respectively, for a given value
of CD.
The analytical determination of the values of Ro and Rs is achieved by rearranging
2
eqns.(7.46) and (7.47) into cubic expressions in the squares of their respective arguments, Ro
2
and Rs , and then by using the following analytical methodology in a simple computer
program. Equations (7.46) and (7.47) may be arranged to form
2

 2 C2D 2  2 C2D
C
D 4
R -  2 + 2  R o + 1 + 2 - CD  R o - 2 = 0,
K3 
K3
K3



6
o

(B22)
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2
2
2
2
2

CD  4 + 1 + 2 CD N - 2 4  2 - CD N = 0
2
+




CD N R s
R
2 Rs
2
2
K3
K3 
K3



6
s

(B23)

respectively. These are cubic equations of the form
3

2

x + a1x + a2x + a3 = 0
the roots of which are given by

and
where
and
where

x1 = S' + T' - _a1,
x2 = -½(S' + T') - _a1 + ½ i√3(S' - T')
x3 = -½(S' + T') - _a1 - ½i √3(S' - T')
_

_

S' = (R' + √D') and T' = (R' - √D')
3
2
D' = Q' + R' , is called the 'discriminant'
2
3
Q' = (3a2 - a1 )/9 and R' = (9a1a2 - 27a3 - 2a1 )/54.

If a1, a2 and a3 are all real then the roots are of the form
(i) one real and two complex conjugate if D' > 0
(ii) all real and at least two equal if D' = 0
(iii) all real and unequal if D' < 0.
Equations (B22) and (B23) could be solved for Ro and Rs, respectively, for an initial,
guessed value of the remaining unknown CD. The calculated values of Ro and Rs could then be
entered into eqn.(7.45) which may then be solved, to determine its root, by, for instance, a
normal one-dimensional bisection algorithm (binary search method). The bisection algorithm
would have CD as the independent variable and would output that value of CD for which
eqn.(7.45) equates to zero. This latter value of CD could then be compared with the initial
guessed value of CD, which was used in calculating Ro and Rs from eqns.(B22) and (B23), in
order to test whether this value of CD agreed with the initial guessed value. If it did not then a
new guessed value of CD could be used which would have a value between that of the original
guessed value and that determined by the root of eqn.(7.45) and this would be used to redetermine, analytically, the values of Ro and Rs again, and the bisection algorithm re-applied to
eqn.(7.45), and so forth.
It was found however, that for many values of K3, CD and N, the discriminant, D', was
indeed less than zero (situation (iii) above) for one or both of eqns.(B22) and (B23), and that
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more than one of these roots fell between the limits 0 and 1, which is the range that one would
2
2
expect Ro and Rs to fall within. Thus with ambiguous values for these parameters it would
not be possible to input them into eqn.(7.45) in order to continue the process without great
complication.

B4 The Force Balance Equation for an Atomizer with
Angled Inlets
Consider the geometry of fig. B2. The inlets enter into the swirl chamber through the
top end, or upstream face. They are positioned so that their axes are at some angle β to a plane
which is both parallel to the axis of the atomizer and to a diameter which passes through the
points where the central axes of the inlets enter the top of the swirl chamber. The axes of the
inlets are normal to this diameter, so that no radial component of velocity is considered to be
introduced in this treatment. It is desired to determine an expression for the force balance as
was done in developing eqn. (7.45), beginning with the force on the top face.

Figure B2. The internal geometry of an atomizer with two angled inlets.
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As with the treatment in Section 7.2 the force acting onto the top face will be
determined by integrating an expression for the pressure which is obtained from the Bernoulli
equation, eqn.(7.2). In order to gain an understanding of the flow situation it is worthwhile
considering the Bernoulli equation qualitatively in some detail. Each term in the Bernoulli
equation has the units of energy per unit mass or specific energy. The motivational energy for
the flow will come from the static pressure within a supply reservoir, as before. There the
pressure is clearly ∆p and there are no velocities existing there. In the inlets themselves the
pressure will be given by
p= ∆p-

ρL 2
|V|
2

(B24)

where
|V|=

Q
Ai

(B25)

i.e. the volumetric flow divided by the inlet cross-sectional area normal to the flow direction.
At the top face of the swirl chamber the pressure energy is further reduced as there is,
in addition to the velocity of the liquid entering the inlets the energy required to cause the fluid
there to swirl. Thus the pressure acting onto the top face will be
p= ∆p-

ρL 2
(u + w 2 ).
2

(B26)

With the velocity in the inlets, parallel to the inlet directions, given by eqn.(B25) then the axial
and tangential velocities at the inlets may be obtained by resolving this into the respective
directions to give
Q
Q
cos β and wi =
sin β.
ui =
(B27)
Ai
Ai
This formulation for the tangential velocity at the inlets may be used to formulate an
expression for the free vortex constant c, for this situation, thus
c = R wi = R

Q
Ai

sin β.

