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Abstract 
 The internal flow of pressure swirl atomizers is studied with the ultimate aim of 
developing a design tool for such atomizers, particularly to enable the production of the 
finest possible water sprays (for any given supply pressure) for fire suppression 
purposes. The primary direction of the research was in computationally modelling this 
flow with a two-dimensional assumption and a methodology is described which is 
capable of determining the velocity profiles and, for the first time in the literature, the 
air-core topology and discharge coefficient, for nozzles which approximate the axially-
symmetric condition. The results are compared with the experimental results from both 
the literature and also from research which was carried out under the supervision of the 
author. The predictions show important flow features, which are found in the 
experiments and have not been recognised in the "classically" assumed internal flow. 
These include concentration of the axial flow near the air-core and toroidal vortices, 
similar to Taylor-Göertler vortices found in Taylor-Couette flow, which are visible in 
planes through the nozzle axis. 
 
 The secondary direction of the research is in both reviewing and improving upon 
simplified analytical techniques which have been used to estimate the size of the air-core 
radius at the nozzle exit together with the values of the discharge coefficient and the 
cone angle of the resultant spray. A critical review is given of many of the existing 
analytical techniques and a new analytical theory is presented which is based upon a 
balance of the axial momentum across a control volume. The results of the new theory 
are compared with the experimental findings reported in the literature and show the need 
to include the swirl chamber/nozzle orifice ratio as an independent variable. 
 
 Suggestions are given on how the computational methodology might be 
employed to determine the spray drop size for a given atomizer design and on the 
direction the computational work might take in order to predict a full two-phase internal 
flow using volume of fluid (VOF) techniques. 
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Nomenclature 
Ai Cross-sectional area of the Inlets (Ai = iπri

2 for circular inlets) 
c Free Vortex constant (wr = c) 
CD Discharge coefficient 
D Drop diameter 
g Acceleration due to gravity 
h Height (usually water depth) 
i Number of inlets 
li Length of inlets 
lo Length of outlet (discharge) orifice 
ls Length of swirl chamber 
K Atomizer constant 
K0 Atomizer constant of Giffen and Muraszew (K0 = Ai/[πrors]) 
K1 Alternative atomizer constant of Giffen and Muraszew (K1= Ai/[4rors] = 
(π/4).K0) 
K2 Atomizer constant of Bayvel and Orzechowski (1993) (K2 = Rro/[ir2

i] = πRro/Ai) 
K3 Atomizer constant used by present author (K3 = Ai/[πro(rs- ri)]) 
K4 Atomizer constant of Dombrowski and Hasson (1969) (K4 = Ai/[4ro(rs- ri)]) 
N Additional dimensionless atomizer parameter (N = ro/rs) 
p Pressure always taken as 'gauge' (ie pressure over atmospheric) 
∆p Pressure differential across the atomizer, supply pressure 
Q Volumetric flow rate 
R Distance from axis of atomizer to centre of inlets used by Bayvel and 
Orzechowski 
  (R = rs - ri) 
Re Reynolds number 
Re1 Reynolds number of Horvay and Leuckel (1984, 1986) 
Re2 Liepmann/ Schultz-Grunow Reynolds number 
Re4 Reynolds number of Dumouchel (1989, 1990, 1991, 1992) 
ri Radius of round inlets 
ro Radius of the outlet (discharge orifice) 
roac Radius of the air-core in the outlet 
Ro Dimensionless radius of the air-core in the outlet (Ro = roac/ro) 
r'oac Radius of the air-core in the end of very outlet used by Bayvel and Orzechowski 
rs Radius of the swirl chamber 
rsac Radius of the air-core in the swirl chamber 
Rs Dimensionless radius of the air-core in the swirl chamber (Rs = rsac/rs) 
rtac Radius of the air-core at the closed end (top or back face) of the swirl chamber 
Rt Dimensionless radius of the air-core at the top face (Rt = rtac/rs) 
ds Elemental distance along the wall of the convergence 
S Dimensionless parameter used by Bayvel and Orzechowski (S = r'oac/ro) 
t Thickness of annular liquid film in the outlet 
t Time 
u, v, w   Cylindrical (x, r, θ) velocity components 
u, v, w   Cartesian (x, y, z) velocity components 
V Total velocity (denoted as a vector if underscored and bold) V = |V| = 
√[u2+v2+w2]) 
x, r, θ Cylindrical spatial directions 
x, y, z Cartesian spatial directions 



 
 

 

X Dimensionless parameter used by Taylor (X = u/V) 
Y Dimensionless parameter used by Taylor (Y = c/[ro V]) 
Z Dimensionless parameter used by Taylor (Z = roac/ro) 
 
 
Greek 
α Spray cone half-angle 
β Angle that 'angled inlets' make with the atomizer axis 
ε Dimensionless parameter used by Bayvel and Orzechowski (ε = 1 - {r2

oac/r2
o}) 

ε Dimensionless wave slope parameter used in Appendix A 
ζ Dimensionless parameter used in the analysis of Giffen and Muraszew 
 (ζ = r2

oac/r2
o) 

µL Liquid Viscosity 
vL Kinematic liquid viscosity (vL = µL/ρL) 
ξ Distance along wall used in boundary layer and turbulence calculations 
ρL Liquid Density 
σ Surface tension 
φ Conical Convergence half-angle 
φ Generic dependent variable 
ω Vorticity vector (ω = ∇  x V) 
χ Wave phase velocity 
 
Abbreviations 
CFD Computational Fluid Dynamics 
PSA Pressure Swirl Atomizer 
Q1DI Quasi-One-Dimensional Inviscid 
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CHAPTER 1 
Introduction to the Thesis and 
Background to the Project 
 
1.1 Introduction 
 The project began as part of a larger project to investigate the application of fine 
water sprays, commonly referred to as "mists", to the problem of fire suppression. The early 
part of the study was conducted in collaboration with Ansul Manufacturing Limited (now 
called Grinnell), part of the Wormald Group of companies. Archive documentation at Ansul 
indicated that the use of water mists in fire suppression systems had been considered a 
possibility since the beginning of the century. More recently, interest in water mist systems 
has been rekindled by legislation outlawing the use of chloro-fluoro-carbon (CFC) based 
gases in fire suppression systems. In addition interest has been shown by passenger ship and 
aircraft owners in a lightweight fire suppression system that does not in itself present any 
danger to personnel. As is the case with a large number of fire suppression system 
manufacturers, one of the main business interests of Wormald is in conventional, deluge 
type, sprinkler systems and Wormald has been manufacturing such systems for over a 
century. A short company history of Wormald is given in the following section and a brief 
discussion of conventional sprinkler, gaseous and water mist fire suppression systems is 
given in Section 1.3. For a number of years prior to the present project Wormald had been 
working in collaboration with the Fire and Explosion Group of the Department of Chemical 
Engineering at The South Bank University of London, under the direction of Professor P. F. 
Nolan. The expertise that exists there is primarily in the computer modelling of water 
interaction with fires. The expertise within the author's Department, the Thermo-Fluids 
Division of the Mechanical Engineering Department at UMIST, is in spraying nozzles, 
under the direction of Dr. Andrew Yule who now heads a research group of over a dozen 
persons in this field. 
 
 Initial studies by the author into the performance characteristics of types of atomizer 
which may be suitable for a water mist system, suggested the use of the pressure swirl 
atomizer and indeed this type of atomizer was already being employed by one of Wormald's 
competitors, Marioff Limited of Sweden, in a system named Hi-Fog. More recently the 
German nozzle manufacturer Lechler has produced their own brand of swirl atomizer mist 
producing fire suppression system named Fog-Tec. Although, at the time of writing, these 
systems have gained official approval for their use in a number of fire suppression 
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applications, their limitations were known to the experts at Wormald from the outset and 
these are discussed in Section 1.3. In order for both the author and staff at Wormald to gain 
an understanding of water mist interaction with various fire scenarios, a series of fire tests 
were undertaken at Wormald's test site, at Park Works Manchester, and details of these tests 
are given in Section 1.4. Finally, Section 1.5 discusses the various designs and applications, 
other than fire suppression, of swirl atomizers together with the materials used in their 
manufacture. 
 
 During the initial investigations into the problems associated with the swirl atomizer 
in their application to fire-suppression, it quickly became apparent that no rigorous criteria 
exist for the design of these atomizers. Nozzle manufacturers wishing to produce an 
atomizer which would provide a certain drop size and distribution, spray cone angle and 
degree of penetration into the ambient medium, under the constraints of limited supply 
pressures, could only base their design on experience, intuition and loosely understood 
empiricisms. Given the directive of Wormald to investigate the subject of water mist and the 
expertise and facilities available within the author's department, the decision was made to 
tackle this age-long and deep seated problem at its root and to thoroughly investigate the 
internal flow physics of the pressure swirl atomizer, for it is clearly this flow that determines 
the resultant spray 'quality'. This therefore forms the subject of this thesis. 
 
 The geometry of the swirl atomizer and a detailed qualitative description of the flow 
within the atomizer, based on both knowledge gained from the literature and the author's 
own investigations, forms the subject of the Chapter 2. Part of the investigation into the 
internal flow physics involved the study of the inviscid flow analysis, a simplified analytical 
mathematical technique. Such inviscid flow analyses have been undertaken by many 
previous workers over the last fifty years in order to quantify swirl atomizer performance, 
e.g. Taylor (1948), Giffen and Muraszew1 (1953), Bayvel and Orzechowski2 (1993), to 
name but a few. The nature of inviscid flows in swirl atomizers forms the subject of Chapter 
3 and the literature survey of previous work in this area is covered in Chapter 4. Such 
simplified analyses are invaluable in providing an insight into the complexities of the flow 
physics of the swirl atomizer, and the author has developed a revised inviscid analysis based 
on the conservation of momentum, which has been tested against existing empirical data. 
Previous experimental investigations of the internal flow of the swirl atomizer are surveyed 
in Chapter 5, and Chapter 6 completes the three-part literature survey with information on 

                                                 
    1Pronounced "Murachov".   2 Pronounced "Arzyechovski". 
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previous computational fluid dynamics work on the internal flow of swirl atomizers. The 
present  author's momentum balance, inviscid analysis forms the subject of Chapter 7. The 
main emphasis of the thesis is on Computational Fluid Dynamical (CFD) work to determine 
the magnitude and nature of the flow dependent variables of velocity and pressure, together 
with ascertaining the size and shape of the air-core, a region of low pressure along the axis of 
the atomizer where the air is drawn into the atomizer, which is described more fully in the 
ensuing chapter. Initially these investigations concentrated on highly complicated three-
dimensional modelling of a pressure swirl atomizer based on the design of Widger (1993), 
and this work can be found in Chapter 8. Later work involved the investigation of simpler, 
but more useful, two-dimensional computer models. The results of these investigations, in 
terms of the dependent variables and the air-core topology, were compared with both the 
existing empirical data of Horvay and Leuckel (1984, 1986) and with the author's own 
experimental work. The experimental work was carried out in conjunction with two 
undergraduate final year projects and, more recently, a taught Masters Dissertation: Kong 
(1994), Ebbesen (1995) and De Keukelaere (1995), respectively. The results of the two-
dimensional computer modelling are presented in Chapter 9. Finally Chapter 10 provides the 
conclusions drawn from the present work and supplies suggestions for further work on the 
internal flow of the swirl atomizer. 
 
 It is recognised that such a strong focus on only one of the many aspects of fire 
suppression using water mist necessarily neglects many of its other relevant aspects. While 
much experimental work has been carried out into the investigation of the spray from swirl 
atomizers and into the effects of water interaction with fires, e.g. Cousin (1993), it appears 
that computer modelling has been restricted to: (a) internal nozzle flows, e.g. Chinn et al 
(1996), Shrimpton (1995); (b) the fluid dynamics of sprays in two phase flows, e.g. Widger 
(1993) and (c) the interaction of such sprays with fire plumes, e.g. Gardiner (1988). What is 
clear from this list of ongoing computational investigations is that there appears to be a 
'missing link' in the chain: that of computer modelling of the spray break-up, the transition of 
the bulk liquid into a spray as it issues from the atomizer. Excitingly, funding has recently 
been granted to the UMIST research group to address this deficiency, with the aim of 
formulating a computer code which will predict sheet break-up. It is hoped that at some 
juncture in the future these computational methodologies may be combined into some form 
of 'Expert System', a system requiring only the user inputs of generic nozzle design type, 
available operating pressure and details of the end application (e.g. fire suppression with 
some data on the possible fuel load, heat intensity, size of enclosure, etc), which will output 
the specific design details of the nozzle required for the application. 
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1.2 History and Company Structure of the Wormald 
International Group 
 The first automatic fire suppression sprinkler head was invented and patented, in 
1882, by Frederick Grinnell, of Rhode Island in the United States. A year later William 
Mather, of Mather and Platt Ltd, purchased the world patent rights to the Grinnell sprinkler 
for all areas other than the USA and Canada. Mather and Platt was at this time a large 
important engineering company producing textile machinery and pumping equipment with 
its headquarters at Park Works Manchester. The declining textile industry forced Mather and 
Platt to seek new areas for business expansion which led to their decision to become 
involved in the fire suppression business. In 1889 John Wormald, a Director of Mather and 
Platt, appointed his younger brother Joseph as agent for the Grinnell Sprinkler Agency in 
Australia and by 1911 Wormald  Brothers Ltd was formed in Sydney. 
 
 Growth of Wormald was slow during the first world war but thereafter saw an 
upsurge until the period of the great depression of the 1930s. This period saw the formation 
of a number of competitors in the sprinkler industry and by 1934 the company was, as a 
result, in a very poor financial situation. The company was able to survive the depression 
and in the mid-1930s it obtained the selling agency and manufacturing rights to the new CO2 
equipment of the Walter Kidde Company. At this time the company also obtained the rights 
to a mechanical foam dispenser which had been developed in Sweden. 
 
 Wormald's war effort, during WWII, was the production of fire extinguishers (at 7 
times the pre-war production rate), marine pumps, crash tenders and crash boats. However, 
Wormald's interests in the sprinkler business declined. After the war, in May 1949, the 
company became Wormald Brothers Industries plc and in 1950 it was expanded by the 
acquisition of some smaller, privately owned, sprinkler companies and a number of other 
businesses. 
 
 Up to 1975 the companies of Mather and Platt, Wormald and Grinnell had well-
established fire protection businesses which were centred around Europe, Australasia and the 
Americas, respectively. In 1976 Wormald took the decision to expand their operations again 
and purchased Mather and Platt, thereby obtaining an extensive global network. In 1978 
Wormald purchased Ansul Manufacturing in the United States, which itself was formed over 
fifty years ago, and acquired other fire protection companies in Scandinavia, Germany and 
South America. By the end of the 1980s the Wormald International Group had branches in 
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80 locations throughout the world, employed some 23,000 people and had an annual 
turnover of $1 billion. 
 
 In August 1990 the companies of the entire Wormald International Group were 
acquired by the Grinnell Corporation, a subsidiary of the America based Tyco group. The 
acquisition of Wormald by Grinnell has formed the largest fire protection group in the world, 
with a trading revenue in excess of $3 billion. 
 
 The Wormald Group of companies provides the following types of businesses, 
throughout the world, with major fire protection installations: 
(1) Offshore oil and gas platforms, 
(2) Onshore oil and gas production, storage and transportation, 
(3) Refinery and petrochemical, 
(4) Commercial and naval vessels, 
(5) Power stations, and 
(6) Various industrial and commercial. 
 
 Throughout the United Kingdom and the Republic of Ireland there are six main 
divisions of the company, with various sub-divisions. The company collaborating with this 
Total Technology Scheme PhD project, Wormald Ansul Manufacturing, is based in 
Stockport and is the sole manufacturing plant for all of Wormald's mechanical fire protection 
equipment in the British Isles. Ansul produces sprinkler heads, nozzles, valves and valve 
assemblies and is also responsible for the training of personnel. 
 
 
1.3 Comparison of Conventional Sprinkler, 
Gaseous and Water Mist Systems 
1.3.1 Introduction 
 Designers of all types of fire suppression system make reference to the 'fire triangle' 
of oxygen, heat and fuel, for these three factors must always be present in order for a fire to 
exist at all. It is the task of designers to create a fire suppression system which will reduce, to 
a greater or lesser extent, one or more of these factors. There are many types of material that 
fuel fires including hydrocarbon liquids such as diesel oil and petrol, and the various 
materials which make up the furniture and fittings in passenger ships and aircraft. It does not 
fall upon the fire suppression system engineer to deal with the fire fuel, however it is hoped 
that designers of, for example, ships cabins will have selected materials which are fire 



 
 

 Chapter1      page 6

resistant. This leaves the fire engineer with the task of reducing the heat of the fire or of 
smothering it. In general, conventional sprinkler systems reduce the heat of the fire, gaseous 
agents smother the fire, and water mist systems achieve both, but to a lesser extent than 
either of the former. 
 
1.3.2 Conventional Sprinkler Systems 
 Sprinkler heads function by the application of a jet of liquid fire suppressing agent, 
usually water, to the apex of a cone leading to a 'splash plate'. The jet of water impinging 
onto the cone is split radially and forms a conical sheet of water which subsequently breaks 
up into drops. The sprinkler head is operated by an ampoule of volatile liquid which is 
housed between the nozzle orifice and the apex of the cone, so that it prevents the 
discharging of the nozzle. The volatile liquid, in the ampoule expands on heating and the 

ampoule subsequently breaks allowing the water to flow out. 
Figure 1.1 shows a typical example of a sprinkler head, 
without the ampoule. The systems operate at only a few bars 
pressure (1 bar ≈ 0.1 MPa) and are usually supplied by the 
water mains. The systems stand idle for the greater part of their 
working lives and are therefore prone to the formation of scale, 
sediment and even algae in their water supply. Because of the 
large diameter orifices used in these impaction type devices, 
typically over 6 mm, the formation of these deposits does not 
cause clogging.  
 
 Conventional sprinkler systems, otherwise known as 
'deluge' systems, provide a high volumetric flow rate of water 

to the seat of the fire. The sprinkler heads need to be placed closer together than the heads 
supplying either a gaseous medium or water mist, as the water droplets from the conical 
spray, which are large in comparison with water mist systems as they have Dv,0.5 ≈ 350µm, 
may only fall vertically to reach the fire area and will not be convected as is the case with 
either gas or, to a lesser extent, water mist. This has advantages in situations where there are 
strong air currents which may carry away either a gas or a water mist, such as in large 
enclosed spaces such as shopping malls or, bearing in mind the relatively recent disaster at 
Kings Cross, underground train stations. 
 
1.3.3 Gaseous Systems 
 Gaseous fire suppression systems function either by physically excluding the air 
from a fire or by chemical inhibition, i.e. by raising the flash point of the combustible. For 

 
Figure 1.1. The Wormald 
MV18-110 Sprinkler head. 
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the first function they may only be installed in enclosed areas with absolutely no through 
draught as combustion cannot be maintained if the O2 content is less than ~15%. The 
extinguishing agent must not be toxic if personnel are likely to be present in the fire area; 
otherwise, in areas such as storage spaces, the common medium employed is carbon dioxide, 
which physically excludes air. The extinguishing agent must not degenerate quickly within 
the fire. Until recently, the most usual gas employed for fire suppressing systems in manned 
areas was Halon 1301, a chemical inhibitor. This has good extinguishing properties 
(concentration < 4% by mass) and low toxicity. However Halon 1301 is a CFC, and 
therefore contributes to ozone depletion. Its production was therefore banned, from January 
1994, by world-wide legislation which was termed the 'Montreal Protocol'. Among the 
possible gases sought to replace Halon 1301 are Hydro-fluoro-carbons (HFCs); many of 
these also have ozone-depleting properties but their effect is less intense than that of Halon. 
Their extinguishing properties are not as effective as the compounds containing chlorine and 
so more agent is required. In addition, their vapour pressures are higher than Halon so that 
the containers used to hold them need to be both larger and stronger, than those for Halon. 
Also considered for Halon replacement is Wormald's own gas INERGEN which is 
composed of INERt gases and nitroGEN. It is a mixture of 52% nitrogen, 40% argon and 
8% carbon dioxide. The following advantages are claimed for Inergen: 
- environmental neutrality 
- no condensation 
- no reduced visibility 
- no decomposition in fire 
- no damage to materials 
- homogenous gas distribution 
- long holding time 
- safe to life but will not support combustion. 
Inergen functions by physically excluding air, down to the required 15% O2, using a 
concentration of about 40%. This leaves sufficient rarefied air for personnel to breath for a 
short time and it is claimed that the CO2 content of the gas is included only in order to 
stimulate naturally increased respiration rates in personnel.  
 
1.3.3 Water Mist Systems 
1.3.3.1 Types of Atomizer 
 According to Jones and Nolan (1995) fine sprays' or mists' should probably have 
diameters in range 20 µm to 120 µm and, for the purpose of size comparison with various 
other droplets and particulates they produced fig. 1.2. The reason for requiring the small 
drop size are described in the following section. There are a number of nozzle types capable 
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of producing drops of 20 µm to 120 µm diameter and these include the pressure swirl 
atomizer, already mentioned, twin fluid atomizers, rotary cup atomizers and nebulizers. 
Twin fluid atomizers operate by having a low pressure liquid accelerated and broken up into 
droplets by a higher pressure gas supply. Twin Fluid atomizers have been employed in fire 
tests on an aircraft fuselage by Cousin (1993), using water which was powered by an air 

supply. The drawbacks of using twin fluid atomizers include the added expense of supplying 
the additional fluid phase and the possibility of supplying the fire with extra oxygen from the 
gas phase, if air is used. Rotary Cup atomizers function by supplying a liquid, at very low 
pressure, to a cup-shaped receptacle which is rotating rapidly, usually driven by an electric 
motor. The centrifugal force applied to the liquid by the rotary cup causes it to form a thin 
film along the inside wall of the cup and subsequently fly outwards, on leaving the cup, in 
the form of a hollow cone spray. Ultrasonic nebulizers function by supplying the liquid, at 
low pressure, to a vibrating part which is, as with the rotary cup, usually electrically driven. 
This type of atomizer provides perhaps the finest spray of all types. To the present authors 
knowledge neither rotary cups or nebulizers have been employed in fire suppression 
applications; rotary cups would not only provide the additional expense and added weight of 
the electric motors but these may become damaged and inoperable in a fire scenario. 
Nebulizers are primarily low volume devices and their use is mainly in medical applications, 
to provide very fine mists or 'fogs', which may be inhaled. 
 
 Swirl atomizers function by having a single fluid, a liquid, supplied to their, one or 
more, inlets under pressure. The inlets are connected tangentially to a tubular swirl chamber, 
so that a tangential or swirl velocity is imparted to the liquid entering the chamber. The swirl 
chamber is connected to a concentric tubular outlet, from which the liquid discharges in the 
form of a hollow conical spray. A more detailed explanation of the geometry and the nature 
of the flow within swirl atomizers is given in the following chapter. 

 
Figure 1.2. Spectrum of droplet diameters (µm). Jones and Nolan (1995). 
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 In terms of the overall supply energy required to achieve atomization, the 
transformation of the bulk liquid into the spray of droplets, the swirl atomizer is perhaps the 
most efficient, single fluid, atomizer that currently exists. Whilst Wormald have recently 
marketed a scaled-down conventional sprinkler head under the name of 'Aquamist', having a    
4 mm diameter orifice and a sophisticated design of splash plate (drop sizes are of the order 
of Dv,0.5 = 200 µm), the swirl atomizer is the only single fluid device capable of producing 
droplets of the size and distribution which may truly be termed a 'mist'. This makes the swirl 
atomizer a strong potential candidate for water mist fire suppression systems. The principle 
drawbacks are due to the combination of high water supply pressure and small orifice size 
requirements. 
 
1.3.3.2 The Nature of Water Mist Fire Suppression Systems 
 The 'Montreal Protocol', outlawing the use of the gaseous agent Halon 1301, 
prompted many manufacturers of fire suppression system to consider the use of water mist 
as a viable possible replacement. Because water mist is composed of fine droplets it will 
become carried in the air currents which are supplying oxygen to the seat of the fire. This 
action is similar to that of the Halon gases. However the water mist behaves differently: 
whereas Halon chemically inhibits the flash point of the combustibles, water mist will both 
cool the fire plume and rapidly turn to vapour which will smother the fire. This entrainment 
of the water mist into the fire area means that the spray heads do not need to be positioned as 
closely together as those of conventional sprinkler systems. The advantage of water mist 
over alternative chemical agents is the reduced risk of personnel danger due to asphyxiation. 
The flow rates employed in water mist fire suppression systems are significantly reduced in 
comparison to those for more conventional sprinkler systems. Water mist systems find 
application in the passenger compartments of aircraft and the cabins and engine rooms on 
ships. The advantage here, over the use of conventional sprinkler systems, is that of weight, 
both in the bulk quantity of water needed to be carried by the vehicle and in its distribution 
after discharge, as large amounts of water may upset the balance of the vehicle. One of the 
quantitative methodologies employed to compare and contrast water mist systems with other 
types of system is the Required Extinguishing Media Portion (REMP), this is the ratio of the 
mass flow rate of the extinguishing agent to that of the gaseous agent required to fuel the fire 
in test situations, such as propane, ge m/m �� . Table 1, from Holmstedt (1993), provides the 

results from gas fuelled fire tests for the purpose of comparison of the effectiveness of the 
various media. While the drop size definition was not specified it is clear from the table that 
the fine water sprays require much less water than systems using large droplets, for fires 
fuelled by hydrocarbon gases. 
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As with the conventional sprinkler and gaseous systems, water mist systems also have their 
limitations in various fire suppression situations. Swirl atomizers, which are used in water 
mist fire suppression systems, have orifice diameters of less than 1 mm, and so are prone to 
clogging by the scale and sediment, mentioned in Section 1.3.2. This problem is usually 
alleviated by the use of stainless steel supply piping and the system's own separate water 
supply. The water supply may contain additives to prevent the formation of precipitates 
which may otherwise cause clogging. The production of fine mists also requires a higher 
supply pressure than conventional sprinkler systems: for example, the system of Marioff 
operates under 100 bar (10.1 MPa) pressure and that of Lechler Limited requires a supply 
pressure of 140 bar (14.2 MPa). This means that the system cannot operate using the mains 
water supply, as with conventional sprinklers, but requires its own pump or in some cases a 
tank charged with high pressure nitrogen (more details of this type of pressure supply are 
given in Section 1.4). Another requirement is that the stainless steel tubing, used in the 
system, needs to have thicker walls. Such systems are expensive and therefore cannot hope 
to compete if a conventional sprinkler system is adequate for a particular application. A 
further limitation, as with gaseous systems, is that the use of fine water systems on fires in 
unenclosed spaces leads to the problem of the mist being carried away by the wind before it 
can be entrained into the updraught. Heavier, more conventional sprinkler type sprays, if 
positioned sufficiently near to the seat of the fire, will not suffer this problem. In addition 
fine water sprays are generally ineffectual for any form of surface cooling application as they 
do not contain sufficient water for efficient heat transfer.  
 
 More detailed information on the use of water mist, such as its mechanisms of 
extinction and its distribution in fire plumes, together with many test results, using a number 
of different fire fuels, can be found in the proceedings of the International Conference on 

Table 1.  

Agent ge m/m ��  

Dry powder 1 to 4 

Water mist ˜ 15 µm 1.5 

Water mist ˜ 20 µm 1.9 

Water large droplets 10 to 100 

Halon 1301 4 to 5 

Halon 1211 4 to 5 
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Water Mist Fire Suppression Systems at Borås Sweden in 1993, and its numerous 
references. 
 
1.4 The Fire Tests on Water Mist Conducted at 
Wormald 
 During the early part of the present study a number of fire tests using water mist 
were carried out by the author in conjunction with Peter Beebe and Paul Healey, fire experts 
from Ansul, at Wormald's test site at the Park Works factory in Manchester. The purpose of 
the tests were two-fold: to establish some understanding of the interaction of water mists 
with fires and as a prerequisite to designing a system to be tendered to the London 
Underground Ltd. train company. The tests were carried out in a test shed measuring 
2.4×3.6×2.5 m (high). A door was  positioned  in  one  of  the  short (2.4 m) walls to one 
side. Both the short wall, with the door in, and the long wall to the right of the door 
contained a window. The fire suppression apparatus consisted of: 
a) A Lechler pressure swirl cluster atomizer with 22 outlets, model B222 520 778. The flow 
rates and drop sizes were measured, using a laser Doppler particle analyzer, by a third part 
company commissioned by Ansul, and the results are shown in Table 2. It may be noted, 
from Table 2, that this atomizer requires only 2 MPa of pressure to produce droplets of 
around 100 µm while the atomizers used in Lechler's own Fog-Tec system, described above, 
required 14.2 MPa. 
 

Table 2.   

Pressure (MPa) Flow rate (m3/s) Dv,0.5 (µm) 

0.06 2.45×10-4 143 

1.14 3.38×10-4 117 

2.0 4.50×10-4 98 

 
The nozzle was positioned at approximately ceiling height at the centre of the test shed. 
b) A cylindrical tank containing 0.09 m3 of fresh tap water 
c) Either a compressed air line providing pressure at 0.6 MPa to the water tank or a separate  
cylinder of Nitrogen gas at 1.1 MPa, to the water tank 
d) A sprinkler bulb, ampoule, rated at 68oC, to emulate a triggering of the nozzle. The bulb  
was positioned near to the nozzle and connected to a weight, on the outside of the test shed, 
by a length of wire. The weight would drop when the bulb operated thus indicating the time 
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that the nozzle would discharge in an installed system, at this juncture the nozzle was turned 
on manually by one of the testers  
e) A support stand, for  the  combustibles, 0.25 m  above  the floor 
f) a chart recorder connected to six thermocouples (TC's) which were strategically positioned  
within the test shed. The full scale deflection of the chart recorder was set at 400oc and the  
speed  at  100 mm per minute. 
The six thermocouples were positioned throughout the test shed as follows: 
TC1 close to the nozzle (on the ceiling, in the  centre of the room),  
TC2 beside the ampoule on the ceiling (0.2 m from the nozzle),  
TC3 above the door (75 mm below the ceiling),  
TC4 in the middle of the long wall to the left of the door (0.1 m from the wall surface), 
TC5 near to the ceiling (midway between the two long walls and 0.9 m from the wall 
opposite the door) and   
TC6 positioned, with  the  aid  of  supporting wires, in the geometrical centre of the room. 
 
 Figure 1.3 shows the nozzle positioned outside the test shed directly onto the water 
tank expressly for the purpose of viewing the mist-like spray discharging from it, and fig. 1.4 
shows the same nozzle in close-up. Figure 1.5 shows a cross-section of a seven-hole nozzle 
of a similar design as the 22-hole B222 520 778. Figure 1.6 shows an end view of the test 
shed. 
 
 A total of twenty one tests were completed with the above arrangement. The 
combustibles used included: 1.2 kg of loose wood wool; a 4.5 kg 'slab' of compact wood wool; 
20 litres of methanol (with ½ ltr of toluene in order to make the flames visible); ½ ltr of petrol 
and a number of 0.5 m wood crib cubes (each made up of 280, 0.5 m by 25 mm square section 
soft wood nailed together in layers of 7 pieces, each layer normal to the adjacent layer, the cribs 
each weighed approximately 10 kg). The combustibles were placed on a wire frame 0.25 m 
above the floor of the test shed. 
 
 It was found that using the loose wood wool the bulb activated at approximately 20 
seconds from ignition in every case. With the wood wool positioned directly below the nozzle 
the ceiling temperature quickly rose above the 400oC chart recorder scale limit while the nearby 
ceiling temperature exceeded 250oC. The water was turned on after 30 seconds from ignition. 
The entire test shed temperature fell to below 50oC in about 1 minute after turning on the nozzle 
and to about 20oC, the ambient temperature, after a further minute. There was a good deal of 
smoke and steam in the shed which obscured viewing of the fire. It was subsequently found that 
a good deal of the wood wool remained unburnt. The situation was different with the loose  
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Figure. 1.3. The Lech
water tank, outside o
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.4. A close-u
ier B222 520 778, 22-hole cluster atomizer connected directly to the 
f the test shed, for the purpose of displaying the fine mist-like spray. 

p view of the discharging Lechler B222 520 778 nozzle. 
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Figure 1.5. A cross-sectioned view of a 7-hole, multi-head (cluster) swirl atomizer of a 
similar design to the B222 520 778, from the Lechler nozzle company. 

Figure 1.6. An end view of the test shed showing the position of the door. A window is just 
visible behind the water tank. The pipe leading to the water tank supplies the compressed air 
which powers the nozzle. 
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wood wool positioned in the corner of the test shed,  diagonally opposite the door, 
approximately 2 m away from the nozzle. Again the ceiling temperatures in the vicinity of the 
fire went off the chart recorder scale. The water was again discharged at 30 seconds from 
ignition but this time it took over 1.5 minutes for the shed temperature to be brought to below 
50oC and over 5 minutes to return to the ambient temperature. The wood wool was discovered 
to have completely burned away. As a comparison, the final test performed using loose wood 
wool did not employ the nozzle. It was found that the shed temperature at first rose, as before, 
but remained high, taking over 3 minutes to fall below 100oC. This indicated that the spray, in 
the previous tests, did suppress the room temperature. 
 
 Because it was found that the dry loose wood wool burned rapidly, away from the 
nozzle, it was decided to use a 4.5 kg slab of compressed wood wool, again positioned in the far 
corner of the shed. The temperatures attained were lower than those for the loose wood wool, 
with the ceiling temperatures reaching 260oC. The bulb activated at 30 seconds from ignition 
and the water was turned on at the same time. The shed ceiling temperature was brought to 
below 100oC after a further 30 seconds. After the water was allowed to run out, it was found 
that the wood wool continued to burn. A control test of the same type was performed but 
without using the nozzle. This time the unchecked ceiling temperatures reached 370oC before 
falling slowly and then stabilising at just under 100oC. After 11 minutes it was found that the 
fire had burned itself out. These results indicated that the water spray greatly reduced the shed 
temperature, but was unable to extinguish the fire. 
 
 The next test employed 20 litres of methanol in a 0.6×0.7 m tray placed on the 0.25 m 
stand in the corner of the shed. The bulb activated 25 seconds after ignition but the water was 
not turned on until a further 1.5 minutes, so that the fire could be observed. The maximum 
ceiling temperature recorded was 310oC at 1.75 minutes from ignition, first rising steeply and 
then levelling out. It took approximately 30 seconds for the spray to reduce the ceiling 
temperature to 140oC. The spray was not able to extinguish the fire as it had been permitted to 
become too well established, and the shed temperature increased again when the door was 
opened. 
 
 A series of tests were then performed using one or more of the wood cribs. In these tests 
the bulb took just over 1 minute to activate, if the fires were started using a little methanol, and 
over 3 minutes if the fires were started using wood wool. It was found that if the spray was 
turned on quickly after the bulb activated, in the methanol-initiated fires, then the wood crib 
could be extinguished in the enclosed test shed. In this scenario the wood crib felt dry to the 
touch, even though several litres of water had been discharged in its vicinity. It is therefore 
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likely that in these cases the primary extinguishing mechanism is by steam smothering. In the 
fires using wood wool to kindle them, it was found that they had become too well established 
before the bulb activated for them to be put out using the spray. In further tests using wood 
cribs, it was found that if the shed door was left open then the fire was able to get a hold even 
with the spray activated. Even so, the temperature in the shed was reduced from its off the scale 
reading of over 400oC to below 200oC in approximately 20 seconds. In this situation it took 
over 8 minutes with a high pressure fire hose to completely extinguish the wood crib, thus 
indicating the intensity of such fires. 
 
 While the drop size range for this nozzle, Table 2, are near to the top end of the range 
of, 20 µm to 120 µm, suggested as 'fine sprays' by Jones and Nolan, they are still significantly 
smaller than the 360 µm for standard sprinkler systems. The overall findings using this 
relatively fine spray are that it is capable of extinguishing fires that are likely to become deep-
seated, such as the wood crib, if the spray is activated soon enough. It was suggested by Peter 
Beebe that the spray ought to be activated using a smoke alarm rather than a spirit ampoule as 
the response time would be much quicker. In all cases the spray reduces the room temperature 
significantly. The spray is only effective in enclosed areas and does leave significant water 
residue. 
 
 Altogether over twenty tests were carried out and many more different scenarios could 
have been tested for. However the purpose of these initial trials was simply to provide a 
qualitative understanding of the effectiveness of fine water sprays on different types of fire. 
 
 
1.5 Types of Swirl Atomizer and their Application 
 Horvay and Leuckel (1984) and Bayvel and Orzechowski (1993) both accredit the 
invention of the swirl atomizer to Körting in 1902, and this is presumably when the first 
atomizer of this type was patented. The nozzle designed by Körting was for use in an oil burner 
boiler. The applications of swirl atomizers therefore include: fire suppression; oil-fired 
combustors (such as those used in power stations); aerosol nozzles (for pharmaceuticals and 
cosmetics); agriculture (to administer chemicals such as fertilizers, pesticides and herbicides); 
spray drying (such as in the production of powdered milk); fuel injection systems; the cleaning 
or humidification of air (or other gases) of particulates, and many chemical processes.  
 
 The nozzles have been manufactured from a range of materials, depending on their 
application and working life. Non-reactive materials are chosen for spraying corrosive liquids, 
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and hard materials are used if the nozzle is to be subjected to excessive wear. The materials 
include plastics such as nylon, PVC and teflon, metals such as brass, stainless steel, tungsten 
carbide and aluminium, and ceramics, such as silicon carbide. 
 
 There are numerous designs of the atomizer, and fig. 1.7 shows a range of types of swirl 
atomizer which have been employed in experimental work by various authors. The figure is 
taken from Dombrowski and Hasson (1969), in whose work the references to the various 
designs may be found. Although these atomizers were made expressly for the purpose of 
experimental trials, it is clear that fig. 1.7b is of a type commonly used in fuel injectors and fig. 
1.7c in agricultural use. Following on from this chapter, in the attempt to provide a greater 
understanding of swirl atomizers and the way in which they produce fine sprays, the next 
chapter gives details of swirl atomizer designs and their principles of operation. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.7. Designs of nozzles used by various workers. Dombrowski and Hasson (1969). 
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CHAPTER 2 
A Qualitative Description of Swirl 
Atomizer Flow 

 
2.1 Introduction 
  The importance of a sound knowledge of the internal flow, from the point of view of 
both the design and application of swirl atomizers, cannot be over-stressed. This chapter gives a 
descriptive overview of the flow within the swirl atomizer and a brief description of the 
resultant spray. The chapter anticipates some of the work presented in the ensuing chapters and 
brings this together with the findings of a number of other authors in an attempt to paint an 
holistic picture of swirl atomizer flow. 
 
2.2  A Description of the Atomizer 
  Figure 2.1 shows the basic internal geometry of the pressure swirl atomizer (PSA) with 
the associated nomenclature. The internal geometry consists, in its most elementary form, of a 
main cylindrical body called the swirl chamber. At, or near, the upstream end of the swirl 
chamber (the closed end or 'top' face) are attached the inlets. The inlets are one or more 
cylindrical or rectangular channels positioned tangentially to the swirl chamber. At the opposite 
end of the swirl chamber, the 'open' end, there is a conical convergence. Toward the apex end of 
the cone there is a cylindrical outlet, concentric with the swirl chamber. 

 
Figure 2.1. Basic, Two Inlet, Atomizer Geometry and Nomenclature. Widger (1993). 
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 Despite the apparent simplicity of its design, the flows within the atomizer and the 
resultant spray are highly complex. 
 
2.3  The Nature of the Flow Within the Atomizer 
 The motivational energy for the flow may be applied by a number of means, according 
to the type of operation of the atomizer, the common factor being that there exists a pressure 
differential across the atomizer, from inlets to outlet. If the inlets are positioned normal to a 
meridian plane (r-x plane), as in fig 2.1, then the flow produced has an initial tangential 
(azimuthal, circumferential or swirl) flow component only, and no initial axial flow component. 
In this design initial radial and axial velocities occur within the top of the swirl chamber due 
only to the flow filling the volume of the swirl chamber and they are therefore not imposed by 
the inlets. If the inlets are positioned at an angle to the meridian planes then the flow enters with 
both tangential and axial velocity components. Figure 7.10, Chapter 7, shows examples of 
atomizers of this type where the flow enters the swirl chamber through inlets in the upstream 
face. Figure 2.2 is an atomizer with helical inlets entering the swirl chamber in the upstream 
face, obtained by the employment of a conical insert. This atomizer is of a similar design to the 
multi-hole atomizer of fig. 1.4. This type of inlet thus provides all three velocity components 
(tangential, axial and radial) to the flow entering the swirl chamber, from the outset. 
 
 For the simple inlet design, of fig. 2.1, an axial velocity is established in the swirl 
chamber due to the conservation of mass of the flow. The swirling motion, imparted to the 
liquid, as a result of the tangentially positioned inlets, is maintained throughout the swirl 
chamber and the exit orifice. Ideally, for low viscosity operating liquids the swirling motion 
may be largely irrotational, which is described more fully in Chapter 3. Irrotational motion 
requires that  
     ∇∇∇∇  x V = 0.      (2.1) 
 
This ensures that the tangential velocity component is of the form 
      w ∝∝∝∝  1/r,      (2.2) 
representing a free or potential vortex, and that it will be approximately the same for a given 
radius at any axial position. The tangential velocity is lowest at the wall of the swirl chamber 
and highest near the axis. The irrotational relationship, ∇  x V = 0, also ensures that, for 
idealised inviscid flows, the axial velocity u is constant across a cross-section, ∂u/∂r = 0. The 
profiles of these inviscid velocities are shown in fig. 3.1, Chapter 3. 
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 An understanding of the relationship between the velocity and pressure distributions, 
within the atomizer, may be aided by reference to the Bernoulli equation, for inviscid liquid 
flows, and no gravitational effects, 

 
Ideally the sum of the terms on the LHS are equal to a constant, for a given flow rate, 
throughout the atomizer, where the constant is the total pressure of the liquid as supplied to the 
inlets. In practice viscous dissipation will occur and the magnitude of the sum of the terms on 
the LHS, of eqn.(2.3), will in fact diminish, as the flow progresses through the atomizer. This 
viscous damping of the velocities takes place by two primary mechanisms:- (1) Near the 
atomizer walls there will exist a viscous boundary layer. (2) There will be a radial tangential 
velocity gradient within the main body of the atomizer which will give rise to viscous shear 
stresses. The shear stress in the tangential direction is 

 
Figure 2.2 A swirl atomizer with helical inlets provided by a conical insert. These inlets 
provide all three velocity components. Lechler Company Nozzle Catalogue. 
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Within the body of the swirl atomizer the radial velocities are small and, with the tangential 
velocity of the form indicated in eqn.(2.2), the shear stress will take the form 

where the constant is dependent upon the inlet conditions. Thus eqn.(2.5) indicates that the 
shear stresses, and hence the viscous dissipation, will be strong near to the atomizer axis, which 
is where the "solid body rotation" viscous core occurs in a classical line vortex. 
 
 From the Bernoulli equation it can be seen that if  w ∝  1/r (and with the axial velocity 
component u independent of r) then whenever w is high then p is low, and vice versa; The 
pressure is highest at the wall of the atomizer and lowest near the central axis. At operational 
velocities the pressure along the axis is sufficiently small that the ambient gas is drawn in from 
the outlet along the axis. The ambient gas thus forms what is termed a gas-core or, more 
commonly, air-core (figs. 2.6 and 2.7). The air-core is usually seen to initiate from the outlet 
orifice, where the pressure is already ambient, as one gradually increases the injection pressure. 
From some observations the air-core is also seen to initiate simultaneously from the upstream 
face of the swirl chamber. Thus the two ends of the air-core along the axis are not initially 
joined.  
 
 The  initiation of the air-core at the upstream end of the swirl chamber is likely to be 
due to one or more of the following mechanisms. Firstly, as the liquid, initially under pressure, 
enters the swirl chamber, then dissolved gases within the liquid come out of suspension and are 
buoyed inwards toward the low pressure region on the swirl chamber axis. Secondly, there may 
be an intermittent seepage of the ambient gas from the outlet along the axis to the back face, 
possibly in the form of small bubbles. Figure 2.3 is a diagram showing the air-core formation 
for an atomizer with a short swirl chamber and a negligible length outlet. There is seen to be no 
air-core formation initiating from the upstream face in this instance.  
 

The presence of an air-core ensures that the body of liquid within the nozzle is in the 
form of an annulus and that the passage of a liquid particle through the nozzle will thus describe 
a helical path, as portrayed in fig. 2.4. It has been found experimentally, De Keukelaere (1995), 
that the air-core, at any section, will attain an asymptotic diameter as the operating pressure is 
increased. Air-core formation in practical situations, where the operating pressure is applied 
almost instantaneously, is a transient phenomenon and the steady state situation is quickly 
reached. 

 ,
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r
µ
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  As the liquid enters the conical convergence, its axial velocity increases while 
the tangential velocity remains the same for any given radius. As the velocity head increases, 
due to the increase in axial velocity, then the pressure must decrease. This in turn leads to a 
subsequent increase in the diameter of the air-core, fig 2.5. While there will be pressure 
gradients occurring within the air-core itself, its pressure should be relatively homogenous, and 
approximately that of the surrounding gas. At steady state conditions it is likely that the air-core 
experiences solid-body rotation (forced vortex rotation), although this has not been measured, 
and behaves as 
      w ∝∝∝∝  r.     (2.6) 

Something approaching solid body rotation should 
also occur in the liquid surrounding the air-core, 
although with a different gradient than in the core, 
and this should extend to a distance from the core 
where there is a transition between the free and 
forced vortex regimes. For high Reynolds number 
flows the transition produces a sharp peak in the 
tangential velocity profile, Hsieh and Rajamani 
(1991), fig 5.9. For low Reynolds number flows the 
tangential velocity profile displays a smooth, 
rounded, peak, Horvay and Leuckel (1984, 1986), 
fig 5.2a and Hsieh and Rajamani (1991), fig 5.10. 
 
  The finite viscosity of any operating liquid 
will also affect the profile of the axial velocity, and 
it will differ from the ∂u/∂r = 0 form described 

 
 
Figure 2.4. Liquid particle 
trajectory. Lefebvre (1989). 

 
Figure 2.3. Development of the air-core in a swirl 
atomizer nozzle. Giffen and Massey (1950). 

 
Figure 2.5. The increasing of the air-core 
diameter in the convergence. Bayvel and 
Orzechowski (1993). 
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previously for inviscid flows; higher values of the axial velocity component appear to occur 
near the air-core in practice, Horvay and Leuckel (1984, 1986), fig 5.2a. 
 
 At the outlet orifice the pressure is atmospheric both within the air-core and on the outer 
surface of the issuing annulus of liquid. There is therefore a negative pressure gradient, within 
the liquid film, along the length of the outlet orifice and this is accompanied by an increase in 
the diameter of the air-core and a subsequent positive axial velocity gradient. This phenomenon 
is not predicted by the simplified classical inviscid theory (which is described in more detail in 
Chapters 3 and 4). The negative axial pressure gradient near the end of the outlet orifice is much 
higher than along the preceding length of the outlet tube. This sharp decrease in the pressure is 
accompanied by both a further increase in the axial velocity and a further increase in the 
diameter of the air-core. Figure 2.6 shows two photographs of a perspex  nozzle  of the design 
type of fig. 2.1, taken by the department photographer, Mr. J. Howe. This is a large nozzle, 
approximately 150 mm long, which was constructed for the purpose of observing the internal 
flow. The left hand photograph shows the nozzle with the air-core almost fully formed and the 
right hand photograph shows it fully formed. The photographs show how the air-core topology 
differs from that of the simplified inviscid flow prediction of fig. 2.5. In fig. 2.6 the air-core 
clearly enlarges along the length of the outlet. Figure 2.7 shows stills from a high-speed video 
of a similar nozzle which were taken by the author using a NAC1000 high-speed video camera 
operating at 1000 frames per second. These show the true air-core formation as one increases 
the pressure of the operating liquid.  
 
 The effects of surface tension forces on the interface between the operating liquid and 
the air at the air-core can be gauged by reference to fig. 2.8. By analogy to the surface 
tension/pressure equilibrium of a water droplet (see for example Sears and Zemansky (1960)), 
if the surface tension force per unit length is σ (kg/s2) then the surface tension per unit length in 
the x-direction, into the paper in fig. 2.8, is 
     2σ.      (2.7) 
This must be balanced by the pressure force differential across the surface boundary and this is 
given by the pressure, ∆pσ, acting upon the projected area of the semi-circle of fig. 2.8 to give 
     2σ = ∆pσ 2rac     (2.8) 
 

 

or .
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 = p
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σ
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Figure 2.6. The air-core topology within swirl atomizer. 

 
Figure 2.7. The development of the air-core in the outlet. 



 
 

 Chapter 4      page 25

From eqn.(2.9) it can be seen that surface tension would be expected to have a more profound 
effect on the air-core size in the smaller atomizers, such as those used in pressurised aerosols 
cans. These atomizers may have air-core radii of the order of rac ~ 0.25 mm and operate under 
supply pressures of perhaps  ∆p ~ 10 to 20 kPa. The surface tension force per unit distance for 
water, at 20oc, is σ = 73×10-3 kg/s2 so that, from eqn.(2.9), 
      ∆pσ ~ 300 Pa.    (2.10) 

Thus the operating pressures, ∆p, even for these small atomizers, 
are more than thirty times the expected pressure differential across 
the surface layer, due to surface tension, ∆pσ, and so the overall 
effect of surface tension in diminishing the size of the air-core is 
minimal. A further point is that as the pressure within the liquid 
immediately outside of the air-core will be less than that on the 
surface of the core, by an amount ∆pσ, then the axial and 
tangential velocities, within the liquid, adjacent to the core may be 
expected to be a little higher than those directly at the core. This 
point will be taken up again in Chapter 9 when comparing 
computed velocity profiles from those of experiment. 
 

 The flow within a swirl atomizer has been assumed laminar in the above sections; 
however, turbulent flow may occur. Whether the liquid flow within the swirl atomizer is 
turbulent or not will depend on the magnitude of the Reynolds number, Re, and one definition 
of Re is given by eqn. (5.1). In the liquid motion within a swirl atomizer the predominant flow 
is in the tangential direction with the ratio of swirl to axial velocity, within the swirl chamber, 
being about 5:1, or more, so that it will be the magnitude of the swirl velocity which will dictate 
whether or not the flow within the atomizer is turbulent. The effect of the strong tangential 
velocity gradient will be to oppose the fluctuations which occur in turbulent motion. A liquid 
particle from an outer, radial, layer opposes a tendency to move inwards because the centrifugal 
force acting upon it is less than that on an adjacent particle, which is nearer to the central axis of 
the cylinder, (for free-vortex type flows) and so it will exhibit a tendency to be thrown 
outwards. Conversely, the outward motion of a liquid particle is inhibited by the existence of 
the strong positive radial pressure gradient. The net effect of these opposing forces is to inhibit 
turbulent motion and it is likely that for the smaller atomizers, such as those employed in 
aerosols, the flow within them remains wholly laminar. A discussion on the transition to 
turbulence within the boundary layer of a swirl atomizer is given in Chapter 8 and the inherent 
stability of some types of swirling flows is covered in the book by Vanyo (1993). 
 

 

 
 
Figure 2.8. Surface 
tension forces on the 
air-core. 
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2.4  The Formation of the Spray 
 
2.4.1  The Formation of the Conical Liquid Sheet 
 As the thinning annular liquid sheet leaves the confines of the outlet orifice it is no 
longer constrained to maintain its swirling motion, and it flies radially outward. The initial 
trajectory of a liquid particle at this juncture is, according to classical inviscid analysis, 
determined by the vector sum of its previous swirling velocity and axial velocity components, 
which it has maintained from its condition within the outlet. Figure 2.9 is a photomontage of a 
wire model designed to show the outline profile which is generated by the particles undergoing 
this motion. It may be seen that the profile is not initially conical and that the series of straight 
lines, representing particle paths, form an initial saddle. It is only at some small distance 
downstream from the orifice that the topology takes the form of a cone. The theoretical angle 
subtended by the cone with the axis, α, in the absence of real effects, is the arctangent of the 
ratio of the mean values of the swirl velocity and the axial velocity in the outlet,  
    α = tan-1 (wo/uo).     (2.11) 
In practice, while the swirl and axial velocity components predominate at this juncture, the 
radial velocity has attained a finite value due to the rapid thinning of the annular sheet before 
the outlet. Therefore an assumption such as eqn.(2.11) may not provide an accurate value while 
neglecting the vo-velocity. 

 
Figure 2.10. The particle path through an 
atomizer having a small lo/ro ratio. 

 
Figure 2.9. The generation of the hollow 
cone, preceded by a saddle, by the liquid 
particle trajectories. 
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 For atomizers having a substantial length of outlet, i.e. a large lo/ro ratio, it is possible 
that some of the liquid, which is in contact with the wall of the convergence, will subsequently 
impinge on the opposite side of the outlet, and thenceforth follow the cylindrical wall of the 
outlet. Conversely, for atomizers having a relatively short outlet, i.e. a small lo/ro ratio, it is 
likely that the convergence angle φ will itself influence the spray cone angle α. For the liquid, 
having followed the line of the wall of the convergence, will continue on its trajectory and cross 
over at the exit. Figure 2.10 attempts to portray this situation. 
 
 As the spray cone is formed from the annulus of the liquid within the outlet it is hollow. 
As this 'conical sheet' continues to increase in diameter as it moves away from the orifice then, 
by mass conservation, it becomes thinner. The way in which this conical liquid sheet develops 
downstream of the atomizer is heavily dependent upon the following factors: its initial thickness 
within the outlet; both the magnitude and ratio of the swirl and axial velocities; the properties of 
the liquid such as its viscosity and its surface tension and the properties of the ambient gas 
itself. The first of these, the thickness of the annular liquid sheet in the outlet and its velocity 
components, are themselves influenced by the design and relative dimensions of the 
components of the atomizer. This is a particular theme of this thesis.  
 
 According to Lefebvre (1989), the development of the spray passes through several 
stages as one increases the flow rate. These stages are applicable to both the situation where one 
manually increases the liquid pressure from zero, in steps, or during the transient start-up 
process as one "instantaneously" applies the full operating pressure. 
1. The liquid dribbles from the nozzle. 
2. The liquid leaves the nozzle as a thin, distorted pencil. 
3. A cone forms near the orifice but is re-contracted by surface tension forces into an 'onion' 
shape. 
4. This opens out into a hollow tulip shape terminating in a ragged edge were the liquid 
disintegrates into fairly large drops. 
5. The curved surface straightens to form a conical sheet. As the sheet expands its thickness 
diminishes, and it soon becomes unstable and disintegrates into ligaments and then into drops in 
the form of a well defined hollow-cone spray. 
These five stages of the cone development are shown in figures 2.11a, the schematic 
representation of Lefebvre (1989) and 2.11b, still photographs taken by the author using the 
NAC1000 high-speed video recorder. 
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Figure 2.11a. Schematic of the stages in the spray development with the increase in injection 
pressure. Lefebvre (1989). 

 
Figure 2.11b. Photographs illustrating the spray development in a swirl atomizer. The first 
photograph is taken somewhere between the dribble and the distorted pencil stages. 
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2.4.2 The Break-up of the Conical Liquid Sheet 
 Fraser and Eisenklam (1953) proposed that there are three basic modes of sheet 
disintegration: Rim, Wave and Perforated Sheet. Bayvel and Orzechowski (1993) did not 
consider the Rim mode, and proposed only two: Wave and Perforated Sheet. The Rim mode is 
the most prominent of the basic modes of disintegration for liquids with both high viscosity and 
surface tension. Surface tension forces cause the free edge of the liquid sheet to contract into a 
thick rim. This further reduces to form droplets which continue to move in their original 
direction but remain attached to the sheet by thin threads. Both the droplets and the threads 
continue to disintegrate further, under the mechanisms described in the next section, to form 
two fundamental groupings of drops: large drops together with numerous satellite drops. 
 
 In wave disintegration, the conical sheet undergoes oscillations which are likely to be 
motivated by the opposing surface tension and aerodynamic forces. Near the crest of the wave 
the liquid velocity relative to that of the ambient gas is high, and hence the pressure is low, so 
that the surface of the liquid behaves as an aerofoil and is drawn away from the conical sheet. 
This is opposed by the surface tension force which is attempting to contract the protuberance, 
that is the wave, back into the sheet. There are two forms of wave motion that are generally 
referred to when describing atomization: (1) sinuous waves, where the sheet maintains a 
reasonably uniform thickness as the wave on one side of the sheet is in phase with that on the 
other, and (2) dilatory waves, where the wave on one side of the sheet is in antiphase with that 
on the other. In this case the thickness of the sheet varies periodically as a series of contractions 
and dilations. The edge of the wavy sheet breaks off to form rings which themselves break up 
into liquid drops. 
 
 In perforated sheet disintegration, holes appear in the thinning sheet under the action of 
surface tension. The liquid between the holes contracts, as the holes enlarge, to form a net of 
liquid ligaments, or rims in the terminology of Fraser and Eisenklam (1953), of irregular shape 
which finally break up into drops of varying size.  
 

Bayvel and Orzechowski (1993) suggest that at lower velocities the mechanism of 
perforated sheet is the main cause of break-up while at higher velocities wave motion 
dominates. They state that at even higher discharge velocities "proper liquid disintegration takes 
place". Here short wave-length waves develop and their amplitudes increase as the dynamic 
effect is stronger than that of the surface tension. They quickly become unstable and separate 
from the main body of the liquid before the ring type formation, mentioned above, can be 
established. Figure 2.12 shows perforated sheet and wave break-up together with the situation 
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described as "proper liquid disintegration". By observing common spray devices, such as 
aerosols cans, one may verify that the onset of atomization appears to take place close to the 
nozzle and that no intact sheet is visible. A further point on the break-up of liquid sheets with 
regard to the wave mechanism is that the initiation of the waves may take place at the air-core 
surface within the atomizer and that, at high Re, the sheet may be turbulent which will have an 
unknown effect on break-up but, according to Widger (1993), may lead to a wider spread of 
drop sizes. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2.12. Conical sheet break-upin a swirl atomizer. (a) perforated sheet (b) wave (c) full liquid 
atomisation. From Bayvel and Orzechowski (1993). 
 
 
2.4.3 Ligament and Drop Break-up (Secondary Drop Disintegration) 
 Figure 2.13 shows the formation of ligaments from a sinuous sheet and the following 
break-up of the ligament into drops. Figure 2.11b indicates that the wave motion occurs on a 
sinuous sheet. Lefebvre (1989), in reference to work by York et al (1953), refers to a "periodic 
thickening of the liquid sheet" which would seem to indicate that the wave motion is dilatory. It 
therefore seems apparent that both types of wave motion may occur and whether the types are 
mutually exclusive is a matter of conjecture. 
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 York et al (1953) suggested that the rings, or circular ligaments, subsequently 
disintegrate into drops according to the Rayleigh mechanism. This is the theoretical formation 
of primary drops from a ligament or jet according to Rayleigh (1878). In this a cylindrical 
ligament of a given volume will break up into primary drops of the same total volume, the 
number of which will depend upon the magnitude of the surface energy of the cylinder. The 
surface energy is proportional to the product of the surface area of the cylinder and the surface 
tension of the liquid. It transpires that, under surface tension forces, a ligament of diameter d 
will give rise to drops of diameter D according to  
    D ≈≈≈≈ 1.9d.      (2.12) 
 
 The drops formed initially under surface tension forces, may be further reduced in size 
by the aerodynamical forces. At this juncture, with a sphere being the most stable topology 
under surface tension forces, surface tension forces now oppose further disintegration. 
 
 According to Klüsner (1933), the internal pressure at any point on a drop surface, pI, is 
due to the combination of: (a) pA, due to aerodynamical forces acting over the surface of the 
drop, i.e. the aerofoil effect (Bernoulli effect) that is attempting to pull the drop apart and (b) pσ, 
due to surface tension forces acting over the area of the drop that are trying to maintain its 
integrity. Thus 
    pI = pA + pσ = constant.     (2.13) 
where     pσ = 4σ/D       (2.14) 

 
Figure 2.13. The successive stages in the idealized break-up of a wavy sheet. Fraser (1962). 
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for a spherical drop. A condition of equilibrium exists according to the drop diameter D and its 
velocity through the air. Due to the aerofoil effect the passage of the drop through the air leads 
to a decrease in the pressure acting upon its surfaces, which are parallel to the air stream. If 
initially large drops exist then pσ may also be small, and perhaps too small to maintain the 
equilibrium condition in the expression above. In this instance pσ will need to increase. It does 
this simply by reducing the value of D, i.e. the drop breaks up into a number of smaller drops. 
Further break-up may occur until the equilibrium condition is met. Thus for a liquid of a given 
surface tension flowing through the air at a given velocity there exists a critical drop size, above 
which the drop will attempt to break up. The time that a drop takes to break up is in accordance 
with the extent to which it is above the critical drop size. Drops which are slightly larger than 
the critical size will take longer to break up than those which are much larger. The influence of 
viscosity is to oppose the deformation and further break-up of the drop as the shear stresses, 
needed to do so, will be higher for liquids of higher viscosity. Hence the break-up time will 

increase with increasing viscosity, all else being equal. 
Aerodynamic drag may, in the meantime, have reduced 
the velocity of the drops so that the critical drop size is 
increased, thus atomization is poorer for liquids of high 
viscosity. Figure 2.14 shows the pressure distribution on 
the surface of a solid sphere which, if a liquid, would 
deform under the action of the non-uniform pressure 
forces; the arrow indicates the relative direction of the air 
flow.  
 
 For the drops issuing from a pressure swirl 
atomizer, according to Lefebvre (1989), there are 
essentially three ways in which secondary drop 
disintegration takes place: 

(a) The nonuniform distribution of pressure around a drop, due to its velocity relative to the 
surrounding gas, causes it to deform. The drop becomes flattened to form an oblate ellipsoid. 
Further deformation leads to the oblate ellipsoid becoming parachute-shaped, i.e. it fills with 
air. The canopy or bubble of this parachute breaks down into fine drops and its rim 
subsequently disintegrates into slightly larger drops. A variation of this is chaotic disintegration, 
where several parachutes develop simultaneously. 
(b) If the liquid is very viscous, then its disintegration will initially proceed in the same way as 
above. However, having reached the parachute stage, the drop will only break down into a 
small number of lesser drops which are connected by ligaments. It will not 'atomize' as such. 
This is particularly true of viscoelastic liquids. 

 
Figure 2.14. Distribution of pressure 
on the surface of a sphere. Bayvel 
and Orzechowski (1993). 



 
 

 Chapter 4      page 33

(c) Thirdly, because of the relative motion of the drop with the gas, a boundary layer develops 
on its surface. The surface layer of liquid is then torn away from the oblate drop in the form of a 
cloud of fine drops, the rest of the drop disintegrates as in (a). 
 
2.5  Concluding Remarks 
 This chapter has set out to convey a qualitative understanding of swirl atomizer flow 
and to indicate something of its inherent complexity. More quantitative information of the 
effect on the spray 'quality', of the operating liquid properties and the relevant atomizer 
dimensions together with the methodology of defining this quality (Sauter Mean Diameter and 
Rosin Rammler drop-size distribution etc), is available in the published literature, and in 
particular in the comprehensive books of Lefebvre (1989) and Bayvel and Orzechowski (1993). 
 
 Little work has, however, been published on the physics of the flow within the body of 
the swirl atomizer, both in terms of experimental work and computational fluid dynamical 
modelling (CFD), and it is this lack of information that this thesis attempts to address. In 
particular, it is known that thin liquid sheets with a high velocity at the outlet provide improved 
atomization. It is also known that the resultant drop size depends on the spray angle and the 
relative velocity of the liquid sheet with the surrounding air. There is a need for methods of 
predicting these sheet conditions and also more detailed parameters, such as the velocity 
profiles across the thickness of the sheet. 
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CHAPTER 3 
Preamble for the Inviscid Literature 
Survey and the Present Inviscid Work 

 
3.1  Introduction 
 As was mentioned in Chapter 1, the literature review for this thesis is in three parts: 
Chapter 4 reviews the classical inviscid analyses of the flow within the swirl atomizer; Chapter 
5 previous experimental investigations of this flow and Chapter 6 previous computational 
investigations. The purpose of this chapter is to present many of the mathematical concepts that 
are used in the simplified quasi-one-dimensional inviscid (Q1DI) analysis applied to the 
pressure swirl atomizer (PSA). These concepts have been frequently used in the works of the 
various authors which are presented in Chapter 4. This chapter therefore seeks to clarify many 
of the concepts that are often only implicit in those works and it also forms a background for the 
present author's inviscid work in Chapter 7. These mathematical concepts complement the 
qualitative description of the inviscid flow within a PSA, given in Chapter 2. 
 
 Section 3.2 details the basic mathematical concepts. Section 3.3 describes and clarifies 
the "Principle of Maximum Flow" analogy between the flow over the crest of a weir and that 
through the throat of a nozzle. This principle is either used or referred to in many of the 
previous works presented in Chapter 4. Section 3.4 presents a new derivation of the wave 
velocity on the free surface of the air-core in the throat of a nozzle. In conjunction with Section 
3.3, it is shown that the wave velocity is equal to the velocity of streaming in the throat of the 
nozzle. Finally Section 3.5 discusses the non-dimensionalising of the governing equations of 
the Q1DI analysis.  
 
3.2 The Physical  and Mathematical Laws Common to 
Many of the Inviscid Treatments of the Swirl Atomizer 
 
3.2.1 The Bernoulli Equation 
 Inviscid flow theory of the PSA is based, by definition, on the Bernoulli Equation which 
may be written as 

 .constant =gh  + p + 
2

V
L

2

ρ
    (3.1) 
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The Bernoulli equation is used to describe the flow 
of an 'Ideal' fluid, i.e. a fluid which is 
incompressible, inviscid and irrotational. All of the 
terms in the Bernoulli equation are energy terms per 
unit mass. The equation is taken to be applicable at 
any point on a streamline. 
 
 One may formulate expressions for all of the 
relevant terms in the Bernoulli equation applicable 
to a Q1DI analysis of the swirl atomizer. In the case 
of inviscid flow in a PSA, the constant in eqn.(3.1) 
is the same for all streamlines and it is provided by 
the pressure in the supply reservoir, the stagnation 
pressure. This is denoted by ∆p/ρL. Here, ∆p is the 
pressure drop across the atomizer, from the supply 
reservoir to the exit, where the pressure is taken to 
be 'atmospheric', and ρL is the density of the 
operating liquid. The static pressure term, occurring 
in the Bernoulli equation, is then taken to a be 
'gauge' pressure, that is, pressure as registered on a 
pressure gauge, the total pressure minus the 
atmospheric pressure. In those treatments where a 
supply pressure is present the elevation head, gh, is 
usually assumed negligible in comparison to the 
other terms, and this is the case for practically all 
PSA applications. 
 
 In its application to the PSA, the terms 
within the Bernoulli equation will need to be 
formulated in a cylindrical coordinate system    (x, r, 
θ), as shown in fig. 3.1. The fluid velocity will be 
given by 
 

   V = uex + ver + weθ   or V2 =  u2 + v2 + w2  (3.2) 
 
 

 
Figure 3.1 Simplified flow in a typical 
two-inlet swirl atomizer showing 
nomenclature and cylindrical 
coordinate conventions. 
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where u, v, and w are the axial, radial and swirl (otherwise known as tangential, circumferential 
or azimuthal) velocities respectively. The terms ex,, er, and eθ are unit vectors corresponding to 
the three cylindrical directions. The pressure head term in the Bernoulli equation is a scalar 
function and does not differ between coordinate systems. The elevation head term, when used, 
is often written as simply gx; this does however carry the implication that the PSA is positioned 
with its axial direction vertical, and this may not be the case. The next step is to determine 
expressions for the velocity components, where applicable. 
 
3.2.2 Irrotational Flow and the Equations Governing the Air-Core 
Radii of Quasi-1-Dimensional Inviscid Flow Within the PSA 
 In using the Bernoulli equation, i.e. in inviscid analysis, the flow is taken to be 
irrotational. Irrotational flow is that flow for which the vorticity is zero. This is given 
mathematically as ω = ∇  × V = 0. In cylindrical coordinates, for an axisymmetric flow, this has 
the three components 

 

 

 
 
 Equation (3.3a), for the, axial, x-component, gives the tangential velocity at a  distance r 
from the axis of the atomizer 
    wr = c      (3.4) 
where c is a constant for any given stagnation pressure ∆p. This relationship has been termed a 
free vortex motion because it is the flow surrounding an infinitesimally narrow concentration of 
vorticity at the axis. From eqn.(3.3b), w is independent of x so that, with eqn.(3.3a), the free-
vortex constant c is constant throughout the flow domain of the atomizer. This result may also 
be obtained by the application of the conservation of angular momentum transport and this will 
be shown presently.  
 
 It is possible to formulate c in terms of known parameters. The velocity of the liquid 
entering the inlet ports will be given by the volumetric flow rate Q divided by the cross-
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sectional area of these ports, Ai. As the inlet ports enter the atomizer tangentially then this 
velocity will be a tangential velocity given by  

The radius at which wi is deemed to occur is rs, the radius of the swirl chamber therefore 
 
     wr = wirs = c.     (3.6a) 
 
With reference to fig. 3.1, if one considers that the inlet pipes are of finite size then it may be 
more accurate to suggest that the inlet velocity wi acts at a radius R = rs - ri, the radial distance 
from the axis of the swirl chamber to the mid-point of the inlets, giving 
 
     wr = wi(rs - ri) = wiR = c.   (3. 6b) 
 
This has in fact been done in a number of treatments, such as that of Bayvel and Orzechowski 
(1993), presented in Section 4.2, and the present work, presented in Chapter 7.  
 