(B28)

Thus with w = c/r then the formulation for p in eqn.(B26) is completely specified.
To determine the force acting onto the top face then one must integrate the expression
for p, in eqn.(B26), over the area of the top face. The situation that exists here differs with that
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in Section 7.2 as this pressure does not act over the entire area of the top face, i.e. one must
allow for the finite area of the inlets. The solution to this is to integrate the expression for the
pressure over the entire area of the top face and then to subtract from this an approximate
formulation for the equivalent force across the area of the inlets, as follows. The integration of
the pressure formulation of eqn.(B26), with the appropriate formulation of the axial and swirl
velocities, gives
2
2
 
rs 
ρL  Q 2
Q

R
2
2
FT ’ = 2π∫r ∆ p -  2 cos β + 2 2 sin β   r dr
(B29)
tac 
2  Ai
r Ai
 

which gives
2

 2 2
 r tac 
ρL Q2
2
2
2Q
(
)
π
∆
β
π
β
’
=
p
+
ln
 .
ρ
cos
sin
FT
r
r
R


s
tac
L
2
2
2
A
A
i
i
 rs 



(B30)

The amount to be subtracted from this may be obtained approximately by multiplying the
pressure, as given in eqn.(B26), by the area of the inlets parallel to the top face, i.e. Ai/cos(β).
With the inlets subtending a finite radius of the swirl chamber then one must approximate the
tangential velocity, which will clearly vary from r = R - ri to r = R + ri. An approximate mean
value would be w at r = R so that w is simply wi. Thus with u and w given by eqn.(B27) then
the formulation for the pressure is simply that of eqn.(B24) so that the force which is to be
subtracted from eqn.(B30) will be


ρL 2  Ai
ρL Q2  Ai



= ∆p .
FT ’’ =  ∆ p - V 
2
2 Ai2  cos β

 cos β 

(B31)

The true force acting on the top face is therefore FT' - FT''.
In addition to this force there is an 'impulse' force due to the transport of axial
momentum through the top of the control volume. This is analogous to the situation in the
outlet, which was described in Section 7.2.3, where there was both a force on the liquid due to
the pressure plus an impulse force due to the axial transport of axial momentum of the liquid.
Consider the textbook situation of an axial flow from a large diameter pipe into a smaller
diameter pipe, fig. B3. The force acting on the area normal to the flow is given as
2

2

F = p1A1 - p2A2 + ρL(V 1A1 - V 2A2).

(B32)
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Figure B3. The analogous situation in pipe flow.
The situation that exists with the atomizer with angled inlets has that the axial flow enters from
the smaller diameter inlets to the larger diameter swirl chamber but this does not alter the
expression given in eqn.(B32). It should transpire that the force is positive towards the closed
end. Equation (B30) represents the first, pressure, term on the RHS of eqn.(B32) and
eqn.(B31) represents the second, pressure term. The third term on the RHS, of eqn.(B32),
represents the impulse force. The (axial) u-velocity is zero in the closed end of the atomizer
2
2
thus the equivalent term to ρLV1 A1 in eqn.(B32) is zero whilst the term equivalent to ρLV2 A2
will be given by
2

Ai =  Q cos β  Ai

ρL 
FTI = ρL u
cos β
 AI
 cos β
2
i

(B33)

where the subscript TI represents the 'Transport' within the 'Inlet'. Thus the total force acting on
the top face will be given by
FT = FT' - FT'' - FTI

(B34)

where the terms on the RHS are given by eqns.(B30), (B31) and (B33) respectively. A
2
dimensionless form of this expression may be obtained by dividing it through be πrs ∆p as
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before to give
ΦT =