 Therefore c is a function of the atomizer dimensions rs and ri (Ai = iπr2

i, for round 
inlets) and the volumetric flow rate Q. Equation (3.6a) may be accredited to Giffen and 
Muraszew (1953) and eqn.(3.6b) to Bayvel and Orzechowski (1993). From eqns.(3.5) and 
(3.6a,b) the tangential velocity at any point within the flow may be found, thus 
 

 
In particular, by putting r = roac an expression for the tangential velocity woac, at the air-core 
surface in the outlet can be found 

 
Similarly an expression for the tangential velocity wsac at the air-core surface in the swirl 
chamber can be found 
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 The free vortex velocity profile is shown in fig. 3.1. This shows the swirl velocity rising 
to a sharp peak near to the surface of the air-core. In true viscous flow this would not be the 
case as the vorticity would appear near the air-core and the peak, of the swirl velocity, would in 
fact be rounded. Empirical velocity profiles for this flow are given in Chapter 5, and the results 
from computational fluid dynamics (CFD) in Chapter 9. 
 
 In the Q1DI analytical treatments of the PSA, the radial velocity v is taken as negligible 
or zero. This is, in reality, especially true in both the outlet orifice and in the swirl chamber 
where the radial motion is physically restricted by the orifice wall. For negligible v, for all x, 
then eqn.(3.3c), for the θ vorticity component, reduces to ∂u/∂r = 0, thus the axial velocity u is 
constant with r, for any cross-section. The mean axial velocity in the outlet will generally be 
greater than that in the swirl chamber, due to continuity, as the outlet is normally of a smaller 
diameter than the swirl chamber. 
 
 With the u-velocity, and hence the u-velocity head in the Bernoulli equation, constant 
across any cross-section of the atomizer, analytical expressions may be formulated for the u-
velocity in both the swirl chamber and the outlet. In the outlet there will be an annulus of liquid 
between the air-core, at r = roac, and the outlet wall, at r = ro. The constant axial velocity in the 
outlet will be given by the volumetric flow rate, Q, divided by the cross-sectional area of this 
liquid annulus. Thus, with reference to fig. 3.1,  
 

 
This formulation for the axial velocity in the outlet may be accredited to Giffen and Muraszew 
(1953). On application of similar arguments to the condition in the swirl chamber, one may 
formulate an expression for the axial velocity there to be 
 

 
where rs is the radius of the swirl chamber and rsac the radius of the air-core within the swirl 
chamber.  
 

 ( ).r - r
Q = 

r - r
Q = u 2

oac
2
o

2
oac

2
o

o πππ
 (3.10)

 ( )r - r
Q = u 2

sac
2
s

s π
 (3.11)



 
 

 Chapter 4      page 39

 The Bernoulli equation (3.1) for negligible radial and elevation head components, v and 
gh, may be written, for any point within the flow, with ∆p/ρL providing the motivational energy 
and the total velocity V written in terms of its components from eqn.(3.2), as 
 

 
As explained in Chapter 2, the pressure on the air-core is atmospheric, or zero gauge (p = 0), 
also the radius at which the pressure is zero is larger in the outlet than it is in the swirl chamber, 
thus the air-core is larger in the outlet. This is because the u-velocity in the outlet is larger (due 
to continuity) than in the swirl chamber so that, with p = 0, the w-velocity must be less in order 
for the net velocity head to be equal to ∆p/ρL, from eqn.(3.12), on the air-core. In other words, 
as the w-velocity is constant for any radius throughout the axial length of the atomizer (from 
eqn.(3.3b)), and it decreases with increasing radius (from eqn.(3.4)), then the radius at which p 
= 0 must be greater in the outlet (where the u-velocity is faster) in order for the net velocity 
head to be equal to  ∆p/ρL. 
 
 With the static pressure zero at the surface of the air-core, in both the discharge orifice 
and the swirl chamber, and with the tangential and axial velocities defined at their respective 
air-cores by eqns.(3.8), (3.9), (3.10) and (3.11), one may obtain the equations  governing the 
Q1DI flow in the outlet and in the swirl chamber: 
 

or 

and 

 
Equation (3.13a) was derived by Giffen and Muraszew (1953) and eqn.(3.13b) was established 
by Bayvel and Orzechowski (1993). The works of these authors are presented in the next 
chapter. Equation (3.14) was first used in the conservation of axial momentum transport 
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formulation for the swirl atomizer developed by Yule and Chinn (1994) and this is presented in 
Chapter 7. 
 
 The establishing of the free vortex constant c being constant throughout the flow 
domain of the atomizer by considering the conservation of axial transport of angular 
momentum, mentioned earlier, is as follows. The axial transport of angular momentum within 
the swirl chamber is 

 

from eqn.(3.4), for c, and eqn.(3.11), for us. Similarly, the axial transport of angular momentum 
in the outlet is 

 

from eqn.(3.4) and eqn.(3.10), for uo. Thus both eqn.(3.15) and eqn.(3.16) give the same result, 
that the axial transport of angular momentum is 
 
     cρLQ      (3.17) 
 
throughout the atomizer. Thus if this is to be conserved then the free-vortex constant c must be 
constant throughout the atomizer. 
 
 Finally in this section an expression may be formed for the radius of the air-core at the 
closed end of the swirl chamber, rtac, where the axial velocity is zero, u = 0. This is based on an 
idea by Taylor (1948). From the Bernoulli equation (3.12), at the surface of the air-core, where 
also p = 0, one obtains 

 
on using eqn.(3.7b) for w and replacing r with rtac. Thus  
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3.2.3 The Discharge Coefficient CD 
 From the general form of the Bernoulli equation, eqn.(3.1) the value of the total velocity 
magnitude V at the exit, where the static pressure is zero, is 
 

 
on neglecting the gravity head. For inviscid non-swirling flow in a simple jet nozzle the velocity 
V is axial in its entirety, i.e. there are no radial or tangential components. The volumetric flow 
rate can thus be determined for this inviscid non-swirling flow (with no air-core) to be 
 

hence 

The ratio of the actual flow rate to the ideal flow rate for a flooded nozzle is the 'Discharge 
Coefficient', CD, where 

Note that, with this definition, CD is always less than unity when there is an air-core even for 
inviscid flow. This is because the actual axial velocity, given by eqn.(3.10), is greater than 
Q/(πr2

o). For a flooded nozzle, CD < 1 is indicative of velocity losses and hence kinetic energy 
losses due to viscous effects. The ratio of the actual total exit velocity, to the ideal velocity, 
given by eqn. (3.20), is the velocity coefficient and this should be unity for idealized inviscid 
flow through a PSA. 
 
3.2.4 The Atomizer Constant K 
 Most of the inviscid treatments presented in Section 4.2, and the present work presented 
in Chapter 7, rely on a dimensionless parameter that incorporates most of the relevant atomizer 
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dimensions. Different authors define the Atomizer Constant differently. Some of the 
permutations are 

Here K0 and K1 are the atomizer constants of Giffen and Muraszew (1953). Bayvel and 
Orzechowski (1993) use K2, the present work, presented in Chapter 7, uses K3 and the work of 
Dombrowski and Hasson (1969), presented in Chapter 5, uses K4. Both the discharge 
coefficient CD and the atomizer constant K will be referred to presently in the dimensional 
analysis in Section 3.5. 
 
3.3 The Analogy Between Weir Flow and the PSA 
 In the works of Giffen and Muraszew (1953), Bayvel and Orzechowski (1993) and 
Taylor (1948), presented in Chapter 4, the so called "Principle of Maximum Flow" has been 
used to determine the size of the radius of the air-core in the outlet orifice, roac. Giffen and 
Muraszew (1953), in particular, use a dimensionless form of eqn.(3.13a) (which is given as 
eqn.(3.66) below) which incorporates two unknowns; the discharge coefficient CD and a 
dimensionless parameter representing the air-core radius in the outlet,  r /r = 2

o
2
oacζ . Having only 

one equation in two unknowns their only recourse, in order to determine an analytical solution 
for ζ (i.e. an expression for ζ in terms of the known atomizer geometric dimensions, liquid 
density and volumetric flow rate) is to eliminate one of these unknowns. In order to do this the 
dimensionless equation is rearranged so that the discharge coefficient is a function of this air-
core radius, CD = CD(ζ). This is then differentiated and set equal to zero, C'D(ζ) = 0, on the 
assumption that the air-core radius will adjust itself so that the flow through the orifice will be a 
maximum. This is the principle of maximum flow and it is presented in Chapter 4, for the 
particular case of the swirl atomizer, with reference to works such as that of Giffen and 
Muraszew. 
 
 The principle of maximum flow likens the swirling flow through the constriction of a 
nozzle to the flow over the crest of a weir. In the flow over a weir, the depth of water h will 
adjust itself so that the volumetric flow rate Q is a maximum. In this situation the velocity of the 
flow over the crest is known as the 'critical' velocity and it is equal to that of a long shallow-
water gravity wave on the free surface. In their analysis of the flow through the constriction of a 
nozzle, the authors cited at the beginning of this section have assumed that, in the words of 
Giffen and Muraszew, "the size of the air core in the orifice will be such as to give maximum 
flow," and Binnie and Harris (1949) proposed that the critical velocity of the flow through the 

 .
Rr4
AKand

A
RrK,

rr4
AK,

rr
AK

o

i
4

i

o
2

so

i
1

so

i
0 =π==

π
=  (3.24)



 
 

 Chapter 4      page 43

constriction of the orifice is equal to that of a long 'centrifugal' wave on the free surface of the 
air-core. 
 
 In the works of all these authors no justification is given for making the assumption, that 
the air-core in the nozzle will adjust itself so that the flow rate is a maximum, and the literature 
on this phenomenon is more than a little confusing. It is the purpose of this section to clarify the 
analogy between weir flow and the swirling flow through the constriction of the nozzle outlet. 
The classical treatment of the flow over a weir has been adapted from Binnie (1949) and is 
presented in Appendix A. Section 3.3.1 presents the derivation of the principle of maximum 
flow for a convergent divergent nozzle. This derivation is similar to that for the weir flow, in 
Appendix A, and this has been adapted from the work of Binnie and Harris (1950). In the 
following section, Section 3.4, it will be proven that the critical velocity through the 
constriction, which is determined in Section 3.3.1, is indeed equal to that of a long centrifugal 
wave on the free surface. 
 
3.3.1  Swirling Flow Through the Constriction of a Nozzle. Binnie and 
Harris (1950) 
 The flow domain for this analysis is a convergent/divergent nozzle shown in figure 3.2, 
where the flow is moving from right to left. This is essentially two cones attached at their small 
ends with the joint having a smooth continuous, in the mathematical sense, surface. The joint, 
or constriction, is referred to as the throat. The motivation for the flow is a supply reservoir at 
some cross-section upstream from the throat. The differential between the stagnation pressure in 
the supply reservoir and that at the air-core, at which the pressure is zero gauge, is ∆p. Binnie 
and Harris state that the "pressure and velocity distributions can be obtained by the application 
of critical flow theory". Their supposition regarding the radial velocity v is that it is negligible 
as the cone angles of the convergence and the divergence are small. 

 
Figure 3.2. The Convergent-Divergent Nozzle also showing the Shape of the Air-Core. 
Taken from Binnie and Harris (1950). 
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The analysis is in two parts, as is the treatment of weir flow in Appendix A, which may 
be compared with the analysis given here. In the first part, an expression for the axial velocity 
uc through the throat or constriction is determined by putting ∂Q/∂x = 0, by continuity. In the 
second part an expression is derived for ∂Q/∂rac at the throat, where rac is the radius of the air-
core at any axial position within the nozzle. It is then shown that by putting the expression for 
uc, obtained in the first part, into this expression for  ∂Q/∂rac, in the second part, that indeed  
∂Q/∂rac = 0 at the throat, where x = xc, say, and rac(x) = rac(xc). The air-core in the throat will 
thus adjust itself so as to permit maximum flow. This is then a direct analogy of the flow over a 
weir where the water depth h, over the crest of the weir, adjusts itself so that the flow is a 
maximum. 
 
 The first part begins with the Bernoulli equation for this flow which is 
 

 
In Section 3.2.2 it was shown that, for negligible v-velocity, u is a constant across a cross-
section and that, by continuity, it was given by eqn.(3.10). In this analysis, using similar 
arguments, the axial velocity across any cross-section of the nozzle will be given by 
 

where rw is the radius of the wall at any axial position within the nozzle. It was also shown, in 
section 3.2.2, that for irrotational flow, the swirl velocity is given by a free vortex so that at the 
air-core within the nozzle 
    wr = wacrac = c    (3.27) 
 
At the air-core, p = 0 so that on using eqn.(3.27) for wac then eqn.(3.25) may be rearranged to 
form an expression for u: 

Next, eqn.(3.26) is arranged to make Q the  subject and is  then differentiated w.r.t. x, the axial 
coordinate,  to form 
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This is zero, as the volumetric flow rate Q is continuous throughout the nozzle. Equation (3.28) 
may also be differentiated  w.r.t. to x to form 
 

or 

Equation (3.29) may be rearranged to make drac/dx the subject and the resulting expression may 
be substituted for drac/dx into eqn.(3.31) to give 
 

The grouping of the coefficients of du/dx in the above yields 
 

where 

At the throat ∂rw/∂x = 0, but ∂u/∂x ≠ 0 because the annulus of liquid continues to become 
thinner with x as it passes through the throat, which in turn causes u to continue to increase, as 
shown in fig. 3.2. Therefore, in order for eqn.(3.33) to be equal to zero then it only remains that 
the axial velocity u must be equal to uc, as given in eqn.(3.34), where rw and rac take their 
respective values at the throat: rw(xc) and rac(xc). Binnie and Harris then state that this 
expression for uc, eqn.(3.34), was found to be the velocity of a long wave on the free surface 
and this is proven in Section 3.4. 
 
 The second part of this analysis is designed to demonstrate the principle of maximum 
flow for a nozzle by putting ∂Q/∂rac = 0; this parallels the weir flow analysis where ∂Q/∂h is set 
equal to zero. Equation (3.25) is again rearranged to make Q the subject and the resulting 
expression is differentiated, this time w.r.t. rac giving 
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Equation (3.28) is also differentiated w.r.t rac. This results in 
 

or 

By substituting this expression for ∂u/∂rac into eqn.(3.35) one obtains, on simplification, 
 

The argument of Binnie and Harris is that as at the throat u must be equal to uc, as given by 
eqn.(3.34), which was derived by the sound reasoning of putting ∂Q/∂x = 0, and then eqn.(3.38) 
gives that, at the throat, ∂Q/∂rac = 0. Thus the air-core radius at the throat, rac(xc), must adjust 
itself so that Q is a maximum, for a given Q. This is the principle of maximum flow which has 
been used without this manner of qualification by the authors cited at the beginning of Section 
3.3. 
 
 
3.4 Development of the Long Centrifugal Waves on 
the Surface of the Air-Core in Swirling Flow by 
Analogy to Long Shallow-Water Gravity Waves 
 This section is provided to furnish an understanding of the wave motion idea, on the 
surface of the air-core in swirling liquid through a nozzle. This was developed by Binnie and 
Hookings (1948) and restated in Binnie (1949) and Binnie and Harris (1950). In the previous 
section, an expression for the critical velocity through the constriction of a nozzle was 
determined, eqn.(3.34), and in this section it will be proven that this velocity is equal to that of a 
long centrifugal wave on the free surface of the air-core. The methodology follows that of 
determining an expression for the wave phase velocity of a long shallow-water gravity wave on 
the free surface. This is a standard derivation and is given in such works as, for example, 
Crapper (1984), and is presented in Appendix A. This proof, that the critical velocity in the 
throat of a nozzle is equal to that of a long centrifugal wave, supports the weir flow analogy, 
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which was presented in the previous section, for it is also shown, in Appendix A, that the 
expression determined there for the long shallow-water gravity wave is identical to that for the 
critical velocity of the flow over the crest of a weir. 
 
 This section was produced from first principles from basic analysis, by the present 
author, in order to gain an understanding of the work of Binnie and co-workers. The analysis 
contained here covers the same ground as that of Binnie et. al., but is undertaken in a 
completely different and more rigorous manner. That said, there is much scope for further 
analysis of the waves on the air-core of a swirling liquid through a nozzle and this is referred to 
again in the section on further work in Chapter 10. 
 
 
3.4.1 Long Centrifugal Waves on the Air-Core of a Swirling Flow 
Through a Nozzle 
 This analysis was conducted in the cylindrical coordinate system (x, r, θ) with velocity 
components (u, v, w). The flow of fluid was deemed to be axially symmetric so that terms 
differentiated w.r.t. θ are zero. In the text of this chapter and of Chapters 4 and 7, the radial 
velocity v has been deemed to be zero in both the swirl chamber and the outlet orifice as the 
orifice wall provides an effective barrier to such movement. On the surface of the air-core there 
must clearly exist a velocity normal to the mean free surface, in order to provide a wave 
amplitude, and so in this treatment the radial velocity has been retained. As with the treatment 
of gravity waves in Appendix A, both the velocity V and the wave amplitude were considered 
to be of the form of an asymptotic power series in the small parameter ε, which is 
representative of the maximum wave slope, Stoker (1957): 
 
  V = εV0 + ε2V1 + ε3V2 + . . . .      (3.39) 
and 
  η(x, t) = εη0 + ε2η1 + ε3η2 + . . . .     (3.40) 
 
 The fixed surface boundary condition is r = rw, or S(r, x) = rw - r = 0, and the free 
surface boundary condition is r = rac - η, or S(r, x, t) = (rac - η) - r = 0. As the top surface 
boundary condition is S = 0 then the total derivative of S will also be zero, there is no temporal 
or spatial variation of this condition, hence 
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on the top surface. On the understanding of which parameters are not functions of a particular 
variable then this may be simplified and rearranged to form 
 

 
The term ∂rac/∂x is small compared to ∂η/∂t and the term u∂η/∂x is second order in the small 
parameter ε, and hence also small. On neglecting these terms eqn.(3.42) may be reduced to 
 

where the subscript has been added to v in order to denote that this is the condition on the 
surface.  
 
 The continuity equation may be written in cylindrical coordinates, with axial symmetry, 
as 

This may be rearranged to form 

As ∂u/∂x is not a function of r then eqn.(3.45) may be integrated between the limits of the top 
and bottom surfaces, r = rac- η to r = rw, to give 

With v = 0 at the wall and with both the remaining LHS and the RHS, of eqn.(3.46), divided 
through by (rac - η) this gives 

The RHS of eqn.(3.47) may be used to replace the RHS of eqn.(3.43) to give 
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This will be left for the moment and attention will be turned to the pressure. 
 
 For a free vortex p/ρL + w2/2 = constant, where p is the pressure at any point in the 
liquid and w is the tangential velocity of the spinning liquid, given by w = c/r, where c is the 
free-vortex constant. At the surface of the air-core, r = rac - η, the pressure is atmospheric and is 
taken as zero gauge pressure, p = 0, so that 
 

thus defining the constant. This gives 
 

 
 
 The time dependent Bernouilli equation, 
 

applied in the axial direction gives  
 

With p/ρL given as in eqn.(3.50), eqn.(3.52) becomes 
 

The middle term, of eqn.(3.53), may be omitted as it is second order in the small parameter ε so 
that it reduces to  
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Now, eqn.(3.48) may be differentiated w.r.t. t and eqn.(3.54) differentiated w.r.t. x. 
With any further nonlinear terms, in the small parameter ε, removed (i.e. the products δη/δt 
δu/δx and (δη/δt)2) these reduce to 
 

and 

By multiplying eqn.(3.56) through by the coefficient of ∂2u/∂x∂t from eqn.(3.55), in square 
brackets, and then subtracting the result from eqn.(3.55), so as to remove the ∂2u/∂x∂t terms, 
then one obtains 

As a coefficient, the wave amplitude η is small in comparison to both the air core radius rac and 
the nozzle wall radius rw then the coefficient of ∂2η/∂x2 may be approximated to give 
 

As with eqn.(A26), in Appendix A, this is a wave equation. It has a wave phase velocity given 
by 

Equation (3.59) is precisely the same expression as that for the critical velocity, uc, at the throat 
of a nozzle containing a swirling flow, eqn.(3.34), thus supporting the notion of Binnie and 
Harris (1950) that the critical velocity at the throat is equal to the wave phase velocity. 
 
 
3.5 Dimensional Analysis Applied to the Governing 
Equations 
 In all of the previous inviscid treatments of the flow within a swirl atomizer, which are 
presented in Chapter 4, and in the present inviscid work, which is presented in Chapter 7, the 
analyses were carried out using dimensionless equations. The analysis of Giffen and Muraszew 
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(1953) used a dimensionless form of eqn.(3.13a), that of Bayvel and Orzechowski (1993) a 
dimensionless form of eqn.(3.13b) and the present work involves the use of dimensionless 
forms of both eqn.(3.13b) and eqn.(3.14) in a treatment involving axial momentum 
conservation. These equations, which govern the Q1DI flow within the swirl atomizer, were 
developed using: (a) the Bernoulli equation, (b) continuity and (implicitly) (c) angular 
momentum conservation. In this section  these equations are non-dimensionalised, and the 
number of dimensionless groups which may be formed for each equation, or for the system of 
two equations which are used in Chapter 7, is established. It is the purpose of this section to 
point out that if one performs a formal methodology for determining the dimensionless groups, 
then an additional dimensionless group is obtained in addition to the three determined by Giffen 
and Muraszew (the discharge coefficient CD, the atomizer constant K0 and the dimensionless 
air-core radius in the outlet ζ). The importance of this additional dimensionless group N (N = 
ro/rs) will be indicated in its use in Chapter 7. 
 
 The dimensional analysis is based on the Buckingham-pi theorem. This theorem must 
be applied to a physical process, i.e. an equation or a system of equations, which satisfies the 
principle of dimensional homogeneity, that is, all terms in these equations are to be of the same 
powers of basic dimensions that is mass, length, time and temperature (MLTΘ) (for example a 
pressure must be equal to the sum of a number of other pressure terms and a velocity which is 
divided by a viscosity must be equal to the sum of a number of other terms which have the 
dimensions of a velocity divided by a viscosity etc). Clearly any other formulation must be 
incorrect. The theorem states that if the physical process involves n primary dimensions (for 
example pressure, length, velocity, viscosity etc, which are either basic dimensions themselves 
or else are made up of the basic dimensions), then it can be reduced to a relation between only k 
dimensionless groups or Π's. The reduction j = n - k equals the maximum number of primary 
dimensions which do not form a Π group among themselves, and is always less than or equal to 
the number of basic dimensions (MLTΘ) involved in the physical process. Table 1 gives 
examples of basic and primary dimensions for eqn.(3.60), below. 
 

Having found the reduction j then one must select j of the primary dimensions as 
scaling dimensions which cannot form a dimensionless Π group. Each of the k dimensionless 
Π's will then be a power product of these j primary scaling dimensions together with one of the 
remaining primary dimensions (which is itself raised to a power which is optionally chosen to 
be the most convenient).  
 
 To begin with the equation of Giffen and Muraszew, eqn.(3.13a), with Ai written in 
terms of the primary dimension (Ai = iπri

2, for round inlets) this is 
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This equation involves the following seven primary dimensions 
 

Table 1 1 2 3 4 5 6 7 

Primary ∆p ρL Q ro rs ri roac 

Basic ML-1T-2 ML-3 L3T-1 L L L L 

 
They  involve  the  three  basic dimensions of mass, length and time (MLT) and hence j ≤ 3 and 
it may be seen that it is possible to select three of these primary variables which cannot form a 
dimensionless group (or Π) no matter what powers they are raised to. For instance, ∆p, ρL and ro 
will not form a dimensionless group, as only ∆p contains T, thus j = 3. Therefore, from j = n - k, 
with j = 3 and n = 7 then k = 4, there are to be 4 formal dimensionless groups, or Π's. The 
choice of the scaling dimensions is arbitrary, providing that they cannot form a Π group, and 
one ought to look for those which will form known dimensionless groups such as the discharge 
coefficient CD and the atomizer constant K. As ∆p, ρL and ro are used to form CD then these are 
to be the scaling dimensions used to form the four Π groups as follows: 
 
Π1 = ∆paρL

bro
cQ-2 = (ML-1T-2)a(ML-3)b(L)c(L3T-1)-2 = M0L0T0 

Π2 = ∆paρL
bro

crs
1 = (ML-1T-2)a(ML-3)b(L)c(L)-2 = M0L0T0 

Π3 = ∆paρL
bro

cri
1 = (ML-1T-2)a(ML-3)b(L)c(L2)-4 = M0L0T0    (3.61) 

Π4 = ∆paρL
bro

croac
1 = (ML-1T-2)a(ML-3)b(L)c(L)2 = M0L0T0 

 
These give simultaneous equations in a, b and c for each Π, which give the following results 

Π1 and Π4 are the variables and Π2 and Π3 are based on the dimensions of the atomizer.  
Equation (3.60) may be made dimensionless by multiplying it through by π2ro

4/Q2 to give 
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which may be written in terms of the Π groups as 
 

 
 By following the methodology of the Buckingham-pi theorem through to the letter four 
formal dimensionless Π groups were obtained for the equation of Giffen and Muraszew; 
however an inspection of eqn.(3.64) reveals that only the groups Π1 and Π4 occur independently, 
and that the ratio Π2/Π4 occurring in the second term on the LHS might equally as well have 
been written as a single group. This was in fact done, less formally, by Giffen and Muraszew. 
With reference to eqn.(3.23) for CD and to eqn.(3.24) for K0, it may be seen that one may write 
 

and with Π4 replaced by Giffen and Muraszew's own parameter ζ ( 2
4Π=ζ ) then eqn.(3.64) may 

be written as 

which is  the dimensionless equation governing the Q1DI flow in the outlet orifice of the swirl 
atomizer of Giffen and Muraszew. This equation will be referred to again presently. 
 
 Attention will now be turned to the system of two equations governing the Q1DI flow 
in both the outlet orifice and the swirl chamber, these are eqns.(3.13b) and (3.14). These 
equations need to be written in the least number of basic dimensions. With R and Ai written in 
terms of primary dimensions R = rs - ri and Ai = iπri

2 then eqn.(3.13b) and eqn.(3.14) may be 
written out in full as  

and 

These equations have the following eight primary dimensions 
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Table 2 1 2 3 4 5 6 7 8 

Primary ∆p ρL Q ro rs ri roac rsac 

Basic ML-1T-2 ML-3 L3T-1 L L L L L 

 
They involve the three basic dimensions of mass, length and time (MLT) and also contain the 
same basic dimensions for ∆p, ρL and ro, as were used above, and again, ∆p, ρL and ro cannot 
form a Π group on their own so that j = 3. With n = 8 and j = 3 then from j = n - k there are to be 
five dimensionless groups or Π's. The additional Π, to those given in eqn.(3.62), is 

Equations (3.67) and (3.68) are made dimensionless in the same manner as eqn.(3.60) by 
multiplying through by π2ro

4/Q2 to give 

and 

which may be written in terms of the five Π groups as 
 

and 
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These two equations may be written in terms of the more conventional dimensionless groups 
CD and K3, from eqns.(3.23) and (3.24), respectively, 
 

together with the new dimensionless group N, which was mentioned at the beginning of this 
section, 

and the dimensionless air-core radii groups, which are to be defined as 
 

to give 

and 

from eqn.(3.72) and eqn.(3.73), respectively. 
 
 The point that needs to be made here is that the four formal dimensionless groups, or 
Π's, which were used in making the equation of Giffen and Muraszew (eqn.(3.60)) 
dimensionless were reduced to three when the conventional dimensionless groups, CD, K0 and 
ζ were used, whilst here, in using a system of two equations to describe the Q1DI flow within 
the swirl atomizer, the number of formal dimensionless groups, Π1 to Π5, is retained in the five 
'conventional' dimensionless groups, CD, K3, N, Ro and Rs. The omission of the parameter N, by 
Giffen and Muraszew, occurs because their analysis is limited to the situation in the outlet of 
the atomizer, and as a result they assume only one governing equation for the flow within the 
atomizer, eqn.(3.66). It is only when one considers both the flow in the outlet and in the swirl 
chamber, that the existence of the parameter N is made known. It will be shown in Chapter 7 
that this does have repercussions on the flow physics. Giffen and Muraszew use their equation 
(3.66) in order to determine the discharge coefficient CD as a function of atomizer constant K0 
(this is presented in the next chapter) so that their analysis takes no account of the parameter N, 
which is also dependent on the atomizers geometrical dimensions. In Chapter 7 it will be 
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shown, both analytically and empirically that, for an inviscid treatment, both of these 
dimensionless groups are important and that, for a given K then CD will indeed be different for 
different N. 
 

 A brief comment may aid in clarifying this 
situation, fig. 3.3 shows two atomizers both drawn to the 
same scale each having the same outlet orifice radius, ro, 
and the same atomizer constant K0, they differ in the 
parameter N. The classical inviscid treatment, of Giffen and 
Muraszew (1953), Bayvel and Orzechowski (1993) and 
others, would have that these atomizers share the same 
value of the discharge coefficient CD as these classical 
analyses only relate to the situation in the outlet. A new 
theory, presented in Chapter 7, which is based on the 
conservation of axial momentum and which employs 
eqn.(3.77) and (3.78) does take into account the new 
parameter N and its use is substantiated by comparison to 

the empirical results from the literature which clearly show that two, or more, atomizers sharing 
the same K but differing in the parameter N will, in general, have differing discharge 
coefficients, CD. While the classical inviscid theory appears to be mathematically sound, on the 
assumptions on which it is based, the assumptions themselves are more simplistic than they 
need to be and the problem of formulating an inviscid analysis will benefit from the inclusion of 
the additional independent parameter N. 

 
Figure 3.3. Two Atomizers 
which share the same K0 and ro 
but differ in the dimensionless 
parameter N. 
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CHAPTER 4. 
Previous Inviscid Theories of the 
Pressure Swirl Atomizer (PSA) 

 
4.1  Introduction 
 The primary purpose of this chapter is to provide the reader with a critical account of 
the quasi one-dimensional inviscid (Q1DI) analyses of the PSA undertaken by previous authors. 
Much of the basic analysis which is common to many of the works of the authors presented 
here, has been provided in the previous chapter and a qualitative account of the flow within the 
swirl atomizer is given in Chapter 2. This chapter aims to indicate the similarities and the 
differences between the various works and in particular to highlight any areas of novelty. 
Without exception all of these works use, in one form or another, the weir/nozzle analogy 
presented in Chapter 3.  
 
 This chapter is divided into five sections. Section 4.2, is the main body of the chapter; 
this reviews a number of the more classical papers of this type. These works were carried out 
from the 1940's to the present. Section 4.3 deals with the theoretical cone angle of the spray. 
Section 4.4 mentions a number of other works involving analytical methods that were not 
covered in the main sections and Section 4.5 provides a brief summary of the chapter. 
 
 The nomenclature used by the various authors differed widely. In this chapter, and in 
the thesis as a whole, the nomenclature used by Lefebvre (1989), which was introduced in 
Chapter 3, has been approximately adhered to in order to facilitate comparison between the 
various works. The present author's own comments, appearing within the text, are given in 
square brackets. 



 
 

 Chapter 4      page 58

4.2 A Review of the Classical Inviscid Treatments of 
the Swirl Atomizer 
 
4.2.1  E. Giffen and A. Muraszew (1953) 
 This is perhaps one of the most easily understandable treatments of the inviscid theory 
of the PSA. It is also perhaps the classical quasi-one-dimensional inviscid analysis that may be 
used by those wishing to design swirl atomizers. The analysis of Giffen and Muraszew has been 

re-presented in the major work on atomization by 
Lefebvre (1989). The purpose of the analysis was 
to develop expressions, in terms of the atomizer 
dimensions only, for: 
(a) the air-core radius roac in the outlet, or 
discharge orifice,  
(b) the discharge coefficient CD and  
(c) the spray cone angle α (in Section 4.3). Figure 
4.1 shows the four inlet PSA considered by Giffen 
and Muraszew. 
 
 The Q1DI equation governing the surface 
of the air-core in the discharge orifice, that was 
developed by Giffen and Muraszew, is presented 
as eqn.(3.13a), in Chapter 3. A dimensionless 
form of this governing equation, which was 
developed by Giffen and Muraszew, is presented 
as eqn.(3.66). This is 
 

where ζ = r2
oac/r2

o  and CD and K0 are given by eqns.(3.23) and (3.24) respectively. Equation 
(4.1) provides a relationship between the air-core radius in the outlet roac, the discharge 
coefficient CD and the given atomizer dimensions ro, rs and Ai. There is just one equation with 
two unknowns, roac and CD. To eliminate one of the unknowns Giffen and Muraszew applied 
the condition that "the size of the air core in the orifice will be such as to give maximum flow". 
This means that the air-core in the discharge orifice, roac, will adjust itself so that the volumetric 
flow rate, Q, is a maximum. No justification for this assumption was given by Giffen and 

 
Figure 4.1. Giffen and Muraszew's (1953) 
"Swirl chamber atomizer". 
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Muraszew, and so the present author has provided a proof of the "Principle of Maximum Flow", 
for a convergent/divergent nozzle, from the work of Binnie and Harris (1950), in Section 3.3.  
 
 To return to the work of Giffen and Muraszew: Their assumption means that the value 
of CD expressed as a function of ζ is a maximum, or that 1/CD

2 as a function of ζ is a 
minimum. This requires that 

Rearrangement of eqn.(4.2) gives 

or, in terms of a polynomial in ζ, 
 

 
Using the expression for K0

2 of eqn.(4.3) in eqn.(4.1) results in 
 

 
 
 Giffen and Muraszew plotted CD as a function of K1 = π/4 x K0 = Ai/(4rors) in fig. 4.2. 
this was achieved by a "trial and error method" to determine a value of ζ for a given K0, from 
eqn.(4.3), and by then using this ζ, in eqn.(4.5), to determine CD. Also plotted in fig. 4.2 are 
corresponding empirical results for CD and ζ itself, as functions of K1. 
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 Giffen and Muraszew then went on to say that "since the value of ζ is a function only of 
K0 it is evident that the coefficient of discharge CD is, theoretically, a function only of this 
atomizer constant, and is independent of the injection [stagnation] pressure." 
 
 Independence of injection pressure is obvious, with the assumption of inviscid flow, 
however this statement merits comment: In Section 3.5 it was shown that if one carries out this 
analysis, in the manner of Giffen and Muraszew, on the discharge orifice alone, using only 
eqn.(3.13a), as the governing equation then the following point is missed. The atomizer 
constant K0 contains all of the relevant geometrical atomizer dimensions Ai, rs and ro. The 
parameter ro appears in eqn.(4.2) independently as it is used to non-dimensionalise the air-core 
radius, ,r /r = 2

o
2
oacζ  however the parameters Ai and rs do not; they appear only as the ratio Ai/rs 

in the atomizer constant Ko. This means that if one considers different atomizers with the same 
vale of ro but with different values of Ai and rs then, provided that the ratio Ai/rs remains the 
same for these atomizers, the analysis of Giffen and Muraszew would indicate that they share 
the same air-core radius, roac, and discharge coefficient, CD. 

 
Figure 4.2. The coefficient of discharge CD and dimensionless air-core parameter ζ as 
functions of the atomizer constant K1. Giffen and Muraszew (1953). 
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 In Chapter 7 a Q1DI analysis is presented which contains the additional ratio of 
geometrical atomizer dimensions 

and it will be seen that the analysis, presented in Chapter 7, does, in general, provide different 
values of roac and CD for atomizers sharing the same values of ro and Ai /rs if they differ in the 
independent values of Ai and rs. 
 
4.2.2 A More Direct Approach 
 The analysis performed by Giffen and Muraszew can be repeated, more directly, 
without the necessity to invoke the use of the discharge coefficient CD. This is presented simply 
to show, in a less convoluted form, that Giffen and Muraszew do indeed seek a solution for roac 
from Q = Q(roac) by setting ∂Q/∂roac = 0. Rearrangement of eqn.(3.13a) yields, 

This is an expression for the volumetric flow rate Q in terms of the parameter ∆p/ρL and the 
nozzle dimensions rs, ro and Ai. To this expression is applied the supposition that the air-core 
radius will be such as to permit the value of Q to be a maximum. The LHS of eqn.(4.7) 
therefore differentiates w.r.t. roac to give 2Q∂Q/∂roac. For Q to have been a maximum then this is 
required to be equal to zero. This being the case one needs only set the numerator of the 
differential of the RHS equal to zero, this is 
 

 
 By dividing through by 4piπ2(r2

o - r2
oac)/ρL and simplifying this reduces to 

 

 This can be rearranged to form a cubic in (roac/ro)2, 
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This last expression is precisely eqn.(4.4) 
  
 Assuming that the atomization of the conical liquid sheet produced at the exit depends 
on its velocity, cone angle and thickness, the requirement of determining the three parameters, 
which determine drop size, appears to be met, i.e. roac, uo and woac. Having determined a value 
for the air-core radius roac from eqn.(4.10), then a value for uo may also be determined from 
eqn.(3.10) provided that a value for Q has been determined empirically. In addition, the swirl 
velocity on the surface of the air-core woac may be determined from equation (3.8a). In 
considering the spray cone angle α, it transpires that the axial and tangential velocities at the 
outlet are of a similar order. 
 
4.2.3 L. Bayvel and Z. Orzechowski (1993) 
 Bayvel and Orzechowski presented an inviscid analysis of the internal flow within the 
swirl atomizer in Chapter 5 of their recent book. The publication of the book provided the West 
with perhaps the first view of this type of research undertaken in the former Eastern Bloc 
countries. The analysis was undertaken under the heading of "Design of Swirl Atomizers: 
Simplex Atomizers: Ideal Liquid Theory". The approach used, was described as, "the so-called 
principle of maximum flow" This has similarities to the inviscid analysis of Giffen and 
Muraszew (1953), given in the previous section, but in addition, gave a novel analysis of the 
axial and tangential velocities along with the air-core radius at the exit cross-section, where the 
static pressure is zero throughout. The diagram of the internal geometry of the swirl atomizer, 
considered by Bayvel and Orzechowski, is shown in fig. 4.3.  
 
 Bayvel and Orzechowski introduced their own dimensionless parameter ε, "the 
efficiency of filling" given by 

 
where Aaf and Ao are the annular liquid film and discharge orifice cross-sectional areas, 
respectively. They stated that "the smaller the air-core radius in the discharge orifice roac the 
larger will be the efficiency of filling ε". It may be noticed that ε = 1 - ζ = 1 - Z2, where ζ is 
the parameter used in the analysis of Giffen and Muraszew, and Z that of Taylor, discussed 
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presently. Note also that the concept of "efficiency" is misleading here as PSAs require ε < 1 to 
operate at all. 

 
 In this treatment the tangential velocity is, as usual, assumed to take on the free vortex 
profile 
    wr = c,      (4.12) 
It does, however differ from the earlier treatments dealing with swirl atomizers, of Giffen and 
Muraszew (1953) and Nieuwkamp (1985) in that the constant c was defined as  
 

(Taylor (1948) does not define c). The use of  R is perhaps to be preferred as the velocity wi is 
taken to act from the radial position rs - 2ri to rs so that R is the radial distance from the axis of 
the swirl chamber to the mid-point of the inlets. 
 
  

 
Figure 4.3. From Bayvel and Orzechowski (1993). Design model for a simplex swirl 
atomizer. 1, inlet orifice; 2, swirl chamber; 3, discharge orifice; 4. gas core. 
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 Bayvel and Orzechowski made the valid point that the free vortex profile, eqn.(4.12), 
has a singular point at r = 0, for which w = +∞, and hence, from the Bernoulli equation (3.12), 
the pressure p = -∞.  So that a free vortex must only exist in the region r > rac. They stated that 
"in the region of the gas-core r > roac a so-called rigid vortex exists in which the gas originating 
from the atomizers ambient rotates as a rigid body with constant angular velocity:" 

 
 Bayvel and Orzechowski then described something of the flow physics: "The motion 
inside the atomizer is complex. In the region of the swirl chamber this motion consists of a 
potential [free] vortex which is caused by the negative source whose position coincides with 
vertex C of the transient cone." [This means that the position C is a sink towards which all of 
the fluid in the swirl chamber is directed, until it is influenced by its own centrifugal 
acceleration and is thrown to the side walls of the outlet orifice. The position of 'C' is indicated 
in fig. 4.3.]. "In the region of the cylindrical discharge orifice the motion consists of a potential 
vortex and an axial motion. All velocity components should be considered ... the radial velocity 
is significantly lower than the others. The axial velocity u occurs inside the swirl chamber at a 
radius slightly larger than radius ro." [In this it appears that they considered the conical 
convergence to be part of the swirl chamber. With the atomizer shown in fig. 4.3, it would seem 
apparent that, if the axial velocity u is zero on the back face of the atomizer (the closed end of 
the swirl chamber) and the inlet diameter is of roughly the same size as the length of the parallel 
portion of the swirl chamber, then the axial velocity will not occur in any magnitude until it 
reaches the conical part]. "This axial velocity causes the circumferential velocity to decrease 
and therefore [tangential] velocity [on the air-core], wac, is lower than it was in the swirl 
chamber."  
 
To comment on this flow description. From eqn.(3.3b) ∂w/∂x = 0, so that for any given r, w will 
remain the same for any axial position both in the swirl chamber and outlet. Thus from 
Bernoulli, as u is higher in the outlet than in the swirl chamber then the static pressure for any 
given r will be less in the outlet than in the swirl chamber. Thus the radial position at which the 
static pressure is atmospheric is further from the axis at the outlet so that the air-core should be 
larger there. This comment, on the flow behaviour according to the Bernoulli equation, has 
already been made in Chapter 3. Thus Bayvel and Orzechowski are erroneous in their 
assumption that the increase in axial velocity causes w to decrease, it is the static pressure that, 
in this inviscid analysis, will decrease. 
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 The equation governing the surface of the air-core in the discharge orifice, eqn.(3.13b), 
may be written in a dimensionless form using ε, from eqn.(4.11), and CD and K2 from 
eqns.(3.23) and (3.24) respectively, as 

Bayvel and Orzechowski then stated that it may be seen [from eqn.(4.15)] that the discharge 
coefficient depends on two quantities, the atomizer constant K2 and the efficiency of filling ε. 
They mentioned that eqn.(4.15) has small values for both large and small values of ε, passing 
through a maximum, and offer a physical explanation: "A small ε corresponds to a large roac 
and hence a small cross-sectional area for the annulus of fluid in the outlet. This in turn leads to 
a large axial velocity u and [via the Bernoulli equation (3.12)] to a small tangential velocity w." 
[The reverse of this is true for a large value of ε.] They stated that: "At the outlet, the gas-core 
establishes an efficiency of filling ε that ensures the maximum value of the discharge 
coefficient CD," [ie the maximum liquid flow for a given pressure drop. This is the principle of 
Maximum Flow. This is the same idea as used by Giffen and Muraszew, Binnie et al., Taylor 
etc]. Bayvel and Orzechowski also mentioned that this was first performed by Abramovich 
(1944). They elaborate on this by stating that: "The flow in the atomizer has a free surface (the 
air-core) and in this respect is similar to the flow in an open channel. The maximum flow 
principle in swirl atomizers is equivalent to the critical flow in an open channel. The difference 
is that in open channels the free surface develops because of gravity forces and in the case of 
the swirl atomizer, because of centrifugal force." They go on to say that "a stable flow occurs 
when its velocity is equal to the velocity of wave propagation on the free surface". It also 
mentions that Abramovich had derived an equation for the velocity propagation of waves in a 
swirl atomizer and that this velocity is equal to the axial velocity during the maximum flow." 
[This is clearly the weir/nozzle analogy which is presented in Section 3.3] 
 
 The usual process is then performed regarding the principle of maximum flow, from 
eqn.(4.15): 

giving 

or, in polynomial form 

 .

 - 1
K + 1

1 = C
2
2

2

D

εε

 (4.15)

 0 = 2 - 
) - (1

K1 + 
 - 1

K
2
1- = 

d
dC

32

2
2

2

2
2

2
3-

D



















εεεεε
 (4.16)

 
εε

ε 2) - (1 = K2  (4.17)



 
 

 Chapter 4      page 66

 
 
 An expression for the discharge coefficient CD in terms of the parameter ε may be 
obtained by the insertion of the expression for K2 from  eqn.(4.17) into eqn.(4.15) to give 
 

 
  
 From eqn.(4.17), ε may be plotted as a function of the atomizer constant K2. This is 
shown in fig. 4.4. From both eqn.(4.17) and (4.19), the discharge coefficient may be plotted, 
parametrically via ε, as a function of K2; this is also shown in fig. 4.4. 
 

 Bayvel and Orzechowski mentioned that: "The uniformity of u is disturbed at the very 
outlet, between cross-sections BB and B'B' of fig. 4.3. This is caused by the fact that between 
these cross-sections the centrifugal overpressure" [at the wall] "is transformed into dynamic 
pressure, since across the final outlet cross-section, B'B', the pressure should be uniform and 

 0. = 2 - 4 + 2 - K 22
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Figure 4.4. CD, ε and α as functions of K2. Bayvel and Orzechowski (1993).  
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equal to the ambient pressure" [i.e. p = 0 across B'B']. This phenomenon has not previously 
been considered analytically by any other author. 
 
 If, at B'B', p = 0 (gauge) and w obeys the free vortex velocity profile, i.e. larger toward 
the axis, then u must decrease near the axis, and increase toward the wall, in order to obey the 
Bernoulli relation, eqn.(3.12). The distribution of u across B'B' may be determined as follows. 
For p = 0 the Bernoulli equation (3.12) may be rearranged to make u the subject 
 

It is now necessary to find an expression for w across the very outlet, the exit at B'B', where p = 
0. Equations (3.7b), for w, (3.23) for CD, and (3.24) for K2 may be restated, 
 

respectively. After some manipulation these give, for w, 
 

 
The insertion of this expression for w into eqn.(4.20) provides 
 

for the distribution of the axial velocity component u across B'B'. Equation (4.23) shows that, 
across B'B', u increases with r. Equation (4.23) will be used presently to determine the air-core 
radius, r'oac, across B'B' (see fig. 4.12). 
 
 Bayvel and Orzechowski described the behaviour of the air-core radius rac: "For the 
pressure p = 0, on the air-core, the Bernoulli equation, (3.12), ensures that the smaller the axial 
velocity then the larger the tangential velocity wac. Its increase causes a decrease of radius rac. 
The smallest radius rtac occurs on the back wall of the swirl atomizer where the axial velocity 
has its minimum value" [this may not be clear from the present analysis but is indicated by the 
analysis of Taylor in eqns.(4.43) and (4.44)], "the largest radius r'oac occurs in the very outlet 
where the axial velocity has its maximum value." 
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 They calculated the radius r'oac at the very outlet, at cross-section B'B', by considering 
the volumetric flow rate Q. The volume flow Q may be obtained by multiplying the axial 
velocity u, as provided by eqn.(4.23), by an annular area 2πrdr and by integrating this from r'oac 
to ro. This may then be equated with the expression for Q, from eqn.(3.23) to produce 
 

It transpires that this will reduce to a standard integral. However Bayvel and Orzechowski did 
not make this clear, and so the mechanics are provided by the present author as follows. This 
equation may be arranged to provide the following expression for CD 

 

By substituting the dummy variable q = r/ro, so that dr = rodq, and by introducing S = r'oac/ro this 
may be rewritten as 

 
Using tables of standard integrals one finds the solution to be of the form 
 

 
the employment of which yields 
 

Equation (4.28) contains two unknowns, the discharge coefficient CD and the air-core radius 
r'oac, through the parameter S. In order to determine the air-core radius r'oac at B'B' it is necessary 
to use the relationship between K2 and CD formed between equations (4.17) and (4.19), i.e. CD 
may be determined as a function of K2, parametrically, via the efficiency of filling parameter ε. 
 
 From an understanding of the relationship between CD and K2 then S may be 
determined, in eqn.(4.28), by some form of trial and error method, and hence r'oac determined as 
a function of K2. Both S = r'oac/ro and ε = roac/ro were plotted in Bayvel and Orzechowski's fig. 

 .p2
rC =  drr  

r
rKC - 1  p2 2 = Q

L

2
oD

r

’r
2

2
o

2
2

2
D

L

o

oac
ρ
∆π

ρ
∆π ∫  (4.24)

 . dr rKC - r 
r
2 = C

r

’r

2
o

2
2

2
D

2
2
o

D

o

oac

∫  (4.25)

 . dq KC - q 2 = C
1

S

22
D

2
D ∫  (4.26)

 ( )a - x +x ln 
2
a - 

2
a - xx =  dx a - x 22

222
22∫  (4.27)

 .
kC -S + S

KC - 1 + 1lnKC -KC - SS -KC - 1 =C
2
2

2
D

2

2
2

2
D2

2
2
D

2
2

2
D

22
2

2
DD 













 (4.28)



 
 

 Chapter 4      page 69

4.5 as curves '1' and '2' respectively, from eqns.(4.28) and (4.17) respectively. Thus the air-core 
radii in the outlet orifice and at the far end of the outlet orifice (B'B') appear to have been 
determined. Interestingly, curve 3, in fig. 4.5, is for the dimensionless air-core radius in the 
swirl chamber, rsac/ro, as a function of K2. This was obtained by setting p = 0 in an expression 
for the pressure distribution in the swirl chamber: 
 

   














∆
r
1

r
R + 

16
1

ri
rC - 1p = p

22
i

2

2
i

4
o

2
D  

 
which was purported to have been formulated, by Bayvel and Orzechowski, "using the 
equations of flow continuity, conservation of momentum and angular momentum". Thus they 
obtained 
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After deliberating over the formulation of these expressions for some time, it is the conclusion 
of the present author that they contain some error. For surely this last expression, for RS, differs 
significantly from that of eqn. (3.78), which was formulated in a similar manner to eqn.(3.77), 
which is itself, in essence, Bayvel and Orzechowski's own eqn.(4.15). 
 
 `To comment briefly on this work: The approach of Bayvel and Orzechowski in 
determining the air-core radius in the outlet by developing eqns.(4.15), (4.17) and (4.19) almost 
exactly parallels that of Giffen and Muraszew. The interest in this work lies in: 
(a) Their understanding of the flow through the equations used. They are clear about how the 
equations model the flow, and this is evident from the discussion that they gave throughout the 
equation derivations. 
(b) The fact that they have made an attempt at determining r'oac, the final outlet air-core radius. 
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4.2.4 G. I. Taylor (1948) 
  This is perhaps the earliest work of this type, in the West, which used the principle of 
maximum flow. The approach was similar to that of Giffen and Muraszew (1953) and Bayvel 
and Orzechowski (1993). Taylor did not define the free-vortex constant c. He did prove that 
there is a difference between the valued of the air-core radii at the top of the swirl chamber and 
in the outlet. He also made a number of references to boundary layer effects. 
 
 Taylor's work was based largely on non-dimensionalised parameters. The analysis 
began with the total velocity magnitude and the Bernoulli equation on the surface of the air-core 
in the outlet. Here both v and p are taken as zero so that the total velocity is 

 
Figure 4.5. Curves representing dimensionless air-core radii as functions of K. From Bayvel 
and Orzechowski (1993). The curves represent; 1: r'oac/ro,  2: roac/ro,  3: rsac/ro. 
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and the Bernoulli equation gives 

 
Non-dimensional parameters were defined as:  
 
   Z = roac/ro, Y = c/(roV) and X = uo/V.    (4.31) 
 
Notice that the parameter Z = √ζ, where ζ = r2

oac/r2
o, was the parameter employed by Giffen 

and Muraszew (1953). Equation (4.29) then becomes 
 

 
This expression may then be used in eqn.(3.10), Q = π(ro

2 - r2
oac)uo which may be rearranged to 

form 

 
With X taken from eqn.(4.32) this gives 

 
Using a similar argument to Giffen and Muraszew (1953) and Bayvel and Orzechowski (1993) 
that the air core radius roac will always be such that the volumetric flow rate in the outlet orifice 
Q is a maximum, Taylor then differentiated eqn.(4.34) w.r.t. Z and set the result equal to zero 

 
After some manipulation this gives a quadratic in Z2
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which has the solution 

 
Notice that eqn.(4.36) is a fourth order polynomial in roac/ro whereas the formulations obtained 
by Giffen and Muraszew (1953), eqns.(4.4) and (4.10), and Bayvel and Orzechowski (1993), 
eqn.(4.18), are both sixth order polynomials in roac/ro. This is simply because, unlike these latter 
two works, Taylor omitted to formulate the free vortex constant, c, in terms of the volumetric 
flow rate, Q. As c occurs in Y, on the RHS of eqn.(4.34), then there would also be a Q term on 
the RHS of eqn.(4.34) which is not involved in the differentiation to obtain eqn.(4.35). Hence 
one obtains a different order of polynomial. In other words, if eqn.(4.34) is written out in terms 
of its primary variables, and c is defined as c = Qrs/Ai, as in the formulation of Giffen and 
Muraszew (1953), then it can be simply rearranged to form eqn.(4.7), i.e. the only difference 
between the works of Taylor, Giffen and Muraszew and Bayvel and Orzechowski is in the 
formulation of the free vortex constant c. 
 
 If the quantities Z and Y are written as defined in eqn.(4.31) and the occurrence of V is 
replaced by the equality given in eqn.(4.30) then eqn.(4.37) may be written 
 

This expression is, not surprisingly, also derivable from the work of Binnie and Harris (1950), 
presented in Section 3.3, on the swirling flow through the constriction of a nozzle: One may 
write, from eqn.(3.28), 

 
where xc is the axial position of the throat. Equation (4.38) may be equated with that for uc in 
eqn.(3.34) to give 

 
where both rw and rac take their values at the throat, rw(xc) and rac(xc). Equation (4.40) may be 
rearranged to form a quadratic in r2

ac which has  eqn.(4.38) as its solution, on equating roac with 
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rac(xc) and ro with rw(xc). The point here is that the analyses of Taylor and of Binnie and Harris 
(1950) are essentially identical. 
 
 Taylor used eqn.(4.37) to plot a graph of Z as a function of Y. The graph is shown in 
fig. 4.6. This essentially shows the air-core radius roac as a function of c/(roV) which is not very 
helpful as neither c nor V may be determined by this theory. 
 
 The discharge coefficient CD is obtainable from eqn.(4.34) above as 
 

 
This again is not helpful, as it contains the unknowns Y and Z. It could however be reduced to a 
function of one parameter only, either Y or Z, from eqn.(4.37), and CD is plotted as a function 
of Y in fig. 4.6. 
 
 Dombrowski and Hasson (1969), whose work is presented in the following chapter, 
compared their experimental results with the theory of Taylor for CD as a function K4. They did 
not present their methodology for achieving this, and the following derivation is provided by 
the present author. From eqn.(4.37), one may determine Z for any given value of Y. Then, using 
corresponding Y and Z values, one may determine CD = Q/(πro

2V) from eqn.(4.34). This value 
of CD together with the original value of Y may be used to determine K4, 
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may be written as 

on defining the free vortex constant as c = QR/Ai, from eqns.(3.5) and (3.6b). One is therefore 
able to determine a value of CD, parametrically via Y, for each K4. The graph of CD against K4, 
of Dombrowski and Hasson, is shown in fig. 5.19. Of course this methodology also allows one 
to determine CD as a function of any of the atomizer constants, given in eqn.(3.24), and also to 
determine Z as a function of the atomizer constant. 
 
 An important point raised by Taylor concerns the difference between the air-core radius 
at the top face of the swirl chamber, and that in the outlet orifice. Although the point was raised 
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by Taylor, the following analysis is provided by the present author. At the top face there is no 
axial velocity, and so eqn.(4.29) reduces to 
 

giving 
    rtac = roY      (4.44) 
 
where rtac is the air-core radius at the top face. Also, from the definition of Z, eqn.(4.31), 
 
    roac = roZ.       (4.45) 
 
Now from eqn.(4.37), Z is clearly larger than Y so that roac must be larger than rtac.  
 
 Taylor made an important comment regarding viscous boundary layers in swirl 
atomizers: "calculations made in the manner of Pohlhausen show that in all existing swirl 
atomizers the boundary layer due to the flow over the surface through which the orifice is 
pierced [by this he meant the conical convergence and outlet] is nearly as thick as the annulus 
itself, and the boundary layer surrounding the [air] core which comes from the other side of the 
swirl chamber" [it is likely that Taylor was referring to the axial flow adjacent to the surface of 
the air-core, coming from the closed end of the swirl chamber] "must in all cases, so far 
explored, have overlapped the outer boundary layer. In all these cases therefore all the fluid 
which forms the spray must have come through one or other of the boundary layers. For this 
reason perfect fluid theory has no application in the hydrodynamics of swirl atomizers".  
 
 To comment on Taylor's paper: there appear to be two motivations for Taylor's 
production of this paper. Firstly, and indeed primarily, the paper provided a vehicle for Taylor 
to make the statement regarding the inappropriateness of inviscid theory to the swirl atomizer, 
in the paragraph above, and made known the fact that he intended to rectify this situation by the 
production of a further paper, Taylor (1950). In this further paper, Taylor analyzed the 
boundary layer in the conical convergence of a swirl atomizer in spherical coordinates using the 
Pohlhausen methodology. The secondary motivation was his concern for the production  of  
errors  in  similar works. He referred specifically to an analytical definition of the axial velocity, 
u, of "a Mr. O. N. Lawrence" (although no reference was given) who "describes a solution in 
which it is assumed as an experimentally observed fact that the radius of the central core is the 
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same inside the swirl chamber as it is in the orifice". [this sometimes the case for atomizers with 
no finite length outlet, see for example Sudlow et. al. (1995)]. 
 

Figure 4.6. From Taylor (1948) showing the atomizer cross-section including the air-core and 
the parameters X, Z, CD and the spray half-angle α as functions of the dimensionless parameter 
Y. 
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4.2.5  W. C. Nieuwkamp (1985) 
 The purpose of this paper was to introduce a methodology, different to that of Giffen 
and Muraszew (1953) and similar analyses, for determining the air-core radius in the outlet roac. 
This was perhaps the most rigorous mathematical paper dealing with the inviscid flow within a 
PSA. Many of the concepts and assumptions used by Nieuwkamp had been used by other 
authors but Nieuwkamp defined them in a different way. The nozzle considered is depicted in 
fig. 4.7. It does not show an outlet (discharge orifice) of finite length after the conical 
convergence. It does indicate that, in this case, the air-core is expected to become larger passing 
through the convergence. The assumed axial and tangential velocity profiles are also shown. 
 
 Nieuwkamp did not use the 'principle of maximum flow' directly. He did however use 

an analogy with the flow of liquid over 
a weir. The analysis began with all 
three of the Navier-Stokes equations in 
the cylindrical coordinate system, for 
an inviscid, steady-state axisymmetric 
flow with no body forces, rather than 
the Bernoulli equation, as with the 
works of the other authors presented in 
this chapter. These were further 
reduced by the assumption of a 
negligible v-velocity component. 
Nieuwkamp then systematically 
referred to the physical conditions that 
are represented mathematically in 
eqns.(3.3) so as to formulate the 
following five standard equations 
which were developed in Chapter 3: 
The axial velocity in the outlet uo, from 
eqn.(3.10) 
 

 
the inlet tangential velocity from eqn.(3.5) 

 
Figure 4.7. The schematic of the hollow cone nozzle 
of Nieuwkamp (1985). 
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the total velocity magnitude on the surface of the air-core at the outlet from eqn.(3.20) 
 

 
where, from eqn.(3.2), 

 
and, from eqns.(3.6a) and (3.8a) the free-vortex constant may be written, 
 

 
This relationship was referred to by Nieuwkamp as the conservation of circulation. 
 
 Nieuwkamp asserted that "these five equations [eqn. (3.5) and eqns.(4.46) to (4.49)] 
have six unknown variables. Our new idea is to write a sixth equation for the boundary 
conditions at the outlet, in a manner analogous to the flow over a weir. Over the highest point of 
a weir, fig. 4.8, the liquid flows with the maximum surface wave velocity uc, where 
 

h is the water height over the highest point of the weir" [and g represents the acceleration due to 
gravity]. Equation (4.50) is developed from first principles in Appendix A. 
 
 Nieuwkamp's idea was to replace the gravitational acceleration, for weir flow, by the 
centrifugal acceleration, for the swirl atomizer flow, woac

2/roac, and to replace the height of water 
over the crest of the weir by the thickness of the annular liquid sheet in the outlet orifice, ro - 
roac. Nieuwkamp's new, sixth, analogous equation is thus 
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 Next, a number of the eqns.(4.46) to (4.49) were used to form an expression from which 
the air-core radius roac was determined. Once this had been achieved the remaining unknowns 
were determined by a process of back substitution into eqns.(4.46) to (4.51). The expression is 
based on the 'new' equation (4.51), with woac replaced by its representative expression in 
eqn.(4.49), woac = wirs/roac. This in turn contains wi, which is replaced by its expression in 
eqn.(3.5), wi = Q/Ai. As eqn.(4.51) is an expression for uo it may be equated with the 
expression, also for uo, in eqn.(4.46). Thus 
 

giving 

 
Nieuwkamp then observed that "this equation contains only one unknown variable, the radius 
roac of the air-core, and can therefore be solved".  

To comment on this: equation (4.53) may be solved by a numerical method. This is best 
achieved by rearranging it into a polynomial. The polynomial is of fifth order. This differs from 
any previous method 
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Figure 4.8. The analogy of flow over a weir applied to the outlet of a swirl atomizer. 
Nieuwkamp (1985). 
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Using the dimensionless parameter Z of Taylor (1948), Z = roac/ro, and atomizer constant Ko = 
Ai/(πrowrs) of Giffen and Muraszew (1953) this may be written in a dimensionless form as 
 

 
 
 Equation (4.55) may be compared with eqn.(4.4), of the work of Giffen and Muraszew 
(1953), which is a sixth order polynomial in roac. It may also be compared to eqn. (4.36) of 
Taylor (1948) which is a fourth order polynomial in roac, although, as shown in eqn.(4.41), the 
solution to eqn.(4.36) also contained the additional unknown CD. It can be shown that the work 
of Giffen and Muraszew (1953) differs from that of Taylor (1948) only in that Giffen and 
Muraszew formulate an expression for the free vortex constant, c = Qrs/Ai, from which, on 
making their formulation of the Bernoulli equation dimensionless, they obtain the atomizer 
constant K0 = Ai/(πrors). It can also be shown that the work of Bayvel and Orzechowski (1993) 
differs from that of Giffen and Muraszew only in their definition of the atomizer constant, 
simply because they define the free vortex constant differently; c = QR/Ai, which results in K2 
= πRro/Ai. The work of Nieuwkamp, however, is different from all of these as he only used the 
weir flow analogy implicitly, and carried out no differentiation of the volume flow with respect 
to the air-core radius. 
 
 One may make a further point: in the weir situation the acceleration, due to gravity, is 
constant throughout the thickness h. This is not the case with a nozzle as the centrifugal 
acceleration w2/r (= c2/r3), will vary through the thickness of the annular sheet, ro - roac. It may 
therefore be more appropriate to use a mean value of this centrifugal acceleration. In the usual 
manner of calculating a mean value of a function one obtains 
 

 
This may now replace c2/r3

oac in the RHS expression of eqn.(4.51). If it is also appreciated that, 
in the denominator, ro is of a similar magnitude to roac, in comparison to the numerator, then one 
obtains, on replacing w2

oac/roac in eqn.(4.51) with the expression derived in eqn.(4.56), 
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This is precisely the critical velocity at the throat of a convergent divergent nozzle, eqn.(3.34), 
or the wave phase velocity, eqn.(3.59), that were determined in Chapter 3. This does indicate 
similarities of Nieuwkamp's work with the other inviscid analyses but, as his methodology is 
different it is likely that his calculated value for roac will also be different, and hence also the 
value of uo. This can be shown by equating eqn.(4.57) with eqn.(4.46), as before, and non-
dimensionalising to give 
 
   Z4(1 - 2K0

2) - 2Z2 + 1 = 0.     (4.58) 
 
This polynomial is clearly different from either that of Giffen and Muraszew or Bayvel and 
Orzechowski. 
 
 To continue with the work of Nieuwkamp: Having found Z (and hence roac) from 
eqn.(4.55), one could substitute its value into Giffen and Muraszew's dimensionless Bernoulli 
formulation, eqn.(4.1), in order to determine the discharge coefficient CD, still without carrying 
out any form of differentiation, and again, this value of CD is likely to be different from that 
obtained from Giffen and Muraszew's theory. A further minor comment is that Nieuwkamp's 
formulation might benefit from replacing woac = Qrs/(Airoac) with woac = QR/(Airoac), as with the 
work of Bayvel and Orzechowski, and this would lead to K0, in eqn.(4.55), being replaced by 
1/K2. 
 
 Nieuwkamp, who appears to have been working for the German nozzle manufacturer 
Lechler when writing the paper, made a number of interesting remarks at the end of the paper: 
"The resulting air-core radius only applies to non-viscous fluids. An increasing viscosity will 
lead to a loss in circulation" [i.e. c will diminish as the flow progresses through the atomizer], 
"and the centrifugal potential [w2

oac/roac] will decrease (among other effects like an increasing 
boundary layer" [cf Taylor (1948), above]), "and the air-core will become smaller. As a result 
the flow rate will increase, as opposed to the case of fan nozzles or solid jet nozzles." 
 
To explain this: if c decreases then for any given r, w will decrease (c = wr). As the pressure is 
proportional to w2, for any given axial cross-section through 
 
    w2ρL + 2p = const.     (4.59) 
 
for an incompressible inviscid flow, then the air-core radius will decrease. This provides less of 
a restriction to the streaming flow in the discharge orifice, both in terms of an increased annular 
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film area and the retardation due to the presence of a highly swirling viscous fluid, so that the 
flow rate will increase. 
 
To continue with the remarks of Nieuwkamp: "The air-core diameter is independent of the 
pressure; it depends only on the nozzle geometry, [eqn.(4.54)]. Since the air-core is constant in 
diameter the flow rate will be proportional to the square-root of the pressure" [eqn.(4.47)]. 
 
 The analysis of Nieuwkamp was used by Sudlow et. al. (1995) in their paper on conical 
liquid sheet break-up. 
 
 
4.3 The Spray Cone Angle 
 In the discharge orifice of a swirl atomizer the liquid forms an annulus with the air-core 
at the centre. As the liquid leaves the outlet of the orifice, the axial velocity is maintained and 
the tangential velocity, previously constrained by the walls of the discharge orifice, now cause 
the annulus to expand by centrifugal action. The liquid annulus thus transforms into a conical 
sheet as it exits the atomizer. This subsequently breaks up to form a spray. Giffen and 
Muraszew (1953), Bayvel and Orzechowski (1993) and Nieuwkamp (1985) have all had 
something to say about the spray angle of this conical liquid sheet. 
 
4.3.1  E. Giffen and A. Muraszew (1953) 
 Figure 4.9 from Giffen and Muraszew shows a cross-section of the nozzle outlet with 
the assumed trajectory of the conical liquid sheet. The calculation of the spray cone half-angle α 
by Giffen and Muraszew was a little confusing and so their analysis has been re-worked using 
the present author's own figure 4.10. The analysis considered a particle that, at some point in 
time, leaves the point E, at a radius r which was taken to be the mid-radius of the annulus of 
liquid in the outlet. At some arbitrary short time later it will have travelled a distance x in the 
axial direction and simultaneously have travelled a distance EF in a plane normal to x. Giffen 
and Muraszew took the spray cone half-angle to be 
 

They pointed out that 
 
   EF = √√√√{(y+r)2- r2} = √√√√{y2 + 2yr}     (4.61) 
 

 .
x

EF = tan 1- 






α  (4.60)



 
 

 Chapter 4      page 82

and that at a significant distance from the nozzle exit, where y >> r, eqn.(4.60) reduces to 
 

 
where w is taken at the mid-radius of the annulus of liquid in the outlet and u = uo is constant 
with r, for an inviscid flow as described in Section 3.2. The calculation of the spray cone angle 
in this manner was first performed by Harvey and Hermandorfer (1943). 
 

 
F
 
 
 
t
b
t
 

 
H
t
 
T
m

 
























V
w sin = or      

u
w tan = 

x
y tan = 1-1-1- αα  (4.62)

 

igure 4.9. The spray angle. Giffen and Muraszew Figure 4.10. Geometry of the (1953) 
      spray angle. 

Giffen and Muraszew also gave a different treatment that results in the formulation of 
he spray angle in terms of the atomizer dimensions and the discharge coefficient. They did this 
y deriving what they assumed to be a different mean swirl velocity at the outlet, by dividing 
he total transport of swirl momentum by the mass flow rate: 

ere ρLuoπ(r2
o - r2

oac) is the total mass flow rate in the orifice and the integrand comprises of 
he mass flow in an elemental annulus, 2πrρLuoδr, times its swirl velocity, Qro/(Air). 

o comment on this: it may be noted that eqn.(4.63) may be obtained quite simply by taking the 
ean swirl velocity, from eqn.(3.7), to be the velocity occurring at the mean annular radius, i.e. 
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This is therefore precisely the same w-velocity referred to in association with eqn.(4.62) so that 
the 'different' formulation, eqn.(4.63), using the mass flow rate, is in fact no different. 
 