2
2
2
2
CD N
FT = 1 - CD N
2
2 
2
(
)
β
β ln (R T2 ) 1
+

 RT
2 sin
2
2 cos
π rs ∆ p 
K1
K3


 K1 N C2D N3  2 C2D N3
cos β

K1
 cos β K1 cos β 
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where CD is given by eqn.(7.11), K1 and K3 by eqn.(3.23) and N by eqn.(7.11). It will be noted
that eqn.(B35) is somewhat more involved than the equivalent expression for the situation with
tangential inlets, eqn.(7.13).
To end the discussion of the situation on the top face, a formulation for the
dimensionless air-core radius RT may be found, as was done in formulating eqn.(7.12), from
the Bernoulli equation. On the air-core at the top face the pressure is zero and there is no axial
velocity so that eqn.(7.8) applies, here however the free vortex constant c will be given by
eqn.(B28) rather than eqn.(7.9). This is the only difference so that one obtains
RT ≡

r tac = CD N cos β
K3
rs

(B36)

and this expression may be used to replace the occurrence of RT in eqn.(B35).
In the convergence of the atomizer the pressure energy is also reduced by an amount
corresponding to the energy of the axial flow at the inlets, as this energy is to be subtracted
throughout the flow domain. Thus the pressure acting on the convergence will be
p= ∆p-

ρL 2
(u + ui2 + w 2 ).
2

(B37)

The force acting onto the convergence will be formulated in much the same way as was done
in Section 7.2.2 and the integral will take the same form as eqn.(7.31) with the following
amendments. The free vortex constant c, occurring in the third integral term, in eqn.(7.31),
will be given by eqn.(B28) rather than eqn.(7.9) and the addition of a term due to the axial
velocity at the inlets, this is
2
πρ Q
rs Q
ui
- 2 π ρL ∫
r dr = - π ρL ∫ 2 cos2 β r dr = - L 2 cos2 β (rs2 - r o2 ).
r c= r o 2
ro A
2 Ai
i
r c= rs

2

2

(B38)

Appendix B page 329
2
This term may be made dimensionless in the usual manner, by dividing it by πrs ∆p, to give

C N
- D 2 (1 - N2 ) cos2 β
K1
2

2

(B39)

so that the entire, dimensionless, formulation for the force acting onto the convergence is
ΦC ≡

2
2
2
2
CD N ( 2 )
FC = (1 - 2 )1 - CD N
2 
β
ln N +
N 
cos

2
2
π ρL ∆ p
K1
K3
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 1 - N  NR s
 ( - NR o )(1 - N )  (1 + R s )(1 - R o )  
2
2
- Ro 2  + Rs
ln 
CD N 
 .

2
2 (R s - R o )2
 (1 - R s )(1 + r o )  
 (R s - R o ) 1 - R s 1 - R o 

In the outlet of the swirl atomizer the pressure is again given by eqn.(B37) with u given
by eqn.(B38) and w given by w = c/r where c is given by eqn.(B28). Thus the force on the
annulus of liquid in the outlet is obtained, as in Section 7.2.3, by integrating the pressure over
the area of the liquid annulus to give
2
2
2

ρL 
Q
Q
Q sin 2 β R 2 
2
Fo = ∫ ∆ p -  2 2 2 2 + 2 cos β + 2
2
  r dr
2  π (ro - roac ) Ai
Ai
r
 

rs
ro

(B41)

which gives, on integrating and making dimensionless,
CD N - CD N (1 - 2 ) 2 β +
2
2
ΦO = N (1 - R o ) R o cos
2
1 - R o2
K1
2

2

2

4

(B42)
C N
2
2
sin β ln (R o ).
2
K3
2
D

2

Finally the axial transport of axial momentum of the liquid annulus within the outlet is
identical to that given by eqn.(7.42) which is
ΦM ≡

2

2

FM = 2 CD N .
π rs2 ∆ p (1 - R o2 )

(B43)

Thus the overall momentum balance equation, for the situation with angled inlets, will

Appendix B page 330
be given by
ΦT - ΦC - ΦO - ΦM = 0

(B44)

which is identical to eqn.(7.44). With the respective components of eqn.(B44) given by
eqns.(B35), (B40), (B42) and (B43) then this is
2
 1  2
1  C2D N2 cos4 β
K1 
2
2
2  N
+
CD N   2  R o  - cos β 2 + 2  +
2
2
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K1 K3
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1  2
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β
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2
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+
+

+
1 - R o2 K1 cos β R s - R o 1 - R s2 1 - R o2 

( - NR o )(1 - N) ln  (1 + R s )(1 - R o )  = 0.
+ Rs

 
2
2 (R s - R o )
 (1 - R s )(1 + R o )  
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This is the equivalent expression to eqn.(7.45) for the case with angled inlets. The equivalent
expressions to eqns.(7.46) and (7.47) for this case are
2
D