Giffen and Muraszew used the mean tangential velocity, derived in eqn.(4.63), along with an 
expression for the absolute velocity V, derived from eqns.(3.21) and (3.23), to give 
 

 
They applied their dimensionless variables to this to obtain 
 

 
They then plotted values of 2α against K1, from eqn.(4.66), using values of CD and ζ taken 
from fig. 4.2. This is shown in fig. 4.11. They mentioned that it can be seen that the cone angle 
decreases as K0 increases. Therefore the ratio w/u decreases with K0. 
 
To comment on this: As uo is assumed to be constant across the annular film in the outlet then 
one may just as easily determine tan α as in eqn.(4.65): 
 

so that this is an even simpler formulation as it does not include CD. 
 
Furthermore, as w does not vary linearly with r, it may be more appropriate to use a true mean 
value of w, determined across the annular liquid film in the outlet, rather than w taken at the 
mid-radius of the annular film. By the usual means of determining an average quantity, 
analytically, this is 
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This would give 

It can be shown that for values of √ζ of the order of unity, as indeed they are likely to be, that if 
one takes the first term in a power series in ln ζ only, then eqn.(4.69) reduces to eqn.(4.67). 
Given that w will not, in practice, attain its theoretical, free-vortex, peak at the surface of the 
air-core, it may transpire that the cone angle obtained from eqn.(4.67) may better represent the 
true cone angle than the more theoretically correct eqn.(4.69). This is indicative of the 
limitations of an inviscid analysis. 
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igure 4.11. Giffen and Muraszew's (1953) spray cone angle 2α, from eqn.(4.66). 

Giffen and Muraszew gave a valuable discussion of the physics of the flow in the 
onical liquid sheet: "The calculated value of the cone angle would not be constant across the 
ssuing jet, because the values of the tangential and axial velocity components vary with the 
alue of r. As shown earlier, the tangential velocity decreases with increasing radius, from the 
ir core outwards and the axial velocity increases with increasing radius" [This is not apparent 
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from Giffen and Muraszew's analysis but is from that of Bayvel and Orzechowski (1993), see 
eqn.(4.23) for the variation of u across the very outlet at B'B']. "Hence tan α, given by w/u, will 
be greatest at the air-core and least at the outside of the jet. Therefore the streams of liquid at the 
inner and outer surfaces of the issuing jet will tend to penetrate one and other" [see fig. 4.12 
from Bayvel and Orzechowski (1993)] Giffen and Muraszew then state that: "This will generate 
intense turbulence in the thinning layer of liquid, thus tending to promote early disintegration 
and good atomization of the spray. Also, the interface of the different layers of the liquid jet will 
give a cone angle intermediate between the values at the inner and outer surfaces at the orifice, 
and the resulting cone angle may be expected to approach the mean value calculated from the 
mean values of the velocity components, i.e. the value given by eqn.(4.65)." 
 
To comment on this: it is perhaps not appropriate to suggest that this simplified analysis is able 
to predict the behaviour of the true turbulent viscous flow and so this description of the 
turbulent motion is more likely to have been based on Giffen and Muraszew's experimental 
experience. 
 
4.3.2  L. Bayvel and Z. Orzechowski (1993) 

 
F
 
 
a
h
d

igure 4.12. Details of the flow at the exit.  Bayvel and Orzechowski (1993).  

The spray cone half-angle α was described by Bayvel and Orzechowski: "The spray 
ngle follows from the ratio of the circumferential and axial velocities. Drops circumscribe a 
yperboloidal surface of revolution whose asymptote is a conical surface." A similar 
escription was given by Harvey and Hermandorfer (1943): "Since the outlet orifice is a finite 
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dimension, the spray surface is not a true cone throughout its entire length but instead exhibits a 
saddle effect in approaching a cone as an asymptote." [This saddle effect is shown in fig. 2.9]. 
Bayvel and Orzechowski then stated that the angle α can be calculated as the arctangent of the 
ratio of the circumferential and axial velocities. They too, as with Giffen and Muraszew, 
assume that the mean value of w occurs at  
 
    r = (ro+ roac)/2     (4.70) 
 
but this time with wr given by eqn.(3.7b) so that  
 

With k2 as defined in eqn.(4.17), the spray half angle may then be written solely in terms of the 
efficiency of filling parameter ε, 

 
The cone angle α, of eqn.(4.72), has been plotted in fig. 4.4 as curve '1'. 
 
 Bayvel and Orzechowski stated that because of the simplifying assumption that u is a 
constant then α, according to eqn.(4.72), is too large, and that for a more precise calculation, the 
mean values of both u and w in the very outlet, at B'B' in figure 4.3, ought to be used. These too 
were calculated using the mean radius of the annular film across B'B', 
 

 
where S has been defined in connection with eqn.(4.28), S = r'oac/row. Using this definition of the 
mean value of r, one obtains for the mean values of w and u, from eqns.(4.22) and (4.23), 
respectively 
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The ratio of these gives the spray cone angle 
 

 
This has been plotted as curve '2' in fig. 4.4, which clearly shows that the cone angle α obtained 
from eqn.(4.75) is slightly less than that from eqn.(4.72) for all values of K2. Bayvel and 
Orzechowski mentioned that: "For K2 = 0, α = 0 and for K2 → ∞, α tends to 180o. The 
condition K2 = 0 corresponds to vortex free flow that is typical of jet atomizers." 
 
To comment on this: as with Giffen and Muraszew's work, in developing eqn.(4.69), 'true' 
values of the mean quantities w and u 148 may be determined by integrating eqns.(4.22) and 
(4.23), respectively, over the interval ro to r'oac and dividing by the interval, ro - r'oac. However, 
the reader is referred to the comment following eqn.(4.69).  
 
 
4.3.3  W. C. Nieuwkamp (1985) 
 Nieuwkamp performed no mathematical analysis on the spray cone angle but did make 
the following valuable comments:  
"Scaling the nozzle permits scaling the flow rate, at constant spray angle." 
[i.e. scaling the nozzle does not alter the atomizer constant K0, and eqn.(4.55) shows that Z (= 
roac/row) will also not be altered by nozzle scaling. However, in true viscous flow, scaling will 
alter the Reynolds number which may alter the spray angle]. 
"The spray angle is independent of the pressure." 
[All of the expressions for cone angle obtained above are dimensionless and will not therefore 
depend on scaling]. 
"The spray angle α could be called the "built-in" spray angle." 
"It is possible to influence this spray angle by using the Coanda-effect. In practice this is 
achieved by rounding the shape of the outlet orifice." 
"At higher pressures the Coanda-effect will not be strong enough to prevent the conical sheet to 
separate from the outlet, therefore the angle will go back to the built-in angle." 
"At a given pressure the drop size is mainly given by the thickness of the liquid-film on leaving 
the nozzle, and can be varied at a given flow rate by adapting the geometry of the nozzle." 
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4.4. Other Analytical Work on the Swirl Atomizer 
 This review is by no means exhaustive and a number of other studies of an analytical 
nature will be briefly referred to here. 
 
4.4.1 Other Inviscid Works 
4.4.1.1 I. I. Novikov (1948) 
 The analysis of Novikov was conducted along the lines of that of Bayvel and 
Orzechowski (1993). Novikov used the 'efficiency of filling' parameter ε, although he did not 
refer to it as such. He accredited much of his analysis to Abramovich (1944), and it seems likely 
that the analysis of the PSA appearing in the book by Bayvel and Orzechowski (1993) is based 
largely on the works of Novikov and Abramovich, all of which originated in the former Eastern 
Bloc. 

 
 Novikov referred to the free-vortex 
constant c as the moment of angular momentum 
per kg of liquid. He also suggested that, as the 
flow inside the chamber is a high velocity 
phenomenon, the viscosity of the liquid may be 
neglected, and that therefore the law of 
conservation of moment of angular momentum 
ensures that the free-vortex constant c is 
conserved throughout the swirl atomizer. 
 
 Regarding the spray cone, as with 

Giffen and Muraszew (1953) and Bayvel and Orzechowski (1993), Novikov stated that the 
cone angle of the inner surface is greater than that of the outer surface so that the "film is 
continuously thinned as the distance from the nozzle increases". He explained the formation of 
the cone topology: gradually the centrifugal forces open up the cone more and more, but as the 
centrifugal acceleration is given by  
w2/r = c2/r3 and the forces of surface tension are proportional to σ/r, where σ is the surface 
tension on the film, then the increase of cone radius r is slowed down until it settles to a value 
corresponding to the equilibrium between the centrifugal and surface tension forces. The film 
therefore assumes a hollow cylindrical shape, as depicted in Novikov's fig. 4.13. Novikov 
added that it may happen that full equilibrium cannot be achieved and that this will produce 
constrictions alternating with dilations, as has actually been observed in experiments. 
  

 
Figure 4.13. The air-core topology perceived 
by Novikov (1948). 
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To comment on this: It may only be imagined that, experimentally, Novikov was dealing with 
very small nozzles operating at very low pressures. Normally the centrifugal acceleration which 
provides the static pressure force would be much greater than the surface tension force. Surface 
tension effects on the air-core are discussed in Chapter 2. Small nozzles and low pressures 
would also explain why the cone maintains intact for a sufficient distance downstream of the 
nozzle to actually begin to form a cylinder under the action of the surface tension. 
 
 Interestingly, Novikov appears to have perceived the air-core diameter within the swirl 
chamber to be larger than that in the, smaller diameter, outlet as shown in fig. 4.13.  This is 
contrary to what is now known. 
 
4.4.1.2 J. F. Harvey and A. W. Hermandorfer (1943) 
 All the papers presented in Sections 4.2 and 4.3 assumed that the radial velocity v is 
negligible in the discharge orifice. One work that did not was an early paper by Harvey and 

Hermandorfer. They based their analysis on an 
atomizer without a conical convergence, of the 
type considered by Giffen and Muraszew 
(1953) shown in fig. 4.1. They assumed that the 
inlet cross-sections, rather than being round as 
in fig. 4.1, were rectangular with a height equal 
to that of the swirl chamber ls, referred to as the 
'whirling chamber' by Harvey and 
Hermandorfer. In this way the mean radial 
velocity v, at any radial position r, may be 
calculated by dividing the volumetric flow rate 
Q by the circumferential area of a cylinder 
which has as its height the length of the swirl 
chamber ls, so that 
 
 

 
 

 
Figure 4.14. Harvey and Hermandorfer's 
(1943) logarithmic spiral flow path of a fluid 
particle within the swirl chamber under the 
action of a free vortex. 
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For a constant volumetric flow rate, vr will also be a constant for cylinders of any radius r. 
Harvey and Hermandorfer also assumed an inviscid free-vortex tangential velocity profile so 
that wr = constant. 
 Harvey and Hermandorfer investigate the path of a particle entering and traversing the 
swirl chamber and emerging at the exit. This is shown in fig. 4.14. In the Lagrangian system the 
radial and tangential velocities are given by 
 

therefore 

 
As both rv and rw are constants then this ratio is also a constant equal to cot γ, as shown in fig. 
4.14. Therefore 

 
This has a solution, arbitrarily taking θ = 0 at r = ro, 
 

 
Therefore the particle describes a logarithmic spiral flow path within the swirl chamber. 
 
 Harvey and Hermandorfer determined the number of revolutions n that the particle 
makes whilst traversing the swirl chamber. With v given by eqn.(4.76) and w given by 
eqn.(3.7b) then 

 
Therefore, from eqn.(4.80), 

 
 
so that, if θ is replaced with 2πn and r goes from R down to ro, then 
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As an example, for an atomizer with the following dimensions: R = 6, ro = 2, di = 2, ls = 5 and i 
= 4 (Ai = idils, for these rectangular inlets), which may be in any units, so that from eqn.(4.83) 
 

 
 
 
 Harvey and Hermandorfer also performed an analysis on the spray cone angle. This is 
identical to that of Giffen and Muraszew (1953) and it is very likely the latter derived their 
analysis from this earlier work of Harvey and Hermandorfer. 
 
 
4.4.2 Work Involving Boundary Layers 
4.4.2.1 G. I. Taylor (1950) 
 Taylor investigated the growth of the boundary layer, adjacent to a cone which 
represented the convergence of a swirl atomizer, from the edge of the cone to the vertex. He 
also investigated the velocity distribution within the boundary layer. The analysis was 
simplified by neglecting the axial velocity in the main body of the liquid outside of the 
boundary layer and by assuming inviscid flow in this region. The tangential velocity in the main 
body of the flow was assumed to describe a free-vortex profile and the pressure, in the main 
body of the flow due to the swirling motion, was obtained by the Bernoulli equation. 
 
 Taylor based his analysis on the Navier-Stokes equations (momentum equations) in the 
Spherical coordinate system. Axial and swirl momentum integrals were formed for the 
boundary layer by integrating simplified forms of the radial (axial in this application of 
spherical coordinates) and tangential Navier-Stokes equations through the boundary layer. The 
simplified forms were obtained by assuming that the boundary layer on the wall of the cone was 
small compared to the length of the cone, and by assuming there to be no pressure gradient 
through the thickness of the boundary layer. The momentum integrals were solved to obtain the 
velocities and the boundary layer thickness by applying the Pohlhausen method of assuming 
power series (polynomial) forms for the radial (axial) and tangential velocity components.  
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 Taylor used this analysis to determine 
the paths of particles on the surface of a cone 
and presented a diagram very similar to that of 
Harvey and Hermandorfer (1943), fig. 4.14, to 
display the particle on the 'developed' surface 
of the cone. He also used his analysis to 
determine the thickness of the boundary layer 
in the very outlet of the cone. Using water 
driven through an outlet of 1 mm radius under 
a pressure of 1MPa, he determined the 
boundary layer thickness to be 0.11 mm. He 
added: "When it is remembered that in actual 
swirl atomizers a hollow core runs through the 
orifice occupying a considerable proportion of 

its area, it will be seen that much of the water reaches the orifice by way of the boundary layer". 
Taylor explained the physical mechanism by which the boundary layer moves: "Within the 
boundary layer the retarded liquid is slowed down by viscosity and consequently has not 
sufficient centrifugal acceleration to hold it in a circular path against the inward radial pressure 
gradient . . . [which is] driving it along the surface of the chamber towards the orifice". 
 
 The boundary layer and velocity profiles determined by Taylor were discussed by 
Horvay and Leuckel (1986) who produced fig. 4.15.  
 
 Despite his comment in the earlier paper, Taylor (1948), that part of the axial flow 
comes from the boundary layer adjacent to the free surface of the air-core, he does not appear to 
have included this in the latter analysis. 
 
4.4.2.2 S. K. Som and G. Biswas (1983) 
 Som and Biswas used a boundary layer analysis to determine the air-core diameter in 
the outlet. They made it clear from the outset that they analyzed the flow according to three 
distinct zones of flow: 
(a) a central air-core near the axis 
(b) a boundary layer near the surface of the nozzle 
(c) an inviscid zone between the latter two zones where the tangential velocity behaves in the 
manner of a free vortex. 
 

Figure 4.15. Boundary layer and velocity 
profiles according to Taylor's (1950) 
theory. From Horvay and Leuckel 
(1986). 
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They considered that the atomizer may be divided into two axisymmetric regions, the swirl 
chamber and the conical convergence, fig. 4.16. In the swirl chamber they formed momentum 
integrals from the full viscous axisymmetric Navier-Stokes equations in cylindrical coordinates 
for both the axial and tangential directions. By assuming a Pohlhausen type polynomial velocity 
distribution for the axial and tangential components, they were able to determine the boundary 
layer thickness and its variation in the axial direction. A similar methodology was employed in 
the conical convergence region using the spherical coordinate form of the Navier-Stokes 
equations. This part of their analysis is very similar to that of Taylor (1950). The initial 
conditions in this conical region were matched from the end conditions of the solution for the 
swirl chamber, boundary layer thickness and velocity values. In this way the boundary layer 
thickness at the very outlet was determined. Using an argument based on the Bernoulli equation 
it was assumed that this boundary thickness might be equated with the thickness of the annular 
film in the exit. 
 

 
Figure 4.16. The two regions of the swirl atomizer and their respective coordinate systems used 
by Som and Biswas (1983). 
 
 More recently, Koo and Kuhlman (1993) have undertaken a similar analysis of the type 
employed by Taylor (1950) and Som and Biswas (1983), (boundary layer flow on the wall of 
the convergence) from which they have attempted to determine the nature of the resultant spray. 
 
 
4.5 Chapter Summary 
 This chapter has presented a number of previous authors attempts to quantify the flow 
within a swirl atomizer nozzle, by the use of inviscid analyses, to obtain values of Ro, CD and α. 
These works were carried out over the period of some forty years between the early works of 
Harvey and Hermandorfer (1943), in the West, and Abramovich (1944), in the East, up until 
that of Nieuwkamp (1985). It would appear that the most useful of these, from the point of view 
of one wishing to design an atomizer, were the works of Giffen and Muraszew (1953), Bayvel 
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and Orzechowki (1993) (which was based on the earlier works of Abramovich (1944) and 
Novikov (1948)) and that of Nieuwkamp (1985), for all these works offer methodologies which 
proffer values of Ro, CD and α in terms of the known geometrical atomizer dimensions alone. 
 
 In Section 4.2.5 an attempt was made at comparing the work of Nieuwkamp with that of 
Taylor by the development of eqns. (4.57) and (4.58). Further work in reviewing all of these 
inviscid analyses could involve the plotting of graphs of Ro, CD and α, as functions of the 
atomizer constant (K0 or K3 depending on the choice of definition of c) for all of these works. 
One could use eqns.(4.4), (4.18), (4.36), (4.55) and (4.58) for Ro. One could then use eqn.(4.5) 
for CD, from giffen and Muraszew's work, eqn.(4.19) for CD from Bayvel and Orzechowski's 
work (Giffen and Muraszew and Bayvel and Orzechowski only differ in their use of K0 and K2 
[ = 1/K3] which themselves differ only because of the different definitions of c), for Taylor's 
work one could use eqn.(4.34) for CD and for Nieuwkamp's work one would need eqn.(3.77), 
the equation for CD as a function of Ro prior to differentiation. In order to standardise the spray 
cone angle one would need to employ the same definition for each author's work and eqn.(4.66) 
would be a reasonable choice. In this way it would be possible to compare the methods of 
discerning the dependent variables Ro, CD and α of different authors' with one and other in 
order to ascertain their similarities and differences. 
 
 Many of these authors have provided valuable discussions on the flow physics within 
the swirl atomizer which were based largely on intuition gained by considering these simplified 
models. The following chapter presents both the previous experimental work performed on the 
internal flow of the swirl atomizer and that conducted by the present author in association with 
De Keukelaere (1995, 1996). Chapter 9 presents the results of a number of CFD investigations 
into the subject. 
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CHAPTER 5  
Past and Present Experimental Studies 
on Swirl Atomizer Internal Flow 

 
5.1  Introduction 
 At the time of writing a limited number of useful works exist on the experimental 
investigation into the flow within the body of the swirl atomizer. The only studies of the 
velocity profiles within a swirl atomizer were carried out over ten years ago by Horvay and 
Leuckel (1984, 1986). As a confirmation of the form of the swirl velocity components reported 
by Horvay and Leuckel, a précis is given on the internal flow within the body of a 
hydrocyclone-separator from the work of Hsieh and Rajamani (1991). The flow within a 
hydrocyclone has close similarities to that within a swirl atomizer. This work also gave a 
valuable description of the axial-asymmetry inherent in the use of discrete inlets. To the best of 
the current author's knowledge, the only work involving the precise measurement of the air-core 
topology, along its entire length, was that performed at UMIST by De Keukelaere (1995, 1996) 
under guidance from the present author. The effects of varying the geometrical dimensions of 
the atomizer, arranged into dimensionless groups, on the magnitudes of the discharge 
coefficient CD and the spray cone angle α were investigated by Dombrowski and Hasson 
(1969). Rizk and Lefebvre (1985, 1986) studied the effects of varying the individual atomizer 
dimensions and the operating liquid properties on CD, α and the film thickness in the outlet, t. 
 
 The work of Dombrowski and Hasson (1969) is used to test the new Quasi-One-
Dimensional-Inviscid theory, presented in Chapter 7, and the results obtained by Horvay and 
Leuckel (1984, 1986) and De Keukelaere et. al. (1995, 1996) are used to validate the 
computational findings in Chapter 9. In the present  chapter a separate section is dedicated to 
the work of each of the authors and a final section provides a discussion of the concurrence, or 
otherwise, of the various findings.  
 
 
5.2  M. Horvay and W. Leuckel (1984, 1986) 
5.2.1  The Nature and Set-up of the Experiments 
 The swirl nozzles used in the experiments were manufactured from transparent 
plexiglass (perspex) so that optical measuring methods could be employed. The experiments 
were conducted using three different convergence configurations and two different inlet/swirl 
chamber, 'swirl generator', configurations. The design and dimensions of the components used 
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to construct the atomizers are given in fig. 5.1. The three different convergence shapes 
employed were: standard conical, concave and plain. The atomizers shared many of the overall 
dimensions and these were: rs = 50 mm, ls = 25 mm, ro = 10 mm and lo = 20 mm. The two 
different inlet configurations both consisted of four rectangular inlets with one configuration 
having apertures 20 mm long in the axial direction and subtending 10 mm in the radial 
direction, while the inlet apertures of the other configuration were 20 x 5 mm respectively. 

 
 The components of the swirl atomizer were assembled inside a metal box so that the 
volume between the atomizer and the box could be filled with the operating fluid. In this way it 
was possible to minimise the wall thickness of the atomizers as there would not be a large 
pressure difference between the inside and the outside of the atomizer. The advantage of having 
thin atomizer walls was to reduce the refraction caused by the perspex, from which the 
atomizers were made. The metal box contained glass panes to allow optical access. The 
measurements of the liquid velocity components within the atomizer were carried out using the 
'no contact' method of laser-Doppler anemometry (LDA). The refractive index of the operating 
liquid was adapted to that of the perspex by the use of mixtures of tetrahydronapthaline 
(tetraline), turpentine and castor oil. By varying the quantities of the ingredients of the operating 
liquid mixture, the model atomizers could be operated over a range of viscosities, and hence a 
range of Reynolds numbers. As the viscosities of these liquids were high in comparison to that 
of water so the atomizers could be run at low Reynolds numbers with the effect of gravity being 

 
Figure 5.1. The different atomizer designs and dimensions employed in the velocity 
measurement experiments of Horvay and Leuckel (1984, 1986). 
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minimal. In this way it was possible to use the atomizers as scaled-up versions of small 
atomizers. Measurements of the axial and tangential velocities were taken at six different cross-
sections through the atomizer, at axial distances from the back face of 10, 30, 40 50, 60 and 70 
mm. 
 
 The seeding particles, needed to scatter the laser light, were small air bubbles that were 
entrained at the intake pump that supplied the operating liquid to the experimental rig. As there 
is a strong radial pressure gradient within the liquid flow this would cause the less dense air 
bubbles to 'float' rapidly toward the free surface of the air-core; and therefore no correct 
measurement of the radial velocity component was possible, and so only the axial and 
tangential velocity components could be measured using the LDA system. 
 
 For the purpose of comparison between the different atomizers two dimensionless 
parameters were defined: a Reynolds number, using the inlet velocity, wi, as the velocity scale, 
and the distance between the mid-points of the inlets, 2R, as the length scale to give 
 

and a swirl number, S0, was defined as the ratio of the angular momentum flux to the product of 
the axial momentum flux and a characteristic radius, in this case, the outlet orifice radius ro, thus 
 

 
With wiR given by combining eqn.(3.5) with eqn.(3.6b) and the axial velocity at the outlet 
approximated, in the absence of an initial knowledge of the air-core radius, as  
 

equation (5.2) reduces to 

 
The swirl number S0, eqn.(5.4), is in fact the atomizer constant K2, defined in eqn.(3.24). 
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5.2.2 The Results of the Flow Measurements 
   Figure 5.2 shows profiles of the axial and tangential velocity components, for the 
atomizer with a conical convergence. These velocities were normalised using the mean inlet 
tangential velocity, from eqn.(3.5), .AQ/ = w ii 162 The figures, 5.2a to 5.2c, are for 

progressively larger Reynolds numbers, Re1 = 1125, 18018 and 38037. The volumetric flow 
rate is identical for all three figures at Q = 2.5×10-4 m3/s. The inlet velocities are the same, 
at m/s, 0.3125 = wi 163 for figs. 5.2a and 5.2b, but the liquid viscosities are  25 kPa and 1.6 kPa 

respectively. The liquid viscosity for fig. 5.2c is also 1.6 kPa, but the inlet cross-sectional area, 
Ai, is half that of the previous two figures, so that the inlet velocity is double at 

.m/s 0.625 = wi 164 The radial distance form the axis of the swirl chamber to the mid-point of 

the inlets, in figs. 5.2a and 5.2b, is R = 45 mm, while in fig. 5.2c it is R = 47.5 mm. The 
velocity measurements were taken within the liquid right up to the air-core, in those cases 
where it had formed. In fig. 5.2a it can be seen that the air-core has only just begun to form at 
the exit of the nozzle, while in fig. 5.2b the air-core is fully formed and it is apparent from the 
velocity profiles, at the x = 10 mm level, that in this case the air-core reaches right to the back 
face. The air-core is larger at all levels in fig. 5.2c than it is in fig. 5.2b although the increase is 
small. It is known, De Keukelaere (1995), that the air-core should asymptote to a finite size, for 
a given atomizer design, as the Reynolds number increases, and clearly this must be the case as 
the air-core cannot attain a size as large as the outlet radius and the atomizer still maintain a 
volumetric flow. This phenomenon is not detectable in this series of figures and, ideally, a third 
figure with a developed air-core at a Reynolds number higher still than that of fig. 5.2c would 
be needed to show this effect. 
 

Horvay and Leuckel mention that the tangential velocity profiles, for the lowest 
Reynolds number case, are similar to a Rankine combined vortex with solid body behaviour in 
the centre of a potential, 'free', vortex distribution in the outer region. This flow behaviour is 
detectable to a lesser extent in the higher Reynolds number cases where the solid body 
behaviour occurs mostly within the air-core and was therefore not detectable by the LDA 
measurements. For all three Reynolds number cases the tangential velocity profiles indicate that 
the tangential velocity magnitudes are similar at all of the axial levels. The boundary layer of 
the tangential velocity profile is evident in the low Reynolds number case, but in the higher 
Reynolds number cases it has become too thin to be detected by the LDA technique, and this 
can be seen by the apparent finite velocity at the wall in figs. 5.2b and 5.2c. 
 
 For the low Reynolds number case, the axial velocity is larger at the wall than in the 
main body of the flow, where it appears to be negligible, and the greatest volume flow takes 
place near to the central axis. Horvay and Leuckel commented that this behaviour is not in 
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accord with that predicted by Taylor (1950), who, as a result of a mathematical boundary layer 
analysis within the conical convergence, suggested that all of the axial flow within the 
convergence takes place within the boundary layer adjacent to the atomizer wall. Figure 4.15, 
Chapter 4, was produced by Horvay and Leuckel and demonstrates the flow according Taylor's 
analysis. In the 1986 paper, Horvay and Leuckel also present the results of a small 
computational study in order to appraise the theory of Taylor and the results of this, together 
with their comments, are presented in Section 6.2.  
 

 
 In the higher Reynolds number cases of figs. 5.2b and 5.2c, the phenomenon of the axial 
velocity being larger near to the wall is not in evidence and it is likely that the boundary layer in 
these cases, as with the axial velocity, will have become thin due to the swirling motion of the 
liquid. Figure 5.2b, in particular, indicates that the magnitude of the axial velocity in the vicinity 
of the axis increases with axial distance throughout the constriction of the convergence, due to 
continuity. 
 
 A phenomenon that became apparent through the velocity measurements, and described 
as 'unexpected' by Horvay and Leuckel, is that the profiles of the velocities through the 

 
Figure 5.2. Measured axial and tangential velocity component profiles (a) Re = 1125. (b) 
Re = 18018. (c) Re = 38037. Horvay and Leuckel (1984, 1986). 
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rectangular inlets measured w1.3 i 165 at the maximum, for all Reynolds numbers. This is 

shown, for different Reynolds numbers, in fig. 5.3, where the profiles were taken at that 
meridian plane indicated by the shaded arrow in fig. 5.4. This increased inlet velocity, above the 
calculated mean, is accredited by Horvay and Leuckel to two phenomenon; the formation of 
boundary layers along the sides of the inlets, which reduce the effective cross-sectional area of 
the inlets, and the interaction of the inlet flow with the swirling flow already present within the 
swirl chamber. The boundary layer effect is clearly evident in the lowest Reynolds number 
case, Re1 = 2375, where the inlet velocity has taken on a parabolic profile, and its interaction 
with the swirl chamber flow is detectable by the dislocation of the parabolic peak towards lower 
radii. For this low Reynolds number case, it is seen that the tangential velocity profile has a 
minimum: it initially becomes lower than its magnitude at the point of entry, prior to taking up 
the free vortex profile. This behaviour is also detectable at the inlet level in fig. 5.2a. The 
classical Rankine combined vortex profile is clearly evident in fig. 5.3 at the higher Reynolds 
numbers; a free vortex leading, via a zone of transition, to solid body rotation. 
 

 
 Figures 5.5a and 5.5b show the measured velocity profiles for two extreme convergence 
geometry configurations which were operated at the same conditions of Reynolds number and 
swirl number, Re1 = 1125 and S0 = 1.767, which were used for the first conical convergence 
case, shown in fig 5.2a. The development of the air-core in all three of these cases was quite 

 
Figure 5.3. Measured velocity profiles at 
the inlet level. Horvay and Leuckel 
(1986). 

 
Figure 5.4. Positions for the 
measurements of the tangential velocity at 
the entrance level. Horvay and Leuckel 
(1984). 
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different. For the case of no convergence, fig. 5.5a, no air-core had developed at this low a 
Reynolds number, while in the conical convergence configuration of fig. 5.2a, as mentioned 
above, there was the onset of air-core formation in the exit. With the atomizer having the 
convex, trumpet-shaped, convergence, of fig. 5.5b, the air-core had developed up to the back 
face of the swirl chamber. Horvay and Leuckel comment that since the formation of the air-core 
needs a certain minimum local swirl intensity, that it may be concluded that the convex 
convergence atomizer geometry causes the lowest swirl losses. 
 

 
 As a general point it can be seen that the scales of the graphs of the normalised 
velocities, in fig. 5.2a, vary from zero to three, this is taken from Horvay and Leuckel (1986). In 
the earlier work of Horvay and Leuckel (1984), the same diagram is depicted having scales 
from zero to four and they are also of a different length. From this it may be inferred that there 
was an error in the scales of the earlier work. There is also some difference in the scales for the 
Re = 18018 case, of fig. 5.2b, between the 1984 and the 1986 works. In the 1984 work the scale 
was from zero to eight whilst in the 1986 work it was from zero to six, and was again of a 
different length. For this reason the following should be taken into account when viewing the 
figures; figs. 5.2a and 5.2b have the correct graph scales, fig. 5.2c should have graph scales 
from zero to six, the same as fig. 5.2b. In fig. 5.5 both of the graphs should have scales from 
zero to three, the same as fig. 5.2a. 
 
 In comparing the present computational work of Chapter 9, with the experimental work 
of Horvay and Leuckel, this discrepancy has been taken into account and the graph scales of the 
latter, 1986, work are used for the purpose of comparison. 
 
 For all three of the cases where an air-core formed, figs. 5.2b, 5.2c and 5.5b, Horvay 
and Leuckel (1986) obtained measured values for the air-core size in the exit, roac, and the spray 

 
Figure 5.5. Measured velocity profiles for extreme convergence geometries. (a) No 
convergence, (b) Trumpet-shaped convergence. Horvay and Leuckel (1984). 
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cone angle, α. Although they did not present this data explicitly they did present correlating 
functions, based on the Reynolds numbers and swirl numbers only. The air-core radius roac was 
obtained from the correlation function 
 

 
where ζ is the theoretical inviscid normalised air-core radius, r2

oac/r2
o, which was obtained from 

 

 
(Horvay and Leuckel accredit this formulation to Söhngen and Grigull (1951): it is the same 
equation as eqn.(4.3) of Giffen and Muraszew (1953) with K0 replaced by K2 ≡ S0) and ζ* is 
the measured normalised air-core radius, r2

oac/r2
o. Thus the ratio ζ*/ζ is the square of the 

measured air-core radius normalised by the square of the theoretical inviscid air-core radius. 
The spray cone angle was obtained from the correlation function 
 

 
where ζ* was obtained from eqns.(5.5) and (5.6) above and the parameters a and b were given 
as 

From these correlating functions the present author was able to obtain the values of roac and α 
and these are presented in Table 1. 
 

Table 1.   

Case shown in Figure  roac (mm) αo 

5.2b, Re = 18018, S0 = 1.767 5.80 42.3 

5.2c, Re = 38037, S0 = 3.737 7.04 47.3 

5.5b, Re = 1125,   S0 = 1.767 4.21 31.3 

 
 
Table 1 shows that there was an increase in air-core radius between the two conical 
convergence cases of fig. 5.2, this is an increase of over 20% which is perhaps unexpected as 
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the flow appears to be almost fully developed in fig. 5.2b. The spray angles, for the cases of fig. 
5.2b and 5.2c, are more similar, with only a 12% increase at the higher Reynolds number.  
 
To comment on these correlating functions: Horvay and Leuckel used the same correlating 
functions to fit both the conical converge atomizer and the convex trumpet-shaped atomizer. As 
the correlating functions, used to obtain the values of roac and α, are based only on Re and S0, 
then perhaps they also ought to fit the low Reynolds number case of fig 5.2a and 5.5a. This 
clearly cannot be the case: even though the scenarios depicted in figs. 5.2a, 5.5a and 5.5b all 
share the same Reynolds number and swirl number, they clearly differ in air-core size in the 
exit and it is to be expected that their spray cone angles will also differ markedly so that it is 
likely that the cone angle of the scenario depicted in fig 5.5a has not developed beyond the tulip 
stage shown in fig. 2.11. Therefore these correlation functions cannot to be employed for swirl 
atomizers generally, as they are specific to Horvay and Leuckel's own work. 
 
 Horvay and Leuckel detected fluctuations in both the axial and tangential velocity 
components. They compared the magnitude of these fluctuations for two different scenarios: (1) 
high Re number and low S0 and (2) low Re and high S0. The results are shown in figs. 5.6 and 
5.7. They observed that the fluctuations were weaker for the lower swirl number and acredited 
this to the damping influence of the centrifugal forces on the turbulence. This is known as the 
Rayleigh effect and maybe found, for example, in the book by Vanyo (1993). The important 
point is that Horvay and Leuckel believed these fluctuations to be due to turbulence in the flow. 
 
To comment on this: in Section 8.2.4 the present author presents a brief analysis, based on the 
works of Liepmann (1943, 1945) and Shultz-Grunow (1975), on the transition to turbulence in 
swirling flows. This analysis indicates that turbulence will not occur for atomizers running at 
much higher Reynolds numbers than those described in this section. Also, De Keukelaere 
(1995) reports the observation of a precessing air-core, that is, the air-core wobbles about even 
for steady-state fully developed swirl atomizer flows, and this will lead to fluctuations in the 
velocity component profiles which are not due to turbulence. While the point made by Horvay 
and Leuckel, that the fluctuations are less for higher S0, is duly noted, it is likely that the 
precessing of the air-core is less for higher S0 and hence the velocity fluctuations less. A further 
point is that as the seeding particles are considerably less dense than the operating liquids 
employed (air: ρg ~ 1×10-3 kg/m3, tetraline: ρL ~ 970 kg/m3, castor oil: 950  kg/m3), then there 
will naturally be fluctuations in their movements. They will have less inertia than more dense 
particles, such as for example the silicon carbide particles (ρL ~ 2,300 kg/m3) employed by 
Hsieh and Rajamani (1991), below. 
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5.3  K. T. Hsieh and R. K. Rajamani  (1991) 
5.3.1  Introduction 
 Hsieh and Rajamani carried out an investigation into the velocities occurring within the 
body of a hydrocyclone separator. The geometry and the swirling flow, within the 
hydrocyclone, bear close similarities with that of a swirl atomizer and the reasons for 
reproducing their findings in the present work are two-fold: 
(1) The work of Hsieh and Rajamani shows similar tangential velocity profiles to those of 
Horvay and Leuckel (1984, 1986), thus the work of Hsieh and Rajamani confirms the validity 
of the findings of Horvay and Leuckel, which is the only report on the experimental 
investigation of the velocity component profiles in a swirl atomizer in existence at the present 
time. 
(2) Hsieh and Rajamani report that the flow within the device is not axisymmetric and mention 
that this is due to fluctuations occurring in the air-core and to the device having a single 
tangential inlet. The present author argued that the velocity fluctuations occurring within the 
atomizers of Horvay and Leuckel were not due turbulence, as they reported, but were due to the 
presence of fluctuations of the air-core. The work of Hsieh and Rajamani confirms the 
existence of these fluctuations, which gives weight to the present author's argument. Hsieh and 
Rajamani mention the possibility of the presence of turbulence in their own investigations and 
this is discussed presently. In Chapter 8 the present author shows, through numerical 
computations, that the flow within a swirl atomizer is not axisymmetric in the vicinity of the 
inlets due to their inherent asymmetry and so this is confirmed by the findings of Hsieh and 
Rajamani. 
 

 
Figure 5.6. Measured velocity fluctuations 
at low Re and low S0. Horvay and 
Leuckel (1984). 

 
Figure 5.7. Measured velocity fluctuations 
at low Re and high S0. Horvay and 
Leuckel (1984). 
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 Cyclone-separators are used widely in the chemical, 
mineral and powder-processing industries. They are used to 
separate two liquid media of differing density or a solid from a 
liquid (a 'slurry'), if the solid is more dense than the liquid. 
They may be run with air as the operating fluid in order to 
grade a suspension of solid particles into differing size or 
density. If the cyclone operates with one or more liquids then it 
is known as a "hydrocyclone". The hydrocyclone used in the 
experiments of Hsieh and Rajamani is shown in fig. 5.8. The 
device is similar in design to a swirl atomizer and consists of a 
swirl chamber, conical convergence and outlet. The main 
differences in the design of a hydrocyclone to that of a swirl 
atomizer are that the conical convergence has a much narrower 
angle, φ, and that there is an additional outlet, called the 'vortex 
finder' through the top of the swirl chamber, similar to that in a 
spill-return swirl atomizer, (see for example, Lefebvre (1989)), 
which is larger in diameter than the outlet at the bottom of the 
conical convergence. The main fluid flow is through the vortex 
finder, in these devices. The devices range in size from a few 
tens of millimetres to several meters and that of fig. 5.8 has a 

75 mm diameter swirl chamber and an overall length of 270 mm. 
 
 Cyclones are invariably operated in the vertical position as the denser media is required 
to move downwards under the action of gravity. They operate by having the mixture injected 
into the tangential entry, forming a swirling motion within the device which causes the denser 
media to be moved outwards, towards the wall of the convergence. It is then swept downwards 
toward the outlet under the action of gravity. The outlet opens to the atmosphere so that air is 
drawn in along the central axis to form an air-core, in the same manner as in a swirl atomizer, 
and the denser constituent of the operating mixture exits through the outlet. The less dense 
media is buoyed inwards, toward the air-core. The conical section constricts the downward 
spiralling flow and hence a central column of fluid spirals upwards, exiting the device through 
the vortex finder tube in the top of the swirl chamber. As the vortex finder is of greater diameter 
than the bottom outlet, so the upward flow generally has a greater volumetric flow than that 
through the bottom outlet and it carries with it the less dense media. 
 
 
 

 
Figure 5.8. Hydrocyclone. 
Hsieh and Rajamani. (1991) 
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5.3.2  The Experimental Set-up 
  The model hydrocyclone was constructed of 1 mm thick glass and the device was 
immersed in a water-filled jacket constructed of Plexiglas. Both water and a 1:1 water-glycerol 
solution were employed as the fluid media as these are both Newtonian liquids. The kinematic 
viscosities of which were 1×10-6 m2/s for water and 8.93×10-6 m2/s for the glycerol solution and 
the inlet velocities for these two cases were 2.275 m/s and 2.261 m/s, respectively. The 
Reynolds numbers, calculated using eqn.(5.1), were Re1 = 113750 for the water only case, and 
Re1 = 12660 for the water-glycerol case. The swirl number, equivalent to the atomizer constant 
K2, from eqn.(5.4) is precisely S0 = 1. 

 
 The experimental investigation involved LDA measurements of both the axial and 
swirling velocity components of the flow and employed a 35 mW helium-neon laser Doppler 
velocimometer. The seeding particles used to back scatter the laser light, were 1.5 µm diameter 

Figure 5.9. Axial and tangential velocity component profiles, water only, Re = 56875. 
(a) axial velocity in the inlet plane (b) axial velocity normal to the inlet plane (c) 
tangential velocity normal to the inlet plane. Hsieh and Rajamani (1991). 
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silicon-carbide particles. Figure 5.9 shows the measured velocity component profiles for the 
water only case and fig. 5.10 for the water-glycerol case. The axial velocity components were 
measured at four meridian planes, at the azimuthal positions of 0o, 90o, 180o and 270o, as 
denoted by the labels at the tops of figs. 5.9a and 5.9b and 5.10a and 5.10b. The tangential 
velocity components were measured at two opposite meridian planes, at the azimuthal positions 
of 0o and 180o, as denoted by the labels at the tops of figs. 5.9c and 5.10c. The velocity 
components were measured between radial positions of the wall of the device and its air-core 
 
5.3.3  The Experimental Results 
 From figs. 5.9a, 5.9b, 5.10a and 5.10b one may observe that the axial velocity profiles 
differ from those of a swirl atomizer because the majority of the volumetric flow exiting the 
atomizer takes place upwards, through the vortex finder. In fact, in the water only case the ratio 
of water exiting through the vortex finder to that through the outlet is some 20:1, and for the 
water-glycerol case 9:1. Some degree of asymmetry (the flow is not axisymmetric) is detectable 
in these axial velocity profiles. The profiles are asymmetric in the vortex finder region because 
the inlet flow enters on one side of the vertical axis only. This asymmetry is predominant near 
the region where the inlet flow enters, and gradually becomes almost axisymmetric below the 
vortex finder. Hsieh and Rajamani state that the asymmetry appears again in the vicinity of the 
outlet, since the flow passage narrows giving rise to an unstable pressure field, which in turn 
causes the air-core to fluctuate. The flow behaviour in swirl atomizers differs from this as the 
convergence angle is much greater and the fluctuations are more likely to be damped out in the 
greater body of liquid. The air-core formed itself is roughly parallel throughout the device but is 
in fact slightly larger in the vortex finder due to the increase in the upward axial velocity, and a 
consequential decrease in the pressure there. 
 
 The tangential velocity components are shown in fig. 5.9c for the water only case and 
fig. 5.10c for the water-glycerol case. For both cases the forced, or solid-body, vortex can be 
seen in the central region adjacent to the air-core and the free vortex prevails thereafter. 
Asymmetry, in the tangential velocity profiles, is observed both in the swirl chamber and in the 
bottom of the vortex finder; this is particularly noticeable in the lower Reynolds number case 
for the water-glycerol mixture. Hsieh and Rajamani comment that the shape of the tangential 
velocity profile in the conical section is very similar throughout.  
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The trends of the velocity profiles are similar for the different Reynolds numbers; however the 
transition from forced vortex to free vortex tangential velocity is noticeably smoother with the 
more viscous liquid, and Hsieh and Rajamani mention that for the same mean inlet velocity, the 
peak tangential velocity decreases with increase in viscosity. This is clearly due to the decrease 
in the Reynolds number in such cases. 
 

 
 Hsieh and Rajamani suggested that the flow may be turbulent but admitted that "The 
correlation between the turbulence and the Reynolds number has not been established for 
vortical flow, yet it is generally believed that turbulent conditions exist within the body of the 
hydrocyclone especially as the Reynolds number is as high as 105 to 106 for most practical 
applications". 

Figure 5.10. Axial and tangential velocity component profiles, water-glycerol only, Re 
= 6330. (a) axial velocity in the inlet plane (b) axial velocity normal to the inlet plane 
(c) tangential velocity normal to the inlet plane. Hsieh and Rajamani (1991). 
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To comment on this: this is a very loose argument, not substantiated by any form of analysis 
such as that provided by the present author in Section 8.2.4. There it is suggested that swirling 
flows of this nature may become turbulent at Reynolds numbers of the order of 105, as 
suggested by Hsieh and Rajamani. However, the maximum Reynolds number employed by 
them in the experimental investigation presented here, that for the water only case, is only just 
of order 105. It is the opinion of the present author that the flow will be wholly laminar. 
 
 
5.4  H. J. K. De Keukelaere et. al 
5.4.1  Introduction 
 A number of experimental studies of the internal flow within the swirl atomizer have 
been conducted within the present author's spraying laboratory at UMIST, in tandem with the 
present PhD study. These have taken the form of two final year undergraduate projects (Wong 
(1994), Ebbesen (1995)) and a taught Masters degree dissertation. This section is a distillation 
of the results of those works with the main emphasis being on the results of the Masters 
dissertation of De Keukelaere (1995). 
 
 The tests were conducted on a large perspex atomizer using water as the operating 
liquid. The flow rate was measured for different inlet pressures. Static pressure measurements 
were conducted on the internal walls of the atomizer using an electrical transducer providing 
wall pressure profiles for different inlet pressures. Measurements of the air-core diameter were 
undertaken employing a video system providing a clear view of the air-core topology within the 
convergence and outlet of the atomizer.  
 
5.4.2  The Nature and Set-up of the Experiments 
  It was decided by the present author to base the design of this atomizer on that of a 
small atomizer which had been developed in the author's department at UMIST by Widger 
(1993), as a good deal of experimental data on the spray formation of that atomizer was readily 
available. The dimensions of the atomizer of Widger were scaled up by a factor of 
approximately 7×; however the diameters of the two inlets and the outlet were made 
proportionally larger in order to promote the development of a large air-core, the study of which 
was one of the primary purposes of the investigation. The form and dimensions of the atomizer 
are shown in fig. 5.11. The swirl number S0, from eqn.(5.4), and hence atomizer constant K2, = 
1.153. The atomizer was constructed entirely of transparent perspex including the closed end of 
the swirl chamber. The cylindrical shape of the outer surface of the atomizer had 'flats' 
machined on diametrically opposite sides in order that light would strike these faces normally 
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so as to facilitate the viewing and photography of the air-core. All of the inner and outer 
surfaces of the atomizer were painstakingly polished.  

Figure 5.11. The form and dimensions of the atomizer studied by De Keukelaere et. al. (1995). 
 
 The water was fed from the mains supply via a master valve and a 'T' connection to the 
two inlets of the atomizer. The pipes connected to the inlets were each 38 mm diameter in order 
to reduce the Reynolds number of the flow within them and so reduce the possibility of 
introducing turbulent flow to the atomizer. The supply to each inlet contained its own valve and 
a Bourdon pressure gauge was attached to each of the 38 mm pipes immediately prior to the 
inlet. In this way both the balance of the inlet flows and the accuracy of the supply pressures 
could be ensured. Initially, a turbine-type flowmeter was inserted into the supply to the system, 
but was subsequently removed in favour of a collection and stop-watch methodology, as its 
presence was found to introduce turbulence into the system. 
 
 Along each side of the atomizer, on diametrically opposite sides, there were twenty two 
0.5 mm diameter holes to provide for pressure tappings. In this way the pressure balance which 
was ensured at the inlets could be tested for throughout the length of the atomizer. The first hole 
was centred at a distance of 1 mm from the discharge orifice. The holes along the outlet were 
spaced 3 mm apart; while those along the swirl chamber were 5 mm apart. A small number 
were also positioned along the length of the atomizer containing the conical convergence. An 
electrical pressure transducer, that was accurate, within the pressure range of 0 to 100 kPa (0 to 
1 Bar), to within ± 0.25% was connected the each hole in turn. The transducer was connected to 
a digital voltmeter (DVM) which had been suitably calibrated to record pressures. 
 
 The atomizer was positioned with its axis in the vertical direction with the exit orifice to 
the bottom. An Argon-arc flash lamp was positioned to one side of the atomizer, normal to the 
inlet axes, while diametrically opposite to this was positioned a video camera. The video 
camera and arc lamp were connected to a 'pulse' unit and pc-computer incorporating 'frame-
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grabber' hardware and software. In this way video stills could be obtained and saved as 'bitmap' 
files for the purpose of post-processing. 
 
 In order to determine the true air-core topology accurately from the bitmap picture data, 
it was necessary to take into account the light refraction due to the various optical media: water 
and perspex. This was achieved through the introduction of a series of threaded bolts, of 
different known diameters, into the atomizer while it was upturned and filled with water (no 
flow). In this way a graph could be obtained with apparent size as abscissa and actual size as 
ordinate. A polynomial correlation was then fitted to this data in order to obtain a formula with 
which to calculate the true air-core diameters from those observed. Formulae of this type were 
obtained for the outlet, the swirl chamber and at several axial positions along the convergence. 
 
5.4.3  The Results of the Flow Measurements 
5.4.3.1  Flow Rate 
 It was found that the mains supply could deliver pressures of up to approximately 60 
kPa and that the air-core was almost fully formed at a pressure of 15 kPa. And so the decision 
was taken to operate the atomizer within the supply pressure range of 15 to 55 kPa at intervals 
of 5 kPa, as measured on the Bourdon gauges attached to the inlets. Operating at a temperature 
of 18.7 ± 0.4 oC the volumetric flow rates corresponding to these pressures were found to vary 
between 0.205×10-3 m3/s to 0.389×10-3 m3/s and Reynolds number, according to eqn.(5.1), in 
the range 27400 to 51900. The average discharge coefficient, from eqn.(3.23), was then found 
to be 
   CD =  0.393 ± 0.003      (5.9) 
 
where the error was determined by standard deviation. 
 
To comment on this: the value of the discharge coefficient, of eqn.(5.9), was calculated using 
the pressures measured by the Bourdon gauges which were connected to the 38 mm diameter 
pipes supplying the inlets to the atomizer. In Section 5.4.3.2 below it will be shown that there is 
a pressure drop of 2 to 3 kPa across the inlets and in the light of this it may be more convenient, 
for comparison with computational results, to calculate the discharge coefficient using the 
reduced inlet pressure, reported at the side wall of the swirl chamber. By taking this data from 
fig. 5.12, below, one obtains the revised discharge coefficient: 
 
   CD = 0.419 ± 0.004.      (5.10) 
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In attempting to determine the discharge coefficient for this atomizer computationally, in 
Chapter 9, it is the discharge coefficient of eqn.(5.10) which is used for comparison purposes. 
 
5.4.3.2  Pressure Profiles 
 Figure 5.12 shows the profiles of the pressure acting on the wall of the atomizer, from 
inlet to outlet, as measured by the pressure transducers in the side walls of the atomizer. The 
graph  is for the three different supply pressures of  15, 25 and 35 kPa. The second figure (5.13) 
shows the same three pressure profiles normalised by dividing throughout by the relevant inlet 
pressure. 

Figure 5.12. Profiles of the gauge pressure at the internal walls of the atomizer. De Keukelaere 
(1995). 
 
 The graphs show an immediate decrease in the pressure from the 38 mm diameter 
supply pipes to the swirl chamber, via the 11 mm diameter inlets: this is due to the increase in 
the velocity head and perhaps some slight viscous losses. Further down the swirl chamber there 
appears to be a slight rise in the pressure profile and this is due to the effect of gravity, as the 
atomizer is large and positioned vertically. This gravity effect is more acute for the low 
Reynolds number case (15 kPa) of fig. 5.13, as the gravity head to pressure head ratio is higher 
in that case. As the flow enters the conical convergence the pressure profile shows a significant 
decrease, as here the velocity head increases due to the axial velocity increase. There is a slight 
variation in the pressure profile throughout most of the length of the long outlet with a rapid 
decrease at the very exit, as the liquid there must attain the pressure of the ambient air. 
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gure 5.13. Profiles of gauge pressure at the internal walls of the atomizer, normalized by the 
let pressures. De Keukelaere (1995). 

4.3.3  Air-Core Measurement 
Figure 5.14 shows the form of the air-core free surface boundary along the entire length 

 the atomizer. The profile has been corrected for light refraction by the perspex and water. 
e air-core shows a slight increase throughout the length of swirl chamber. This may be 
used by an increase in the axial velocity, due to gravity, leading to a corresponding decrease 
 the pressure head. The acceleration of the axial velocity within the conical convergence gives 
e to a reduction in pressure, so that the radial position at which the pressure is that of the 
bient air, i.e. zero, moves outward and the air-core increases in diameter. Within the outlet 

ere is a slight increase in the axial velocity along its length, which gives rise to a 
rresponding decrease in the wall pressure, fig. 5.12, which leads, in turn, to a further slight 
crease of the air-core diameter. The acceleration of the axial velocity, within the outlet, is 
ore marked for the higher pressures than for the lower pressures, and the 15 kPa contour 
pears to be constant throughout most of the outlet region. At the very outlet, the pressure 
roughout the thickness of the annular liquid sheet issuing from the orifice attempts to attain 
e value of the ambient medium, and the pressure on the inner and outer surfaces of the 
nular sheet will be zero. Therefore there is a rapid decrease in pressure throughout the liquid 
ere which gives rise to a rapid increase in the diameter of the air-core. 
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igure 5.14. Profiles of the air-core throughout the length of the atomizer. De Keukelaere 
1995). 

Figure 5.15 shows the profiles of the air-core at the far end of the swirl chamber, the 
onvergence and the outlet, in more detail than fig. 5.14. Above the 15 kPa supply pressure, the 
rofiles are seen to become closer together with increasing supply pressure, indicating that the 
ir-core asymptotes to a certain position as the pressure is increased. The literature survey 
arried out by Ebbesen (1995) indicates that this behaviour has been observed by a number of 
ther workers: Giffen and Massey (1950), Mani et al (1960) and Lawrence (1947). Ebbesen 
1995) also suggested that air-core size rises linearly with increasing pressure. For the higher 
ressures, the air-core in the outlet has a region where it decreases and then increases slightly. 
his detail is predicted computationally in  Chapter 9. 

On the surface of the air-core within the swirl chamber small sinuous, wave-like 
ndulations were observable, described by Kong (1994) as 'travelling ripples', whilst in the 
onvergence and the outlet the flow appears steady. The sinuous motion, on the surface of the 
ir-core within the swirl chamber, is accompanied by fluctuations for the DVM readings of the 
all pressure that were less notable within the convergence and outlet.  
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Figure 5.15. Detail of the air-core profiles from the end of the swirl chamber to the nozzle exit. 
De Keukelaere (1995). 
 
5.4.4 General 
 De Keukelaere makes two valid points regarding the design of the inlets to the swirl 
chamber: 
(a) The ratio li/(2ri) must be large enough to ensure that the liquid is directed into the swirl 
chamber in the proper tangential direction. If this ratio is too small then the flow entering the 
swirl chamber will have a radial component which will disturb the established flow within the 
swirl chamber. This point is described more fully by Dombrowski and Hasson (1969)  below. 
(b) The axial distance of the inlets from the closed end of the swirl chamber may be important. 
If the top walls of the inlets coincide with the wall at the closed end of the swirl chamber, as is 
the case with the atomizers designed by Horvay and Leuckel (1984, 1986) above, then there 
will be an undesirable thin boundary layer on the back face which will retard the liquid flow 
(Horvay and Leuckel only reported the effects of the boundary layers on the side walls of the 
inlets). Conversely, if the inlets are positioned some distance from the back face then there may 
be regions of recirculation set-up near to the closed end of the swirl chamber, and the driving of 
these recirculations will diminish the pressure energy available for atomization. It is therefore 
likely that, for a given atomizer design, there will be some optimum distance from the closed 
end of the swirl chamber that the inlets ought to be placed. 
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 Both De Keukelaere and Hsieh and Rajamani (1991) reported observing fluctuations of 
the air-core. The Reynolds numbers under which the experiments of De Keukelaere and Hsieh 
and Rajamani were conducted were of a similar order of magnitude, as were the experiments of 
Horvay and Leuckel (1984, 1986). Horvay and Leuckel did not report any observation of air-
core fluctuations but in the light of the observations of De Keukelaere and Hsieh and Rajamani 
it is likely that they did occur. Hsieh and Rajamani suspected the presence of turbulence but 
gave no qualifying reasons for their belief. Horvay and Leuckel observed velocity fluctuations 
and accredited them to turbulence, but clearly did not consider that they might have been due to 
the fluctuations of the air-core. Although De Keukelaere could report no observation of 
turbulent flow, as he made no velocity measurements, it is very likely that the flow within this 
atomizer was wholly laminar. 
 
5.5  N. Dombrowski and D. Hasson (1969) 

5.5.1  Introduction 
 This was an experimental study into the effects of 
changing the dimensions of the swirl atomizer on the 
values of the discharge coefficient CD and of the spray cone 
angle α. The effects of variations in the dimensions of the 
atomizer were correlated using three dimensionless groups; 
the atomizer constant K4, from eqn.(3.24), the length to 
diameter ratio of the outlet lo/2ro and the ratio of the swirl 
chamber inlet radius to the outlet radius R/ro. 
 
The Nature and Set-up of the Experiments 
 The design of the nozzle investigated by 
Dombrowski and Hasson is shown in fig. 5.16. They opted 
for rectangular inlets as these are easier to machine so that 
they interface the swirl chamber truly tangentially, and 
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Figure 5.16. The nozzle
Design, . rs/ri = 9, li/ri = 3.
Dombrowski and Hasson
(1969). 
square holes were arbitrarily chosen. Dombrowski and 
asson pointed out that the length to width ratio of the inlets, li/ri, ought to be sufficiently large 

o as to ensure that the operating liquid enters the swirl chamber in the desired tangential 
irection, and is not directed in a more radial direction and also that this ratio should not be so 
arge as to introduce unnecessary frictional losses. They determined experimentally that the 
ptimum value should be li/ri = 3. Figure 5.17a indicates the possible 'tangent error' which may 
esult from inaccurate machining of the inlets and fig 5.17c indicates the 'diffuse entry' of the 
perating liquid into the swirl chamber if the ratio li/ri is not sufficiently large. It was suggested 
hat the ratio of the swirl chamber radius to the width of the square inlets, rs/ri, would affect the 
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flow physics. The ratio, for rs/ri, chosen for all of the nozzles by Dombrowski and Hasson was 
based simply on that of the commonly used nozzles available at the time and was chosen to be  
rs/ri = 9. The inner surfaces of the atomizers were highly polished. The flow number range for 
these nozzles was, from FN = Q/√∆p,  1.7 to 17 dm3/hr/√kPa (1 to 10 gal/hr/√lb/sq.in). 
 
 Table 2 gives details of the 54 atomizers used in the experiments. The dimensions of the  
atomizers were selected so that there were two nozzles sharing the same K4, R/ro and lo/2ro 
combination, giving a total of 27 different combinations. In this way, two tests for CD and α 
could be made for each combination of dimensionless groups and the arithmetic mean value 
recorded. In addition, the dimensions of the atomizers were so selected that there were only six 
different K4 values. 

 
 
 
 
 
 
 
 
 

 

 

 
 
Figure 5.17. (a) Tangent errors. (b) Ecentric orifice errors. (c) Difuse entry for 
small li/ri. Dombrowski and Hasson (1969).
  

Table 2        

ro (mm)  1.03  1.03  1.03  1.52  1.52  1.52  

i  3 6 9 3 6 9 

lo/ro R/ro K4 K4 K4 K4 K4 K4 

0.125 
0.51 
0.91 

 
2.67 

 
0.117 

 
0.232 

 
0.354 

 
0.117 

 
0.232 

 
0.354 

0.125 
0.51 
0.91 

 
5.33 

 
0.117 

 
0.484 
 

 
0.722 

 
0.117 

 
0.484 

 
0.722 

0.125 
0.51 
0.91 

 
8 

 
0.354 

 
0.722 

 
0.91 

 
0.354 

 
0.722 

 
0.91 
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 The tests consisted of measuring the flow rate and spray angle for each nozzle at a 
pressure of 690 kPa (100 psi) using water at room temperature. The  flow rate was determined 
by the collection and stopwatch method and the spray angles, 2α, were obtained from 
photographs at the position shown in fig. 5.18. 

 
5.5.3  Experimental Results 
 The experimentally determined values of CD and 
2α are plotted against K4 in figs. 5.19 and 5.20 
respectively. It may be seen that the points are segregated 
according to the value of R/ro and lo/ro. The discharge 
coefficient CD increases with increasing R/ro and 
decreases with increasing lo/ro, and the spray angle 
decreases with both  R/ro and lo/ro. The values of CD and 

2α are either above or below the classical theory curve of Taylor (1948), depending on the 
magnitude of  R/ro and lo/ro. Dombrowski and Hasson pointed out that this is not in accord with 
the generalization which is sometimes made that the discharge coefficient is always higher 
while the spray angle is always lower than predicted by Taylor's theory. 
 

 

 
Figure 5.18. The position at which 
the spray angle was measured. 
Dombrowski and Hasson (1969). 

 
Figure 5.20. Variation of 2α with K4. 
Dombrowski and Hasson (1969). 

 
Figure 5.19. Variation of CD with K4. 
Dombrowski and Hasson (1969). 
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 Dombrowski and Hasson pointed out that the decreases of both CD and 2α with 
increasing lo/2ro were indicative of viscous losses occurring in the outlet. The fact that CD and 
2α will differ for different values of the dimensionless group R/ro, and will therefore also differ 
for the dimensionless group N = ro/rs, was predicted by the present author's dimensionless 
analysis of Chapter 3. The present author's quasi-1-dimensional inviscid analysis, based on the 
conservation of axial momentum along the length of the atomizer, also predicts variations in 
these flow characteristics with N, for a given atomizer constant, and this work is presented in 
Chapter 7. 
 
 
5.6  N. K. Rizk and A. H. Lefebvre (1985, 1986) 
5.6.1 Introduction 
 Rizk and Lefebvre produced two consecutive papers which investigated, firstly, the 
effects of the variation of the individual swirl atomizer geometrical dimensions (ro, ri, rs, lo and 
ls) on the thickness of the annular liquid film at the nozzle exit, t, and, secondly, the effects of 
the variation of the fluid properties (vL and ρL) on the values of the discharge coefficient, CD, 
the spray cone angle, α, and the liquid film thickness t.  
 
 In the first paper, Rizk and Lefebvre developed a general expression for the liquid film 
thickness at the exit of a swirl atomizer. This expression was tailored to fit the empirical data of 
Kutty et. al. (1978) by multiplying it through by a suitable constant. The resultant expression 
was given as 

where 

 
is the dimensionless air-core group of Giffen and Muraszew (1953), Chapter 4. The 
experimental data used by Rizk and Lefebvre was obtained by Kutty et. al. using an atomizer of 
the form shown in fig. 5.21, with kerosene as the operating liquid. Rizk and Lefebvre then 
presented a series of graphs all showing the variation of film thickness with supply pressure. 
Each of these graphs showed the difference in film thickness for two different values of a given 
atomizer geometrical dimension while the other geometrical dimensions were held constant.  
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 In the second paper Rizk and Lefebvre use a modified form of their general expression, 
which was given as  

 
in order to plot graphs showing the variation of t with liquid kinematic viscosity, vL, for 
different supply pressures and also the variation of t with liquid density, ρL, again for different 
supply pressures. The two graphs were then repeated with CD as the dependent variable. 
  

 
5.9.2  Experimental Results 
(1) Figure 5.22 shows the variation of film thickness, t, with supply pressure, ∆p, for two 
different outlet orifice radii, ro. The graphs show that, for a given atomizer, the higher the 
pressure differential across the atomizer then the thinner the film thickness t will be. The graph 
also clearly shows that the air-core asymptotes to a constant size as the pressure is increased 
indefinitely. The liquid  film thickness, t, was measured at the very exit of the nozzle, by Kutty 
et. al. (1978), using a camera positioned facing the spray emerging from the outlet orifice. The 
graphs also show that the film thickness reduces with reduction in outlet orifice radius. 
(2) Increasing the cross-sectional area of the inlet ports, Ai, increases t, as shown in fig 5.23. 
Clearly, by increasing the area of the inlet ports one increases the flow rate and therefore, for a 
given outlet cross-sectional area, the film thickness must increase.  
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Figure 5.21. The swirl atomizer of Kutty et. al. (1978). 
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(3) Decreasing the swirl chamber radius rs increases the film thickness t, fig 5.24. The strength 
of the swirling action is reduced for a smaller swirl chamber, which in turn reduces the size of 
the air-core in the outlet roac. 
(4) Increasing the length of the exit orifice lo decreases the film thickness t, but the effect is 
small (approximately a 7% decrease in film thickness for a three fold increase in orifice length). 
This effect is shown in fig 5.25. 5)  
(5) Increasing the swirl chamber length ls increases the film thickness t (approximately an 8% 
increase in film thickness for a two and a half fold increase in swirl chamber length. This is 
shown in fig 5.26. 

  

 
Figure 5.22. Variation of t with ro. 
Rizk and Lefebvre (1985). 

 
Figure 5.23. Variation of t with 
Ai. Rizk and Lefebvre (1985). 

 
Figure 5.24. Variation of t with rs. 
Rizk and Lefebvre (1985). 
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(6) Rizk and Lefebvre stated that the influence of liquid viscosity is clearly of major importance 
in the atomization process because viscous forces impede atomization by: (a) increasing the 
initial film thickness, (b) resisting the disintegration of the sheet into drops and (c) suppressing 
the formation of surface waves that normally precede atomization. 

  

 

 
 

 Figure 5.27 shows the variation in film thickness t with kinematic viscosity vL for 
different pressure differentials ∆p across the atomizer. It can be seen that the film thickness t 
increases with increasing vL for any given pressure. 
 

 
Figure 5.25. Variation of t with lo. Rizk 
and Lefebvre (1985). 

Figure 5.26. Variation of t with ls. 
Rizk and Lefebvre (1985). 

 
 
Figure 5.27. Variation of t with vL. Rizk 
and Lefebvre (1986). 

 
Figure 5.28. Variation of t with ρL. Rizk 
and Lefebvre (1986). 
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(7) The variation of film thickness t with liquid density ρL is shown in fig 5.28. It can be seen 
that while the film thickness does appear to decrease with liquid density, the effect is minimal 
and that the influence of ∆p on t is more pronounced. 
 
(8) Figure 5.29 shows the effect that liquid kinematic viscosity, vL, has on the discharge 
coefficient CD. Rizk and Lefebvre explained the trend of the graph as follows: as the liquid 
viscosity is increased, with all other geometrical and fluid properties remaining constant, then 
the swirl velocity is diminished or damped down due to the liquid friction, while the axial 
velocity is largely maintained by continuity. This decrease in swirl velocity leads to a decrease 
in the diameter of the air-core, and an increase in the film thickness t, as noted above, so that the 
cross-sectional area through which the liquid exits through the orifice is increased. Therefore 
the flow rate and hence the discharge coefficient are increased. The maximum value of CD is 
reached when the air-core disappears entirely and the flow is then predominantly axial. Further 
increase in viscosity then has a retarding influence on this axial velocity which then causes CD 
to decrease. Rizk and Lefebvre also mention that if the overall atomizer size is reduced while 
the atomizer constant K is kept fixed, then the point of zero swirl, the peak of the graph in fig. 
5.29, occurs at a lower level of viscosity. 
 
(9) Figure 5.30 shows the effect of liquid viscosity vL on the initial spray cone angle. Rizk and 
Lefebvre noted that there was a sharp decline in spray cone angle with increase in viscosity and 
that increase in the pressure differential ∆p across the nozzle tended to widen the spray angle to 
the extent that the value of viscosity at which the swirl component becomes effectively zero 
was almost doubled for a four fold increase in ∆p. This is clearly a Reynolds number effect as 
the liquid velocity increases with √∆p. 
 
 Rizk and Lefebvre commented that "surface tension forces impede atomization by 
resisting any disturbance or distortion of the liquid surface thereby opposing the creation of 
surface waves and delaying the onset of ligament formation". In practice the significance in 
surface tension is diminished, when considering swirl atomizers in combustion applications. 
For, whereas the kinematic viscosity of the hydrocarbon fuels used may vary by a factor of 
tenfold, from around 10-6 m2/s up to 10-4 m2/s, the corresponding change in surface tension is 
only about ten percent. 
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5.7  Discussion 
5.7.1  Air-Core 
 Horvay and Leuckel (1984) found that the air-core diameter was larger for the atomizer 
having a convex, trumpet-shaped, convergence, in comparison to both the atomizer with no 
convergence and that with a conical convergence. Kutty et al. (1978), on whose experimental 
results Rizk and Lefebvre's (1985) work was based, found that the air-core diameter decreases 
as the convergence angle, φ, was increased above 45o. De Keukelaere (1995) discovered that 
there is a slight reduction in the diameter of the air-core within the outlet, just downstream of 
the junction of the convergence with the outlet, and he attributed this to a vena contracta effect, 
due to the liquid having to negotiate a sharp bend. From these findings it is clear that in order to 
reduce the thickness of the annular liquid film in the outlet, and hence subsequently improve 
atomization performance, one ought to smooth the path of liquid through the convergence. 
 