C
and

(R o ) =

K3 R o (1 - R o2 )
(1 - R o2 )2 sin2 β + K32 Ro2
2

2

2

K3 R s (1 - R s2 )
C (R s ) =
(1 - Rs2 )2 N2 sin2 β + K32 Rs2 N4
2

2
D

2

(B46)

2

(B47)

respectively.
Solutions to the system of equations (B45), (B46) and (B47) could be performed as
before. Numerical calculation of the equations was not pursued further because of: (a) the
unavailability of suitable experimental data with which to compare the results and (b) the
priority of the present investigation was the successful application of computational fluid
dynamical modelling to atomizer performance. The numerical solution of these equations
would, however, provide a worthwhile and interesting subject for further work.
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Appendix C
Cell Types
The computational domain is made up of several different cell types. These are: Live,
Dead, Wall, Inlet, Outlet, Cyclic and Symmetry. The computation of the velocity, pressure and
other variables, where appropriate, such as turbulence energy and dissipation, is undertaken
within the live cells. Dead cells are used to form internal physical features and no calculation
takes place within them. All of the other cells mentioned above are boundary cells. In the
FLUENT code cells bounding the flow domain are additional to the cells specified by the user
and form a virtual envelope to the flow domain. In the grid numbering definition, in twodimensions, the bottom left hand virtual boundary cell is designated as cell number 1, 1. The
node, the intersection of the grid lines, to the top right of this cell also has the designated
number 1, 1. Hence if there are N live cells in one direction of the flow domain then there will
be N + 2 cells including the virtual boundary cells and N + 1 nodes. The storage location of all
dependent variables is at the geometric centre of the live cell.
By default, there is no velocity normal to or parallel with wall cells so that in the
adjacent live cells there may be a large velocity gradient in a boundary layer. The link between
the wall and the immediately adjacent live cell may be 'cut' so as to form a slip boundary.
Internal features in the flow domain may be represented by dead cells that must be surrounded
by wall cells so as to give the surfaces of these internal features the characteristics of these wall
cells. Alteratively, no dead cells need be used and the internal features may be simply
composed entirely of blocks of wall cells.
Inlet cells form a boundary across which fluid may enter or leave the domain and may
be specified as fixed velocity or fixed pressure. In all of the flows described in Chapter 9. the
flow into the domain is specified as fixed velocity with both radial and tangential velocity
components, in the cylindrical coordinate system, being specified. In many of the examples
described there the group of cells through which the fluid exits the domain are also termed
'inlet' cells and these have been specified as a fixed pressure boundary. The pressure being
fixed at 1e5 Pa or zero gauge in order to simulate the flow exiting into a normal atmosphere.
Other dependent variables may also be specified at the inlet cells into the flow domain such as
the turbulence intensity and length scale, or turbulence dissipation. These may be guessed in
the first instance as improved values for these variables will be reported after an initial 'run'
and these may be substituted for the guessed values in a subsequent run. The flow may also
exit through a group of 'outlet' cells. An outlet is a boundary across which the fluid may only
leave the domain. At outlet cells the velocities, pressure and all other flow variables take on
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the values of the immediately upstream neighbours. Therefore there are no spatial dependentvariable gradients across the outlet boundary.
Cyclic cells may be placed on opposite sides of a flow domain. They are used to tell the
CFD code that the flow coming from one side of the flow domain, through the cyclic cells on
that side, is to be used as the flow entering on the opposite side of the flow domain, through
the cyclic cells on that side. Cyclic cells are therefore representative of a boundary that is
cyclically repeating, either rotationally, as in the present work, or translationally. Cyclic
boundaries must be used in pairs. Cyclic cells on these boundaries must cover the entire side of
the computational domain rectangle. Examples of the use of cyclic cells are given in Chapter 8.
A symmetry boundary acts as a mirror. If the flow, and not just the geometry, are
symmetrical about a centreline then only one half of the physical flow domain need be
modelled with symmetry cells on the centreline. Symmetry cells have a slip surface so that
there is no direct link with them and the fluid flow. Three dimensional geometries that are
rotationally symmetric must include a small but finite inner radius. The surface of this inner
radius may be represented by symmetry cells so as to minimise the effect of its presence on the
flow calculation. Examples of the use of symmetry cells are given in Chapters 8 and 9.