 Conversely, Hsieh and Rajamani (1991) reported fluctuations in the air-core of their 
hydrocyclone occurring at the bottom end of the convergence which they attributed to the 
narrow convergence angle. In a swirl atomizer these fluctuations would lead to asymmetry in 
the resultant spray patternation. It would therefore seem likely, from all of the above, that for an 
atomizer having a conical convergence, there exists some optimum convergence angle, φ. In 
Chapter 9 it is demonstrated that the smoothing of the liquid path through the convergence of 
the atomizer employed by De Keukelaere by the introduction of a small radius at the junction of 

 
 
Figure 5.29. Variation of CD with vL. Rizk 
and Lefebvre (1986). 

 
 
Figure 5.30. Variation of 2α with vL. Rizk 
and Lefebvre (1986). 
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the convergence and the outlet, does indeed remove the vena contracta and increase the air-core 
diameter. 
 
 Rizk and Lefebvre (1985, 1986) have shown that the air-core diameter increases with: 
(a) increasing pressure (b) decreasing Ai (c) increasing rs (d) increasing lo (e) decreasing ls (f) 
decreasing vL and (g) decreasing ρL. 
 
5.7.2 Discharge Coefficient 
 Dombrowski and Hasson (1969) reported an increase in CD with: (a) increasing K (b) 
increasing R/ro and (c) decreasing lo/2ro. Rizk and Lefebvre (1986) reported that, while an air-
core is maintained, CD increased with increasing vL. 
 
5.7.3 Spray Cone Angle 
 Dombrowski and Hasson (1969) reported an increase in α with: (a) decreasing K (b) 
decreasing R/ro and (c) decreasing lo/2ro. Risk and Lefebvre (1986) reported that, α increased 
with: (a) decreasing vL  and (b) increasing ∆p. 
 
5.7.4  Velocity Profiles 
 The trends of the tangential velocity profiles obtained in the LDA work of Horvay and 
Leuckel (1984, 1986), using viscous liquids agreed well with those obtained, in a similar 
experimental manner, using glycerol solution by Hsieh and Rajamani (1991). The trend is a 
central region of solid body rotation, w ∝  r, surrounded by a region of potential vortex, w ∝  1/r, 
with a smooth transition in between. 
 
5.7.5  Surface Finnish 
 Both Dombrowski and Hasson (1969) and De Keukelaere (1995) pointed out that close 
attention was paid in ensuring that the inner surfaces of their nozzles were highly polished. 
Clearly, undue surface roughness will impede the flow within the atomizer and this point has 
been mentioned by a number of other authors. However there does not appear to have been any 
methodical experimental investigation into the effects of surface roughness on atomizer 
performance. 
 
5.7.6 General 
 The results of an inviscid analysis carried out by the present author are presented in 
Chapter 7 where it is shown that some of these trends of the variation of discharge coefficient 
and spray cone angle with geometrical atomizer dimensions are duplicated by the theory 
presented there. The results of a computational investigation are presented in Chapter 9, and 
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these primarily demonstrate both the axial and tangential velocity profiles in comparison with 
those of Horvay and Leuckel (1984, 1986) and also the effect of slight changes in atomizer 
dimensions and liquid properties on the discharge coefficient, the air-core diameter and the 
spray cone angle based on the atomizer investigated experimentally by De Keukelaere (1995). 
One of the primary objectives of computer modelling the internal flows of pressure swirl 
atomizers is to predict all of the phenomenon mentioned in this discussion section and this point 
will be referred to again in the subsequent chapters. 
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CHAPTER 6 
Previous Computational Investigations 
of Swirl Atomizer Internal Flow 

 
6.1 Introduction 
 This chapter completes the three-part literature survey of previous work on the  
analytical, experimental and computational (CFD) investigations of the internal flow physics of 
swirl atomizer nozzles. To the best of the present author's knowledge there are  only two sites 
where computational investigations have been carried out and these are the University of 
Karlsruhe in Germany, by Marc Horvay and Wolfgang Leuckel (1986), and at the University of 
Rouen in France, by Christophe Dumouchel (1989), within a chapter of his PhD thesis. Later 
work was conducted by Dumouchel in cooperation with Leeds University, Dumouchel et. al. 
(1990), (1991) and (1992). 
 
6.2  M. Horvay and W. Leuckel (1986) 
 Horvay and Leuckel conducted a brief computational investigation into swirl atomizer 
internal flow in conjunction with their experimental investigation, the results of which were 
presented in Chapter 5. The investigation was limited to a single case of atomizer geometry and 
Reynolds number. In the present work, in Chapter 9, a fuller computational investigation of a 
number of the model swirl atomizers, used by Horvay and Leuckel, is presented in order to 
validate a computational technique, developed by the present author, by comparison of the 
computed results with their experimental results. 
 
 It was not stated by Horvay and Leuckel what methodology was used to calculate the 
flow field within their model atomizer and it is likely that they employed a commercial code. 
The Reynolds number used, Re1 = 1125, is low and it is probable that they employed a laminar 
model. No discussion was given on the type and fineness of the grid used. Their calculated 
results are shown in figs. 6.1 and 6.2. Figure 6.1 shows the normalized velocity component 
profiles and fig. 6.2, the stream function contours. The  axial and tangential velocity profiles of 
fig. 6.1 were normalized in the same way as those determined experimentally (shown in Section 
5.2) by dividing through by the average inlet tangential velocity .m/s 0.3125 = wi 173These 

velocity component profiles should be compared with the corresponding experimentally 
determined profiles of fig. 5.2a as a discussion of their similarities and differences is given by 
the present author here. With this low a Reynolds number and inlet velocity their experimental 
results indicated that the air-core had formed at the exit orifice only, and did not reach into the 
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swirl chamber. It is therefore likely that they used this low Reynolds number to obviate the 
complexity of modelling the air-core. Beginning with the tangential velocity profiles, of fig. 6.1, 
it may be seen that the general trend of a solid body central region surrounded by a free vortex 
flow displayed by the experimental data was duplicated in Horvay and Leuckel's computational 
results. The value of the normalised tangential velocity adjacent to the wall at the x = 10 mm 
inlet level is greater than unity and this may cause one to contemplate on what inlet conditions 
were employed, for surely the tangential velocity input to the computer model, which had been 
normalised using the average inlet tangential velocity, must at most be one. The sharpness of 
the transition from solid body to free vortex flow was over-predicted by the computational 
results at nearly all axial positions, and particularly so at the x = 10 mm inlet level. Within the 
conical convergence the agreement, between the calculated and experimental tangential 
velocity profiles, appears to be good but the overall computed magnitude is seen to be generally 
greater than that for the experimental results. Within the outlet the tangential velocity is greatly 
over-predicted at both the x = 60 mm and x = 70 mm levels. 
 
 As with the tangential velocity component profiles, fig. 6.1 shows that the trend of the 
axial velocity component profiles is in general agreement with the experimental results, fig. 
5.2a. That is, the greatest magnitude of the axial velocity occurred near to the central axis and 
near to the atomizer walls. At the downstream end of the atomizer, at the x = 50 mm and x = 60 
mm axial positions, the axial velocities were over-predicted.  
 
 While the trends of the velocity component profiles are largely in agreement with the 
experimental results it is not possible to comment further on the small deviations, mentioned 
above, as there is insufficient information on the computer model and computational grid 
structure used. 
 
 The trend of the axial velocities is also evident from the stream function plot of fig. 6.2 
where it can be seen that the greatest volume flow took place near the atomizer walls and also 
near to the central axis, as in these areas the contours are closer together. 
 
 One reason that Horvay and Leuckel produced these computational results was in order 
that they might make a point regarding the work of Taylor (1950). In that work Taylor 
performed an analytical investigation on the boundary layer within the convergence of a nozzle, 
working in the spherical coordinate system, from the results of which he suggested that the 
greatest part of the axial velocity takes place within the boundary layer adjacent to the atomizer 
wall, fig 4.15, Chapter 4. The point made by Horvay and Leuckel, regarding fig. 6.2, is that as 
the flow undergoes a bifurcation at the inlet, then only part of the flow follows the wall of the 
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swirl chamber, and subsequently the wall of the conical convergence, and that as Taylor did not 
consider the radial flow along the closed end of the swirl chamber then he was unable to predict 
that a large part of the axial flow actually takes place adjacent to the central axis. However, as 
was mentioned in Chapter 4, Taylor did posses the foresight to predict this axial flow 
bifurcation, at least qualitatively, in his earlier analytical work on swirl atomizer flow, Taylor 
(1948). 

 

 
 
6.3  C. Dumouchel (1989) 
6.3.1 Introduction 
 The computational work of Dumouchel was based on the stream function/vorticity 
formulation. In what may be described as the 'normal' method of discretising the Navier- Stokes 
equations the set-up for the calculation of the velocity field is different from that of the pressure 
field which is treated as a source term (see for example Patankar (1980)). In some 
circumstances there may be problems associated with obtaining a converged dependent variable 
solution field due to the high degree of coupling between the velocity and pressure fields and 
this is sometimes the case with highly swirling flows. One solution is to use the stream 
function/vorticity formulation which effectively eliminates the pressure from the Navier-Stokes 
equations. This may be applied to a two-dimensional computational model and in a cylindrical 
coordinate system the flow is assumed to be axisymmetric, that is there is no variation of the 
dependent variables in the azimuthal direction. In this way one is able to determine the nature of 
the flow in the x-r plane. The pressure is eliminated by taking the curl of the vector form of the 
steady state, incompressible Navier-Stokes equation to form, what is known as, the Helmholtz 

 
Figure 6.1. The CFD calculated 
normalised axial and tangential 
velocity components of Horvay and 
Leuckel (1986), for Re1 = 1125. 

Figure 6.2. The CFD calculated 
streamlines of Horvay and Leuckel 
(1986), for Re1 = 1125. 
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equation. The Helmholtz equation has as dependent variables the vorticity vector ω and the 
radial and axial velocity components, v and u. The latter two primitive variables are eliminated 
by the use of the stream function, ψ, as the stream function is a single dependent variable which 
satisfies the equation of continuity. In this way the system of two Navier-Stokes equations 
together with the continuity equation, giving three equations in three unknown primitive 
variables, u, v, and p, is reduced to a system of two equations, the Helmholtz equation and the 
continuity equation with the two dependent variables of ω and ψ. The full mathematical 
derivation of the stream function/vorticity formulation can be found in a number of text books 
and in particular Gosman et. al. (1969). 
 
 In practice the system of equations used by Dumouchel was a little more complicated 
than that described above as it retained the tangential velocity component, w, in the Helmholtz 
equation and a third equation, to compensate for the inclusion of this additional unknown, was 
obtained by taking the convective derivative of the vorticity component ωθ. This modified 
formulation of the stream function/vorticity method had previously been used by Bloor and 
Ingham (1983) in order to study the flow physics within hydrocyclones and Dumouchel has co-
operated with Bloor and Ingham in a number of recent works on swirl atomizer internal flow 
including Dumouchel et. al. (1990), (1991) and (1992) 
 
 The geometrical form of the two-dimensional model atomizer used in the computational 
work by Dumouchel is shown in fig. 6.3. The atomizer consists of a swirl chamber attached 
directly to the outlet orifice without the benefit of a conical convergence: "le passage vers 
l'orifice s'opère par une variation brutale du rayon interne". The use of this simplified geometry 
was in order that an orthogonal block-type grid could be employed in the computational model 
(in Chapter 8, the present author opts to model a conical convergence using an orthogonal grid 
by a series of steps). Dumouchel observed that in order to obtain accurate results, the grid size 
must be "small compared to the smallest non-dimensional length which occurs in the problem." 
He found that a grid size of 0.1ri provided accurate results in all the computations performed 
and noted that "any further reduction in the grid size showed no graphical differences in the 
results obtained." Regarding modelling the air-core Dumouchel stated that "in practice an air-
core develops along the axis of symmetry. However, in this approach the volume taken up by 
the core is considered to be filled by liquid since it is reasonable to assume that the 
corresponding momentum is negligible compared to the bulk flow." The velocities were input 
to the model in the form of a plain-profile, tangential velocity and a plain-profile, radial velocity 
and these were applied to the boundary cells in the inlet region. In comparison to a real atomizer 
with discrete inlets the model employed a virtual ring inlet, of the type used by the present 
author in Chapter 9. In order to study the different flow physics associated with different inlet 
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conditions Dumouchel defined two parameters and these were firstly a Reynolds number, Re4, 
based on the inlet radial velocity, vi as a velocity scale, and the diameter of the inlets, 2ri as a 
length scale, and secondly, a swirl number K, which was taken as the ratio of inlet tangential 
velocity to inlet radial velocity, thus 
 

 
Indeed the whole computational analysis was carried out using variables made dimensionless 
by the velocity and length scales vi and 2ri.  
 
 The computed results of Dumouchel et. al., presented in the next section, are for an 
atomizer that had geometrical dimensions, and was operated with a value of K, such that 
 
    Re1 = 35 ×××× Re4     (6.2) 
 
where Re1 is the Reynolds number employed by Horvay and Leuckel (1984, 1986), eqn.(5.1). 
Therefore one is able to make qualitative comparisons between the computed results of 
Dumouchel et. al. and the experimental results of Horvay and Leuckel, for the atomizer with a 
similar geometry, shown in fig. 5.5a. 
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Figure 6.3. The internal geometry of the swirl atomizer studied by Dumouchel (1989) 
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6.3.2 Results 
 Figure 6.4 shows a three-dimensional plot of the computed, normalised tangential 
velocity components throughout the two-dimensional computational model of Dumouchel et. 
al., for Re4 = 100 and K = 10. Note that in comparison to the Reynolds number of Horvay and 
Leuckel, this is equivalent to Re1 = 3500, i.e. it is of a similar order of magnitude as that used in 
the case of fig. 5.5a (Re1 = 1125). The figure shows the velocity to be a maximum at the inlet 
and although plug flow with a boundary layer was assumed as the inlet condition, the inlet 
velocity profile, in the x'-direction, appears to have become altogether rounded. From the inlet 
the tangential velocity decreases quite rapidly, in the r'-direction, due to viscous effects, and 
then undergoes a slight rise and although it is not strongly evident, this is a free-vortex profile. 
The most apparent flow behaviour in this figure is the solid body rotation which begins at the 
centre line and continues almost to the radial position of the wall of the outlet. 

 
 Comparison of the computed tangential velocity profiles, of fig. 6.4, with the 
experimentally determined profiles of Horvay and Leuckel, for the atomizer with a similar 
geometry, fig. 5.5a, shows that there is an approximate agreement: at the, x = 10 mm, inlet 

 
Figure 6.4. The three-dimensional plot of the tangential velocity from the two-
dimensional computer model of Dumouchel et al. (1991), for Re4 = 100 and K 
= 10.  
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level, of fig. 5.5a, the tangential velocity shows an initial rounded profile followed by a drop 
from which it increases, moving radially inwards, in a free vortex flow finishing in a solid body 
flow adjacent to the atomizer axis. There is however a disagreement between these two figures 
in the relative magnitude of the maxima, at the transition between free vortex to solid body 
flow, and that at the inlet. One may observe that while these two maxima are of approximately 
equal magnitude in fig. 5.5a at the inlet level, the magnitude of the maximum tangential 
velocity at the inlet in fig. 6.4 is much greater than that at the transition position. This is an 
anomaly as the model atomizer of Dumouchel et. al. was run at approximately three times the 
value of the Reynolds number of that of Horvay and Leuckel then the reverse situation ought to 
be the case, the maxima at the transition position, in fig. 6.4, should in fact be greater than that 
at the inlet. 
 
 Figure 6.5 shows computed tangential velocity component profiles at the exit for an 
atomizer with lo' = 0 (lo' = lo/(2ri)), for K = 10, over a range of Reynolds numbers. As the 
Reynolds number is increased then so too are both the initial inlet radial and tangential 
velocities, vi and wi, through the parameter K, eqn.(6.1). The figure shows that, in the calculated 
results of Dumouchel et. al. the peak value of the tangential velocity moves radially outward 
with increasing Reynolds number. The figure also shows that the peak tangential velocity 
increases with increasing Reynolds number and one may make the following point regarding 
this: as the tangential  velocity is normalised by 
 

and as the Reynolds  number may be written 
 

 
then if one increases the Reynolds number by increasing the inlet tangential velocity, wi, then 
for a given K, it can be seen that the ratio of the tangential velocity in the exit orifice to that in 
the inlet, w/wi, also increases. Dumouchel et. al. observed that the velocity field characteristics 
became reasonably independent of Reynolds number for Re4 ≥ 100 and this is seen, in fig. 6.5, 
as the tangential velocity components share the same profile for Re4 = 100 and Re4 = 150. A 
further point regarding this figure is that there appears to be no zone of free vortex flow in the 
outlet, moving radially outwards from the centre line, the figure shows a clear zone of solid 
body rotation transforming immediately to what is possibly a zone of boundary layer flow, in 
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the approach to the wall. It is not possible to 
compare this result with the experimental 
results of Horvay and Leuckel as they took 
no measurements of the tangential velocity 
component at the outlet, x = 85 mm, level. 
However the present author did note the form 
of the tangential velocity component profile 
within the outlet, x = 70 mm, in his own 
computational model of Horvay and 
Leuckel's atomizer, Chapter 9, and that result 
shows a similar profile form as fig. 6.5. 
 
 Figure 6.6 shows computed profiles 
of the axial velocity component at the exit of 
an atomizer with lo' = 0, for different 
Reynolds numbers and K fixed at 10 
(unfortunately Dumouchel et. al. did not 

provide axial velocity profiles along the entire length of the atomizer). At the lowest Reynolds 
number, Re4 = 5, the axial velocity has an almost flat profile. According to Dumouchel et. al. 
this was due to the small radial velocity 
imparted at the inlet and therefore, from 
K, eqn.(6.1), also a small initial tangential 
velocity, so that there  was  very  little  
tangential  velocity occurring at the exit. It 
was also stated that Re4 ≤ 25 corresponded 
to the situation with no air-core. This is in 
accord with the situation in fig. 5.5a of 
Horvay and Leuckel, Re1 = 1125 (Re4 ≈ 
32), which also shows no air-core. For Re4 
≥ 25 the trend of the axial velocity profile 
is similar to both the experimental and 
computed results of Horvay and Leuckel 
(1986), fig. 5.5a, with maxima occurring 
at both the wall and near to the axis of 
symmetry. As with the tangential velocity 
Dumouchel et. al. observed that the axial 
velocity profiles became independent of 

 
 
Figure 6.5. Influence of the Reynolds number 
on the tangential velocity profile at the nozzle 
exit, for Re4 = 100, K = 10, and lo' = 0. 
Dumouchel et al. (1993).  

 
 
Figure 6.6. Influence of the Reynolds number 
on the axial velocity profile at the nozzle exit, 
for Re4 = 100, K = 10, and lo' = 0. Dumouchel 
et al. (1993).  
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the Reynolds number for Re4 ≥ 100. 
 
 Figure 6.7 shows the effect on the 
axial velocity component profile of varying lo', 
for Re4 = 100 and K = 10. For the case lo' = 0 
the profile is of course identical to that for Re4 
= 100 of fig. 6.6. For lo' = 2 the profile no 
longer displays twin maxima and it appears 
that this is due to the reduced retardation effect 
of the wall boundary layer. 
 
 Figure 6.8 shows the computed 
streamlines for Re4 = 100 and K = 10. The 
figure shows the same flow bifurcation at the 
inlet as the stream function plot of Horvay and 
Leuckel (1986), fig. 6.2, with part of the flow 
following the wall in the axial direction and 

the other part following the wall at the closed 
end of the swirl chamber in the decreasing 
radial direction, and then turning in the axial 
direction near to the axis of symmetry. As with 
the results of Horvay and Leuckel, it is the 
bifurcated nature of this volume flow which is 
responsible for the two maxima in the axial 
velocity profile, at the higher Reynolds 
numbers, of fig. 6.6. It is to be recalled that this 
is the flow pattern in a meridian plane for a 
swirling flow and the tangential velocity 
component superimposed upon this flow 
pattern is of the order of ten times that of the 
radial and axial velocity components in the 
plane. 
 
 Figure 6.9 shows a three-dimensional 
plot of the computed pressure field throughout 

 
Figure 6.7. Influence of the length of the outlet 
on the axial velocity profile at the nozzle exit, 
for Re4 = 100 and K = 10. Dumouchel et al. 
(1993).  

 
Figure 6.8. Contours of normalised stream 
function for Re4 = 100 and K = 10. Dumouchel 
et al. (1993).  
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the two-dimensional model atomizer. The pressure values were presumably obtained by 
substituting the computed velocity components back into the Navier-Stokes equations. While 
the computed results of Dumouchel et. al. are clearly for a true viscous flow one may gain an 
understanding of the relationship between the tangential velocity component and the pressure 
by reference to the inviscid situation. For an inviscid incompressible flow the pressure values 
are coupled with the tangential velocity by the relationship 
 

 
 

across any axial section. One could 
expect that this relationship should 
be approximately adhered to within 
the free vortex region of the 
tangential flow. Comparison of fig. 
6.9 with fig. 6.4, showing the 
tangential velocity component 
field, indicates that this was not the 
case. Figure 6.1 showing the 
tangential velocity component 
profiles of Horvay and Leuckel 
(1986) indicated that, moving 
radially inwards at the inlet level, 
the tangential velocity increases. 
One would expect a corresponding 
decrease in the values of the 
pressure and this was indeed found 
to be the case by the present author, 
in modelling the swirl atomizers of 
Horvay and Leuckel, Chapter 9. 
This behaviour is certainly not 

observable in viewing figs. 6.4 and 6.9 where it can be seen that both the tangential velocity and 
the pressure values generally decrease with decreasing axial position. 
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Figure 6.9. Three-dimensional plot of the pressure field 
throughout the atomizer, for Re4 = 100 and K = 10. 
Dumouchel et. al. (1991).  
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6.4 Chapter Summary 
 The computed velocity fields of Horvay and Leuckel, in general, show the expected 
trends and are in approximate agreement with their own experimental results. The tangential 
velocity component profiles of Dumouchel et. al. show, in general, the expected trend: at the 
inlet level they showed the inlet flow followed by a free vortex flow followed by solid body 
rotation. The profiles did however show the inlet velocity to be greater than the peak maxima 
near to the axis of symmetry and the reverse is expected for a free vortex profile at the value of 
Reynolds number employed. One is able to arrive at such a conviction by the comparison of the 
computed results with the experimental results, for similar rotating flows, operating at similar 
orders of Reynolds numbers, from both the work of Horvay and Leuckel (1984, 1986) and 
Hsieh and Rajamani (1991), presented in Chapter 5, as all of those profiles demonstrate a larger 
maxima at the solid body/free vortex transition position than at the inlet position. 
 
 In this chapter a representative sample only has been given of the work of Dumouchel 
et. al. His other work includes the effects on the flow physics of variations in the operating 
liquid viscosity and the relative values of the input velocities through the parameter K. 
Dumouchel et. al. have also examined the effects of alterations to the atomizer geometry on the 
flow fields. 
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CHAPTER 7 
A Revision of the Quasi-One-Dimensional 
Inviscid Theory Incorporating the Force 

Balance Across a Control Volume 
 
7.1  Introduction 
 In Chapter 4  a number of simplified inviscid theories were presented which had been 
developed by previous authors. In these theories equations were produced from which it was 
purported that, from a knowledge of the atomizer constant, K, only, one could predict the three 
unknowns of: the discharge coefficient, CD, a dimensionless expression for the air-core radius 
in the outlet, roac, and, from these, the spray cone half-angle, α. The formulations of Taylor 
(1948), Giffen and Muraszew (1953) and Bayvel and Orzechowski (1993) are essentially the 
same. They are based on the Bernoulli equation, continuity, the assumption of an irrotational 
flow and the principle of maximum flow: the supposition that conditions in the outlet of the 
nozzle will adjust themselves so that the discharge coefficient, CD, will be a maximum (for a 
given K). In Chapters 3 and 4 it was pointed out that the use of the principle of maximum flow 
was necessary, in these theories, in order to reduce the number of unknowns from two: CD and  
roac, to one: roac (in the case of Giffen and Muraszew and Bayvel and Orzechowski), from a 
knowledge of which one could also determine CD and α. The formulation of Giffen and 
Muraszew differed from that of Taylor in that an expression was derived for the free vortex 
constant, c. This was necessary in order that the governing expression could be written in terms 
of the atomizer constant, K, (Taylor's formulation, eqn.(4.34), contained only c and not K). The 
formulation of Bayvel and Orzechowski differed from that of Giffen and Muraszew in the use 
of R = rs - ri, rather than simply rs, in their expression for K. 
 
 In this Chapter a new inviscid theory is presented in which the principle of maximum 
flow is replaced by the use of an additional equation governing the force balance in the axial 
direction across a control volume surrounding the atomizer. Figure 7.1 shows schematically the 
assumed pressure forces acting upon the internal walls of the atomizer and onto the annulus of 
liquid in the nozzle outlet. The methodology used to formulate the axial force balance may be 
found in elementary text books on dynamics and has similarities to the simplified formulation 
of rocket propulsion. 
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  To describe the physics behind the force balance formulation: with the atomizer in the 
orientation shown in fig. 7.1, the swirling liquid entering the swirl chamber presents a pressure 
force acting on to the closed end, or 'top' end, of the swirl chamber. This provides an upwards 
force or thrust onto the closed end. Opposing the force on the closed end is an additional 
pressure force in the opposite direction, acting on the conical convergence of the atomizer. The 
net result of these opposing forces is a pressure force acting onto the annulus of liquid in the 
outlet, between the air-core and the cylindrical outlet wall, together with the transport rate, 
across the control volume, of the axial momentum of this annulus of liquid. This can be likened 
to a form of impulse force. Thus the equation for this force balance is given by 
 
   FT - FC - FO - FM = 0     (7.1) 
 
where the four terms represent, in the order given: the pressure force on the closed end of the 
swirl chamber (the 'top' end), the pressure force on the conical convergence, the pressure force 

 
Figure 7.1. Axial forces due to the pressure distribution. 
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acting upon the annulus of liquid in the outlet and the transport of axial momentum of this 
annulus of liquid (the suffixes refer to top, convergence, outlet and momentum, respectively). 
 
 The motivation for formulating any form of inviscid theory is to provide designers of 
swirl atomizers with a tool with which they may predict values for the relevant parameters. If 
one is able to predict the discharge coefficient then one may estimate the volumetric flow rate 
of an atomizer "on the drawing board" for any given supply pressure and of course estimate the 
supply pressure needed to provide a required flow rate. From an estimate of the air-core radius 
in the nozzle outlet one of course also has an estimate of the liquid film thickness, t, and from a 
process of back substitution into the expressions for the velocities, wo and uo, eqns.(3.7) and 
(3.10), one may also determine approximate values for these parameters. From a knowledge of 
t, wo and uo one may employ one of the empirical drop sizing equations in order to estimate 
something of the spray quality and a discussion is given on the possibility of achieving this in 
Chapter 9.  
 
 The motivation for the present attempt at deriving an alternative inviscid theory, to the 
existing "classical inviscid theory" of Taylor (1948) and other workers, is two-fold. Firstly, 
while the classical theory appears to be mathematically sound in assuming that the principle of 
maximum flow may be applied to the situation of an inviscid flow within a swirl atomizer the 
inviscid formulation is certainly an over-simplification of this flow problem. This was pointed 
out in Chapters 3 and 4 where it was indicated that the classical theory does not take into 
account all of the individual atomizer geometrical dimensions, relevant to an inviscid theory: rs, 
ro, ri and i, and relied solely on the ratios of these dimensions, in the form of the atomizer 
constant K. It was also suggested that a slightly more sophisticated model would obviate this 
deficiency by taking into account the additional dimensionless ratio parameter N. The second 
motivation for deriving an alternative inviscid theory is that the classical theory does not lend 
itself to additional degrees of sophistication and among these would be the inclusion of viscous 
boundary layer effects at the atomizer walls. 
 
 While, what may be referred to as, the "revised inviscid theory", presented in this 
chapter, does not go as far as investigating viscous boundary layer effects the formulation does 
determine all three of the unknowns, referred to above, of roac, CD and α using both K and N. In 
addition the revised theory is capable of determining the air-core radius within the swirl 
chamber, rsac. In the following section expressions are derived for all of the force terms which 
occur in eqn.(7.1) for an atomizer with a standard conical convergence. In Section 7.3 the 
complete formulation of the equations employed in the revised theory is presented and the 
methodology for solving the resultant system of algebraic equations is discussed. In Section 7.4 
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calculated values for CD, Ro (= roac/ro) and α are compared with those determined 
experimentally by Dombrowski and Hasson (1969), Kutty et. al. (1978) and De Keukelaere 
(1995). 
 
 
7.2 The Opposing Axial Forces and Momentum 
Transport Within the Atomizer 
 Each of the first three force terms of eqn.(7.1) is founded on a formulation for the 
pressure based on the Bernoulli equation which is assumed to apply everywhere in the liquid: 
 

 
As with the previous inviscid theories, the radial velocity component is assumed to be 
negligible in both the swirl chamber and in the outlet as the liquid is constrained in the radial 
direction by the cylindrical walls of the atomizer. The radial velocity is also assumed to be 
negligible in the convergence and the reason for this assumption is given in Section 7.2.2 
below. The remaining terms of the Bernoulli equation may be rearranged to make the pressure 
the subject 

As the Bernoulli equation is valid for any point in the inviscid flow domain then eqn. (7.3) may 
be used to determine the pressure at any point in this flow domain. 
 
 All of the first three force terms in eqn.(7.1) are derived by integrating the pressure, as 
given in eqn.(7.3), acting upon an annular area element, 2πr dr, from the radius of the air-core 
to the radius of the side wall of the atomizer. Thus, for example, the force acting on the top end 
is obtained by integrating p2πr dr from rtac to rs. Firstly however it is necessary to formulate 
expressions for the axial, u, and the tangential, w, velocity components which occur in 
eqn.(7.3). 
 
 As explained in Chapter 3, from ∇× V = 0, for an inviscid, irrotational flow the 
tangential velocity with respect to r is that of a free vortex, 
 

 .p = p + 
2

w + 
2
v + 

2
u

LL

222

ρρ
∆  (7.2)

 ( ).w + u2
 - p = p 22Lρ∆  (7.3)
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the profile for which is shown in fig. 3.1. Also for an inviscid, irrotational flow the axial 
velocity is independent of r, i.e. it is constant across a cross-section thus 
 

 
From the expression for the pressure, eqn.(7.3), it may be seen that with these velocity profiles, 
for any particular cross-section, the pressure will increase with r and this is indicated in the 
schematic diagram of fig. 7.1. 
 
7.2.1 The Force on the Top Face 
 From eqn.(7.3) with the tangential and axial velocities given by eqns.(7.4) and (7.5) one 
is in a position to calculate the force terms occurring in eqn.(7.1). The force on the  top face of 
the atomizer will be determined by integrating p2πrdr from the air-core r = rtac to the wall of the 
swirl chamber, r = rs. At the top face the axial velocity is zero so that eqn.(7.3) reduces still 
further (from the original Bernoulli equation, eqn.(7.2)), therefore with u = 0 and with w given 
by eqn.(7.4) the formulation for this force term may be written  
 

giving 

 
This formulation contains the two unknowns rtac and c, and it is therefore necessary to derive 
expressions for these in terms of both known parameters, i.e. geometrical atomizer dimensions, 
and specific unknowns which are required to be found. 
 
 The radius of the air-core at the top face, rtac, may be determined analytically from the 
Bernoulli equation: at the top face both the radial and the axial velocity components are zero. At 
the air-core the pressure is zero, it is recalled that "gauge" pressures are used throughout this 
thesis. These reduce the Bernoulli equation to 
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where the tangential velocity component on the air-core on the top face has been replaced by 
the expression in eqn.(7.4). The free-vortex constant may be written, from eqn.(3.6b) together 
with eqn.(3.7b), as  

 
Thus on inserting this expression for the free vortex constant into eqn.(7.8) an expression may 
be written for rtac, thus 

 
As this is an inviscid analysis then the absolute overall size of an atomizer is irrelevant and, as 
with the previous inviscid theories, the resultant dependent variables of CD and dimensionless 
air-core radii are dependent only on the relative geometrical dimensions of the atomizer, which 
go to make up K and N. It is therefore convenient to non-dimensionalise all of the parameters 
included in the formulation. A dimensionless expression, RT, for the air-core at the top face may 
be found by dividing eqn.(7.10) by the swirl chamber radius rs, and together with the 
dimensionless groups: 
 

 
(K3 and CD are from eqns.(3.24) and (3.23), respectively, from Chapter 3.) to obtain 
 

 
Therefore the dimensionless air-core radius at the top face is definable in terms of other 
dimensionless parameters, notably the discharge coefficient CD which is, of course, unknown. 
 
 Equation (7.7), for the force on the top face, may itself be made dimensionless by 
dividing by πrs

2∆p, and on applying eqns.(7.9) through (7.12) one obtains 
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All of the force terms derived in Section 7.2 will be non-dimensionalised by dividing through 
by πrs

2∆p. In this way one will obtain a dimensionless form of eqn.(7.1). 
 
7.2.2 The Force on the Convergence 
 The force acting upon the wall of the conical convergence will be given by integrating 
the pressure acting on a surface element 2πrcds, where ds is a length element of the 
convergence wall. In order to be included into the axial force balance formulation the resultant 
pressure force will need to be resolved into the axial direction.  
 
 The new theory, presented in this chapter, is quasi-one-dimensional, that is it is not a 
full two-dimensional potential flow theory and the difficulties of producing a full two-
dimensional theory are discussed briefly in Chapter 10. It is only with such a theory that one 
could hope to determine the exact form of the air-core topology in the convergence of the 
atomizer and it is likely that this would be given by the position of a streamline (see Chapter 9). 
In the absence of a knowledge of the variation of the air-core radius in the axial direction an 
approximate linear variation will be assumed. In Chapter 2 it was suggested that due to 
continuity the axial velocity is larger in the outlet than in the swirl chamber and that, because of 
this, the air-core is larger in the outlet than in the swirl chamber and this was actually seen to be 
the case in the photographs of fig. 2.6. Figure 7.2 shows the convergence with the assumed air-
core shape. For the convenience of formulating an expression for this linear air-core topology it 
will be assumed that: at the bottom of the convergence: x = 0; the radius of the air-core is roac 
(outlet air-core) and the radius of the atomizer wall is ro. At the top of the convergence: x = L; 
the radius of the air-core is rsac (swirl chamber air-core) and the radius of the atomizer wall is rs. 
The other relevant parameters in Section 7.2.2 are the length of the wall of the convergence, s, 
the angle that the side wall of the convergence makes with the x-axis, φ, the radius of the side 
wall of the convergence, which of course varies with x, rc(x), and the radius of the air-core in 
the convergence, rcac(x). With its assumed linear variation with x, the air-core radius in the 
convergence, rcac(x), may be written 
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The radius of the wall of the convergence is certainly a linear variation with x, in this case, 
which is given by 

From this one may write 

 
which may be used to eliminate x/L from eqn.(7.14) to give:  
 

 
 
 The pressure force on the convergence may be written in a similar form to that for the 
force on the top face in eqn.(7.7). However, in this situation, rather than integrating between 
two radial limits the integration takes place along the wall of the convergence, in the direction 
specified as 's' in fig. 7.2, from s = 0, at x = 0 to its corresponding length at x = L. At x = L, the 
distance along the convergence wall, s, may be written in terms of the convergence length L 
and the difference between the wall radii rs - ro, as 
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Figure 7.2. The geometry of the convergence. 
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In addition, as this force on the convergence wall is to be resolved into the axial (downwards) 
direction then it must be multiplied by sin φ, thus 
 

 
It is however convenient for this integral to undergo a change of variable from s to rc. In order 
to do this it is necessary to formulate expressions for both ds and sin φ. From the geometry of 
fig. 7.2, ds may be written as 
 

 
and, with dx/drc obtainable from eqn.(7.16), this may be written as 
 

 
An expression for sin φ is also obtainable from the geometry of fig. 7.2: 
 

 
An important observation to be made here is that with ds given by eqn.(7.21) and with sin φ 
given by eqn.(7.22) then the product ds×sin φ, occurring in eqn.(7.19), reduces to simply drc. 
This indicates that, in this one-dimensional inviscid analysis, the angle of the convergence is 
irrelevant and for convenience one may take the case of a very long convergence such that u >> 
v  and w >> v. This transformation, from ds to drc in eqn.(7.19), is equivalent to a change in 
variable so that the lower and upper limits of integration will become r = ro and r = rs, 
respectively. Thus the expression for the pressure force acting in the axial direction on the 
convergence, resolved into the axial direction, will be 
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The force has thus been projected onto a plane normal to the axial direction and indeed 
eqn.(7.23) is true for any shape of wall. As with the above formulation for FT, analytical 
expressions for u and w need to be determined, in terms of rc, for eqn.(7.23). For a free-vortex 
the tangential velocity at the wall of the convergence is, from eqn.(7.4), simply w = c/rc, with 
the free vortex constant c given by eqn.(7.9), thus 
 

The axial velocity will be given by the volumetric flow rate Q divided by the cross-sectional 
area of the liquid stream for any axial position within the convergence: 
 

 
It transpires that this expression for the axial velocity is a little more involved than that of the 
tangential velocity as rcac must be written out in terms of the expression given in eqn.(7.17). 
Thus the term (rc

2 - rcac
2) in the denominator of eqn.(7.25) may be written completely in terms 

of the required unknowns roac and rsac as 
 

where 

 
It is convenient to write eqn.(7.26) in powers of rc as 
 

or 

This is a quadratic of the form 
 
    arc

2 + brc + c.       (7.30) 
 
By incorporating eqn.(7.24), for w, and eqn.(7.25), for u, together with eqn.(7.30) in its 
denominator, eqn.(7.23) may be written out in component form as 
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The first and last of these three integral expressions are straightforward to solve. The second 
may be solved from tables of standard integrals (e.g. Spiegel (1968)), alternative solutions being 
available depending on the sign of the discriminant b2 - 4ac. From eqns.(7.27), (7.29) and (7.30) 
it may be seen that 
 

 

 
For swirl atomizers one always has rs > ro and rsac < roac therefore the term within the 
parenthesis, of eqn.(7.32), will be negative. However as this term is squared then b2 - 4ac is 
positive and so tables give the solution of this integral as being of the form 
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Thus between the limits of ro and rs, after simplification of the resultant algebra, eqn.(7.31) has 
the solution: 
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The detailed algebra is given in Appendix B. In eqn.(7.34) the solution of the first and last 
integrals of eqn.(7.31) are grouped in the top line for convenience. Equation (7.34) may be 
made dimensionless, as with the expression for FT in eqn.(7.13), by dividing through by πrs

2∆p. 
The right hand side may be written in terms of the dimensionless variables Ro = roac/ro and Rs = 
rsac/rs together with the dimensionless parameters given in eqn.(7.11). After some manipulation 
this gives 
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7.2.3 The Force and Transport of Axial Momentum for the Annulus of 
Liquid in the Outlet 
 In a similar way to that used to calculate the force on the top face, the force acting on 
the liquid annulus in the outlet, is obtained by multiplying the pressure, as given in eqn.(7.3), by 
an annular area element of the annulus, 2πr dr, and then by integrating this, force element, 
between the limits roac to ro: 
 

 
The expressions for the tangential velocity, w, and the axial velocity, uo, in eqn.(7.36) are 
obtained in a similar manner to those used in the previous two force term formulations and 
these are 

and 

 
With the inclusion of these terms in the formulation for the pressure force on the annulus of 
liquid within the outlet, eqn.(7.36), the resultant expression may be integrated to give 
 

 
This may be made dimensionless in the same manner as before, by dividing through by πrs

2∆p 
and the use of the dimensionless parameters defined in eqn.(7.11), to give 
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 The axial transport of axial momentum within the exit orifice is the mass flow rate, 
ρLQ, multiplied by the axial velocity in the outlet, uo, so that this impulse-type force term may 
be written as 

 
This may be made dimensionless, as with the other terms, to give 
 

 
 
7.3 The Axial Force Momentum Balance Equation 
and its Solution 
 Having determined the expressions for the forces and the momentum transport in the 
last section one is now in a position to construct the force balance, or conservation of axial 
momentum, equation. As explained above, the net difference between the forces occurring at 
the top face and on the convergence should balance the sum of the force on, and the momentum 
transport of, the annulus of fluid in the outlet. The mathematical formulation for this was given 
in eqn.(7.1) as 
 
   FT - FC - FO - FM = 0.     (7.43) 
 
This may be written in a dimensionless form in order to take into account the various 
dimensionless force terms derived in Section 7.2 and this is 
 
   ΦT - ΦC - ΦO - ΦM = 0.     (7.44) 
 
This may be written out in full from the equations for the respective dimensionless force terms, 
the Φ components of eqns.(7.13), (7.35), (7.40) and (7.42), and then simplified, to give 
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 Equation (7.45) contains three unknown dependent variables that one wishes to 
determine for prescribed values of the parameters representing the atomizer geometrical 
dimensions: K3 and N. The unknowns are the discharge coefficient CD and the two 
dimensionless air-core radii, Ro and Rs. In order to solve the equation one may employ 
expressions for the discharge coefficient, which can be derived from the Bernoulli equation, to 
replace the occurrence of CD. These expressions are eqns.(3.77) and (3.78), from Chapter 3, 
which on being inverted to make CD

2  the subject become 
 

and 

 
respectively. If one were first to replace the occurrence of CD

2 in eqn.(7.45) with the expression 
for CD

2(Ro) from eqn.(7.46) to form, what one may refer to as, eqn.(7.45a) and then one also 
replaced the occurrence of CD

2 in eqn.(7.45) with the expression for CD
2(Rs) from eqn.(7.47), to 

form eqn.(7.45b), then one would institute a system of two equations, (7.45a) and (7.45b), in 
two unknowns, Ro and Rs, which may be solved by a numerical iteration scheme. Thus the 
application of the axial force-momentum balance has provided an alternative to the "principle 
of maximum flow" (which was discussed in Chapter 3. and examples given from previous work 
in Chapter 4) to solve the quasi-one-dimensional inviscid swirl atomizer problem. 
 
 As both Ro and Rs are normalised air-core radii then they must both fall within the 
interval zero to one, 0 < Ro < 1 and 0 < Rs < 1. Initially an attempt was made to solve 
eqns.(7.45a) and (7.45b), for Ro and Rs, using a Newton-Raphson technique in two variables 
(see, for example, Burden and Faires (1985)). This did not prove fruitful and it seemed likely 
that this was due to the expressions (1 - Ro

2), (1 - Rs
2) and (Rs - Ro) which occur in the 

denominators of the terms in eqn.(7.45) giving discontinuities in the functions provided by 
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eqns.(7.45a) and (7.45b). With the benefit of hindsight it is clear that, as eqn.(7.45) equates with 
zero, then it may form a product with these expressions in order to effectively eliminate them 
from the denominators. However, it is sufficient in order to prove the validity of the revised 
inviscid theory, by comparison of its computed results for CD, Ro, Rs and α with those 
determined experimentally, to calculate a finite number of points only. In order to achieve this it 
was decided upon to employ a simple graphical technique. 
 
 The graphical technique functions in the following manner: for given values of K3 and 
N, one must first assume a guessed initial value for one of the dependent variables, either Ro or 
Rs and in the scheme Ro was arbitrarily chosen to be the guessed variable. This value of Ro was 
then input into both equations (7.45a) and (7.45b) and they were then plotted as functions of Rs 
as the independent variable, within 0 ≤ Rs ≤ 1. As eqn.(7.45) is equated with zero then so to are 
eqns.(7.45a) and (7.45b). Therefore the object of a simple computer program employing the 
graphical technique was to determine at what points these two equations would cross the 
horizontal axis. If the correct value of Ro had been used then the two equations would cross the 
horizontal axis at the same point, i.e. they would also share the same, correct, value of Rs. In 
general, initially, this would not be the case and the starting value of Ro would need to be 
altered so that the zeros of the two equations would be brought closer together on the horizontal 
Rs-axis. 
 
 In this way it was possible to view the behaviour of eqns.(7.45a) and (7.45b) and it was 
observed that, even after multiplying through by (1 - Ro

2)×(1 - Rs
2)×(Rs - Ro)2, as suggested 

above, there existed more than one zero, for one or both of functions (7.45a) and (7.45b), in the 
interval 0 ≤ Rs ≤ 1. This suggested that one would still encounter difficulties if one were to 
employ a Newton-Raphson iteration scheme. However as a control, in using the graphical 
technique, one may formulate an additional function, in Ro and Rs, by subtracting eqn.(7.46) 
from eqn.(7.47), or visa versa, and plot this on the same Rs-axis as the functions of eqns.(7.45a) 
and (7.45b). This additional function should, of course cross the Rs-axis at the same point, on 
reaching convergence, as functions (7.45a) and (7.45b). The values of Ro and Rs, determined 
using this technique, could then be back substituted into eqns.(7.46) and (7.47), respectively and 
ought to provide identical values for CD. By using this control it was discovered that, in all 
trials, the first occurrence of zero, of the functions (7.45a) and (7.45b) was the correct one.  
 
 It was a matter of experience as to which way to alter the value of Ro, larger or smaller, 
in order to bring the zeros of the two functions, eqns.(7.45a) and (7.45b), closer together but 
once established this could be input into the graphical plotting program so that it performs the 
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entire process automatically. A listing of the computer program and an explanation of the 
methodology is given in Appendix B. 
 
7.4 Results 
 In this section calculated results from the revised inviscid theory, for CD, α and Ro, are 
compared with the experimental results of Dombrowski and Hasson (1969) and Kutty et. al. 
(1978) over a range of values of the atomizer constant, K3, and the outlet/swirl chamber radius 
ratio, N. In addition calculated results for CD, α, Ro and Rs are compared with the experimental 
results for the particular case of the large perspex swirl atomizer investigated by De Keukelaere 
(1995). The experimental results of Dombrowski and Hasson and De Keukelaere were 
discussed previously in Chapter 5 and the experimental results of Kutty et. al. were used in the 
work of Rizk and Lefebvre (1985, 1986), which was also presented in Chapter 5. The 
calculated results for CD, α and Ro from the revised inviscid theory are also compared with 
those calculated using the classical inviscid theory. 
 
 The behaviour of CD, α and Ro with varying K3 and N is analyzed and discussed in 
terms of the flow physics and the findings are compared to the various experimental results. 
Due to the inter-relationship between these parameters it is convenient to refer to them as and 
when necessary and for this reason all of the figures, showing the experimental and calculated 
results are presented at the end of this section. 
 
 In order to estimate the spray angle a methodology similar to those suggested by 
previous authors in Chapter 4 was employed. The value of the tangential velocity was taken at 
the mean annular radius, (ro + roac)/2, in the outlet. This velocity was then divided by the total 
velocity magnitude, which is most conveniently written for this purpose as V = Q/(πro

2CD) 
(from eqns.(3.20) and (3.23)) to give the sine of the spray cone half-angle: 
 

Thus having found Ro, using the revised theory for given K3 and N, one may determine CD, 
from either of eqns.(7.46) or (7.47) and hence α, from eqn.(7.48). Equation (7.48) is similar to 
the formulation devised by Giffen and Muraszew (1953), eqn.(4.66), Chapter 4. where, in that 
case, Ro and CD were to be obtained from the classical inviscid theory. 
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 As the parameters CD, α and Ro are essentially measurements of conditions in the outlet 
it is convenient for the purpose of discussion to consider the effect of the variation of K3, on 
these parameters, for a fixed value of the outlet orifice radius, r0. This approach was also 
followed experimentally by Dombrowski and Hasson and their relevant atomizer geometrical 
parameters are given in Table 2, Chapter 5. It is also convenient to consider that all of their 
atomizers operated under the same supply pressure, ∆p. 
 
 Figure 7.3 shows the calculated results for the discharge coefficient, CD, in comparison 
to the measured results from Dombrowski and Hasson. The experimental points are grouped 
according to the value of N, there are three different N values, and also according to the outlet 
length/radius ratio lo/ro, and again there are three groups. The grouping of the [CD, K3] points 
according to their N values is indicated by the filled arrows and the grouping according to the 
ratio lo/ro is indicated by the key in the top left of the figure. One may also observe that 
experimental points are plotted for only six nominal values of K3 (0.149, 0.295, 0.451, 0.616, 
0.919, 1.159 corresponding to the six K4 values in Table 2, Chapter 5) and that there are two N 
values for three of these K3 values (0.295 has N = 1/3 and N = 1/6, 0.451 has N = 1/3 and N = 
1/9, 0.919 has N = 1/6 and N = 1/9). All of these experimental points were shown previously in 
Dombrowski and Hasson's own figure, fig. 5.19. The calculated results from the revised theory 
are shown in fig. 7.3 as the thick dark lines and the N values for these are indicated by the open 
arrows. 
 
 Figure 7.4 shows the calculated results for CD from the revised theory in comparison to 
the experimental results of Kutty et. al. (1978), again for three different N values. The lo/ro 
values of the atomizers for which these points were taken was not stipulated in that work. In fig. 
7.5 the calculated values of CD from the classical inviscid theory of Taylor (1948) are shown in 
comparison to the calculated results from the revised theory, for the three different N values 
used by Dombrowski and Hasson. 
 
 The first thing that one notices from these figures is that the trend of the calculated 
results for CD with N, for a given K3, is the reverse of that for the experimental results and this, 
together with the general agreement or not of the experimental and calculated results are 
discussed presently. Firstly a discussion is given on the expected trends according to the flow 
physics of the atomizer. 
 
 One may observe that, for fixed ro, K3, as given by eqn.(7.11), may be increased either 
because the inlet radius, ri, is increased (or the cross-sectional area of the inlets, Ai, is increased 
and this may include the addition of more inlets) or because the swirl chamber radius, rs, is 
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decreased, or both. If ri is increased then, for a given supply pressure, one may imagine that the 
volumetric flow rate, Q, would increase and hence the discharge coefficient, CD, the expression 
for which is given in eqn.(7.11), would also increase. However, it could be argued that as Q is 
increased then both w and u are increased, eqns.(3.8) and (3.10), and the increase in w may 
reduce the thickness of the annular liquid film in the outlet, i.e. Ro would increase due to the 
increase in the centrifugal force, and hence actually restrict the value of Q, for a given supply 
pressure. This situation will be referred to again presently. Conversely, if rs is decreased, in 
order to increase K3, then the free vortex constant c, given in eqns.(7.9), would decrease. This 
would lead to a decrease in the swirl velocity w, in the nozzle outlet (and consequently a 
decrease in Ro) and, by the Bernoulli equation, a corresponding increase in the axial velocity, u, 
so that it is likely that CD would again increase. 
 
 In figs. 7.3 and 7.4, it can be seen that CD increases with K3, for whatever geometric 
dimension is altered in order to increase K3. Table 2, Chapter 5, giving the atomizer geometrical 
parameters of Dombrowski and Hasson, indicates that for fixed N and fixed ro, K3 must have 
been increased by an increase in Ai only (by increasing the number of inlets, i, in this case). 
Therefore as CD is seen to increase with K3 in fig. 7.3 then this must be due to an increase in the 
volume flow, Q. As it is now seen that Q must increase with K3, due to an increase in Ai, then 
the effect of the predicted restriction, which was referred to in the paragraph above, must be 
minimal and this indicates that the axial velocity will increase at a proportionally greater rate, 
with increasing K3, than the tangential velocity. Therefore it is likely that this increase in the 
volume flow may actually lead to a decrease in the air-core radius in the outlet, Ro. 
 
 Figure 7.6 shows the variation of Ro with K3 from the experimental results of Kutty et. 
al., for three different N values, together with the calculated results from the revised theory, for 
the same three different N values, and from the Giffen and Muraszew (1953) theory. The 
experimental results in this figure indicate that Ro does actually decreases with increasing K3, so 
that this is in accord with the above arguments, i.e. Ro will decrease with increasing Ai, due to 
increased Q, and also decrease with decreasing rs, due to reduced w. 
 
 In fig. 7.3 it can be seen that, for a given K3, the experimentally determined values of 
CD decrease with increasing N (for the N value pairs for K3 = 0.295, 0.451 and 0.919, indicated 
in an earlier paragraph). This behaviour of CD with N, for a given K3, is also indicated in the 
experimental results of Kutty et. al., fig. 7.4. For given ro, N must be increased by decreasing rs 
so that therefore, for a given K3, Ai must also be decreased. It was indicated earlier in this 
discussion that decreasing rs would lead to an increase in CD, due to the reduction in the swirl 
velocity and corresponding increase in the axial velocity, and that a decrease in Ai would lead to 
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a decrease in CD, due to a reduced volumetric flow rate. It therefore seems apparent, in the 
experimental examples of figs. 7.3 and 7.4 at least, that the variation of Ai has a greater effect 
on the value of CD than the variation of rs, i.e. the effect of the volume flow on CD is greater 
than the reduction in swirl velocity, while maintaining a constant value for K3. However, 
hitherto the discussion has been limited to the situation where the supply pressure, ∆p, is kept 
fixed. If this situation is reversed and one instead maintains the same value of Q, for the same 
value of K3 and different N values, then, on ignoring any variation of the pressure for the 
moment, the effect of the variation of rs will dominate over the effect of the variation of Ai on 
the value of CD, i.e. Ai would have no effect on CD. In a particular computational (CFD) 
example, which is presented in Chapter 9, it was found that if one increases N, for fixed values 
of K3, ro and Q, that not only is the swirl velocity reduced (as a result of the decrease in rs) but 
so too is the wall pressure in the vicinity of the inlet, possibly as a result of the flow not being 
required to drive such a high value of swirl velocity. This increase in CD with N, for a given K3, 
is also indicated in the calculated results from the revised theory shown in figs. 7.3 and 7.4. It 
therefore seems apparent, in the CFD example at least, that if one increases N, for a given K3, 
that CD will in fact increase, and this is the reverse of the situation for the experimental data 
indicated in figs. 7.3 and 7.4.  
 
 The overall upward trend of CD with increasing K3, shown in the experimental results of 
figs. 7.3 and 7.4, is followed by the calculated results from the revised theory. The reversal of 
the trend of CD with N in the calculated results, in comparison to the trend of CD with N in the 
experimental results, is likely to provide a problem with this theory that would clearly not be 
encountered in the over-simplified classical inviscid theory, which did not consider N. While 
the behaviour of CD with the flow physics of swirl atomizers is likely to be more complex still, 
than that described in the foregoing discussion it may be suggested that the only recourse, to 
reconcile the revised theory with experimentally determined results for CD, would be to carry 
out two sets of experiments over a range of atomizers, in a similar manner to that of 
Dombrowski and Hasson, by firstly keeping ∆p constant, for all trials, and secondly by keeping 
Q constant. In this way one may determine whether or not the trends for the two cases are 
reversed. If this is indeed shown to be the case then it will have serious implications as to the 
validity of any inviscid theory in the prediction of the discharge coefficient, CD, unless such a 
theory was capable of incorporating, as "add-ons", the effects of the viscosity at the wall and 
free surface boundaries. For example, the effect of wall friction of increasing N, for a given ro, 
would be to decrease it. This is because increasing N would mean decreasing rs which would 
reduce the cylindrical wall surface area of the swirl chamber. Decreasing the wall surface area 
would decrease the total wall friction which would present less of an impediment to the axial 
flow and hence an increase in CD. Thus, it is speculated, that, in the presence of wall friction CD 
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will again increase with increasing N, for a fixed Q, and this trend is in accord with the 
calculated results of figs. 7.3 and 7.4, not the experimental results. 
 
 With reference to the experimental results of Dombrowski and Hasson for CD, in fig. 
7.3, for a true viscous liquid the discharge coefficient is seen to be larger for smaller values of 
lo/ro. This is because larger lo/ro leads to increased viscous drag and hence, for a given pressure 
differential, ∆p, across the atomizer the rate of flow through the nozzle is reduced leading to a 
decrease in CD. This therefore supports the argument given at the end of the previous paragraph 
for conditions in the swirl chamber. 
 
 The overall downward trend of Ro with K3, shown in the experimental results of Kutty 
et. al. in fig. 7.6, is followed by the calculated results from the revised theory. In addition the 
upward trend of the calculated values of Ro with increasing N, for a given K3, is seen to be in 
accord with the experimental values. It may also be seen, from fig. 7.6, that the results from the 
revised theory provide a better fit to the experimental data than the classical inviscid theory, 
which of course takes no account of the parameter N. 
 
 Figures 7.7. and 7.8 show the experimental results for the spray cone half-angle, α, from 
Dombrowski and Hasson and Kutty et. al. respectively, in comparison to the calculated results 
from the revised theory, over a range of values of K3, and for three different values of N, in 
each case. Figure 7.8 also shows a plot of α calculated using the classical inviscid theory. The 
calculated results, from both theories, were obtained using eqn.(7.48) which shows that sin α 
should decrease with: decreasing CD, increasing Ro and increasing K3. Figures 7.3, 7.4 and 7.5 
indicated that CD increased with increasing K3 and fig. 7.6 indicated that Ro decreased, with 
increasing K3, so that, as α is clearly seen to decrease with increasing K3, in the graphs of α 
versing K3, then it is the influence of K3 itself which is dominant. From figs. 7.7 and 7.8 it may 
be seen that the experimental results for sin α show an increase with N, for a given K3, and that 
this behaviour is also emulated by the calculated results. In figures 7.3 and 7.4 it was seen that, 
for a given K3, the calculated results indicated that CD would increase with increasing N (the 
opposite to experiment) and in fig. 7.6 it was seen that Ro would also increase with increasing N 
(for both calculated and experiment). In eqn.(7.48), for sin α, it may be seen that it is only the 
behaviour of the calculated values of CD with N that is in accord with the behaviour of α with 
N, in figs. 7.7 and 7.8. There are two points to be made in respect of this: the first is that, in the 
calculated results, for sin α, CD must have a dominant effect over Ro and secondly, if the 
inverse trend of CD with N, had been the case, as with the experimental results of figs. 7.3 and 
7.4, then it would follow that eqn.(7.48) would predict the inverse trend of α with N, for a given 
K3. 
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 Recent measurements of swirl atomizer air-core diameter achieved by De Keukelaere 
(1995), working with the present author in a measurement programme using high speed video 
imaging, are described in Chapter 5. The topology to which the air-core was found to 
asymptote, at the highest pressure used, ∆p = 35 kPa, is presented in fig. 7.9. In comparison 
with this experimental result are the calculated results for roac, in the outlet, and rsac, in the swirl 
chamber, using the revised inviscid theory and a calculated result for roac only, using the Giffen 
and Muraszew (1953) inviscid theory. In the swirl chamber viscous wall effects will have less 
influence on the air-core diameter than in the outlet because the wall is a comparatively larger 
distance from the air-core. It may be seen that in the swirl chamber, the air-core of the revised 
inviscid theory shows remarkably good agreement with the measured air-core radius, along the 
length of the swirl chamber. The experimental measurements show that the air-core continued 
to increase throughout the length of the outlet. Both the classical and revised inviscid theories 
are capable of predicting only a parallel air-core in the outlet. 
 
 In the case of the atomizer of fig. 7.9 it can be seen that the calculated discharge 
coefficient from the revised theory is remarkably close  to  the  experimental  value, at CD = 
0.394 compared to 0.393 ± 0.003. Figure 7.5 shows that, for all values of K3, values for CD are 
predicted to be greater using the classical theory than the revised theory and this is the case for 
the atomizer of fig. 7.9 where the classical theory predicts a slightly larger value of CD at 0.405. 
Figures 7.7 and 7.8, in comparison to fig. 7.9, show that the spray half-angle, α, is also over-
predicted by the classical theory. Again the calculated results for α from the revised theory 
show remarkably good agreement with the experimental value at α = 35.7o compared to 35 ± 
2o, while the classical theory over-predicts this result at α = 42.2o  
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 7.3. A comparison of the discharge coefficient, CD, calculated using the revised theory, 
e experimental results from Dombrowski and Hasson (1969). 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 7.4. A comparison of the discharge coefficient, CD, calculated using the revised theory, 
e experimental results from Kutty et. al. (1978). 
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Figure 7.5. A comparison of the discharge coefficient, CD, calculated using the revised theory, 
with that calculated using the classical inviscid theory of Taylor (1948). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7.6. A comparison of the dimensionless outlet air-core radius, Ro, calculated using the 
revised theory and the classical inviscid theory of Giffen and Muraszew (1953) together with 
the experimental results from Kutty et. al. (1978). 
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ith the experimental results from Dombrowski and Hasson (1969). 
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7.9. Air-core radii calculated using both the revised and classical inviscid theories in 
ison with the experimental results of De Keukelaere (1995). 

urther Work 
A Bisection Algorithm in Two-Dimensions 

The graphical methodology of determining the roots of the system of equations, 
5a) and (7.45b) (eqn.(7.45) incorporating eqns. (7.46) and (7.47)), has only one 
ge, over other numerical schemes, that of allowing one to view and understand the 
ur of the functions. As a practical means of determining a numerical solution to a set of 
n it is particularly cumbersome and alternative methods are discussed briefly in 
ix B. An idea for a practical alternative solution scheme is outlined below. 

To the best of the present author's knowledge the following concept has not been 
red previously. This is a bisection algorithm, otherwise known as a binary search 
, in two or more variables. For the purpose of this discussion consider the system of two 
ns in two unknowns from Section 7.3, eqns.(7.45a) and (7.45b). The methodology 
s in the following way. Begin with a guessed value of one of the variables, say Ro, in 
rval zero to one, and determine the values of Rs which satisfy the zeros of eqn.(7.45a) 
45b), for this Ro, using a normal one-dimensional bisection algorithm (see for example 
 and Faires (1985)). Then find the average of the two values of Rs obtained and use this 
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as a guessed value of Rs for the next stage. Now determine the zeros of eqn.(7.45a) and (7.45b) 
with the other parameter, Ro, as the independent variable, with the value of Rs fixed, again using 
the normal one-dimensional bisection algorithm. This should give a value of Ro for each of the 
two equations. Then find the mean value of these and use this as a guessed value of Ro. Then re-
determine the zeros of eqn.(7.45a) and (7.45b) as functions of Rs again in order to determine a 
better value of Rs. Continue in this way until the two values of Rs (and the two values of Ro) are 
within some prescribed limit of one and other. For systems of more than two equations the 
process may however be quite complicated. For instance a system of three equations may 
require that two of the variables be determined exactly for a guessed value of the third variable. 
This, third variable, would then be altered and the process repeated. Such a sequential 
methodology would be too slow for most practical applications and it may be possible to 
formulate some form of matrix methodology as with the n-dimensional Newton-Raphson 
scheme, which is referred to briefly in Appendix B. A further complication, using this proposed 
methodology for eqns.(7.45a) and (7.45b), is, as stated previously, that these two functions are 
likely to contain more than one zero on the interval zero to one, for one or both of Ro and Rs. 
For this reason some form of control would be necessary such as the equating of eqn.(7.46) 
with (7.47) directly, as was suggested previously in connection with the graphical methodology. 
 
7.5.2 The Revised Theory Applied to an Atomizer with Angled Inlets 
 The force balance analysis, which resulted in the formulation of eqn.(7.45), may be 
extended to atomizers with inlets entering, at an angle, into the closed end of the swirl chamber, 
such as those shown in fig. (7.10). A possible purpose of having angled inlets is to provide 
additional axial velocity to the liquid entering and leaving the atomizer, but it is often used for 
convenience of construction. The ratio of tangential velocity to axial velocity is reduced and the 
spray cone angle is therefore narrower. This gives improved spray penetration which may be a 
useful feature for such applications as fire fighting and fuel injection. 
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 In comparison with atomizers having "straight" inlets, normal to a meridian plane, the 
tangential velocity component to the inlets, for atomizers with angled inlets, is slightly reduced. 
In this situation the velocity may be resolved into both a tangential and an axial component. In 
comparison with atomizers with "straight" inlets there will be an additional force at the top face 
due to the axial transport of axial momentum as the liquid slows on entering the swirl chamber 
through the inlets. The mathematical formulation of a force balance equation, similar to that of 
eqn.(7.45), for an atomizer with angled inlets is provided in Appendix B. Numerical results 
have not been sought for this variation of the revised inviscid theory because there are no 
experimental results, in terms of CD, α and Ro, with which to compare them. 
 
 
7.6 Concluding Remarks 
 A potential advantage of an inviscid model of the flow within the swirl atomizer, based 
on the force balance across a control volume, over the classical inviscid analysis, based on the 
principle of maximum flow (described in Chapter 3), is the scope for further improvement by 
including viscous effects. This may be achieved by adding boundary layer friction terms in the 
conservation relationship of eqn.(7.45), by calculating revised values for the axial and 
tangential velocity components which appear in the force terms, eqns.(7.13), (7.35), (7.40) and 
(7.42). This type of modification could not be adequately achieved with the "classical" theory 
due to the simplifications which have been discussed in Chapter 3. While the present, revised 
inviscid, theory gives satisfactory results for the air-core radii and spray cone angle it could well 
benefit from the inclusion of these wall friction effects in order to better predict the discharge 
coefficient. 
 

 
Figure 7.10. Examples of swirl atomizers with 'helical' inlets positioned at the closed end 
of the swirl chamber. From Lefebvre (1989) and Bayvel and Orzechowski (1993).  
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 The greatest problems in formulating a full two-dimensional potential flow theory for 
the swirl atomizer is in determining values for all of the constants in the resulting potential 
function (see for example Lamb (1932)). In this respect the notion of the force balance across a 
control volume may provide additional information which one may use to derive such 
constants.  
 
 Even though these simplified theories, like the more complex full computational fluid 
dynamical examples discussed in Chapter 9, require the use of a computer to obtain a solution 
they have the advantage that one is able to obtain estimates of the important parameters, of CD, 
Ro and α, together with the resultant exit velocities, in seconds rather than hours, without the 
necessity of building complex computational grids. In addition further degrees of sophistication 
may be added to the computational solution scheme and a prime candidate is the inclusion of an 
empirical drop sizing equation, such as that discussed in Chapter 9. 
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CHAPTER 8 
Three-Dimensional Computer Modelling 
of the Flow within the Swirl Atomizer 

 
8.1 Introduction 
 The basic methodology of computational fluid dynamics is the discretization of the 
governing equations, for fluid flow, of Navier (1823) and Stokes (1845). The modelling of 
turbulent fluid motion is founded on the concept of Reynolds (1895), that fluid particle 
fluctuations approximately obey stochastic laws. For more than twenty years numerous workers 
have striven to create numerical solver algorithms, structured and unstructured grid 
methodologies, formulations to model turbulent motion and a myriad of other useful techniques 
which have enhanced the subject of CFD. Much of what has been found useful in the published 
literature has been taken up by commercial organizations, such as FLUENT, CFX, ADC etc, 
and incorporated into suites of sophisticated program packages. 
 
 It has not been the purpose of the present study to emulate, contend with or to enhance 
existing computational fluid dynamical practices. Rather it has been to use them, as a tool, in 
ways, both conventional and novel, to determine particular physical characteristics of the flow 
within the swirl atomizer.  
 
 As mentioned previously, the conservation of angular momentum (wr = const.) tends to 
create a free vortex flow in which the tangential velocity, w, increases sharply as the radius r 
decreases, the tangential velocity then decreases to zero near r = 0, as viscous effects begin to 
dominate, The tangential velocity profile of this typical flow behaviour can be seen in the 
figures of Horvay and Leuckel (1984, 1986), fig 5.2 and Hsieh and Rajamani (1991), fig. 5.9 
and 5.10. In a pure vortex, i.e. when there is no radial component of velocity, the centrifugal 
forces created by the tangential motion are in equilibrium with the radial pressure gradient thus 

As the distribution of angular momentum in a non-ideal vortex evolves the form of this radial 
pressure gradient changes driving radial and axial flows in response to the non-uniform 
pressures that result. It is this high degree of coupling between the tangential velocity and the 
pressure distributions that makes the modelling of swirling flows so complex. 
 

 .
r
w = 

r
p 2

Lρ
∂
∂  (8.1) 



  Chapter 8 page 167 
   
 This work is presented in the chronological order in which it was carried out. All of the 
work employs the FLUENT CFD code and 'structured' grids to model the atomizer. The work 
modelled three-dimensional nozzles and was carried out on Unix-based Hewlett Packard 
workstations. These modelled nozzles were based on an atomizer designed by Widger (1993) 
(shown in fig. 2.1) to operate with water, for use in dust suppression in the coal industry. The 
reason was that the experimental work of Widger was carried out in the author's department at 
U.M.I.S.T. and his experimental results and expertise were readily available.  
 
 As a result of the initial three-dimensional modelling work it was recognised that, 
because 3-D effects disappear rapidly in the swirl chamber, it was permissable to use 2-D 
(axisymmetric) modelling to predict the internal flow field, in these relatively long atomizers. 
This allowed the use of a large PENTIUM computer which obviated the severe accessibility 
restrictions of the Hewlett Packard Workstation. Furthermore during the initial work it became 
clear that the turbulence model, in the earlier version of FLUENT, was probably very poor 
when applied to the swirling internal flow. Fortunately, it also became clear that a laminar, 
rather than turbulent, assumption was appropriate to the flow for most practical situations. 
 
 The CFD work thus started with three-dimensional test cases, both laminar and 
turbulent, but the majority of the work then involved laminar two-dimensional solutions (with 
and without time dependence allowed), and concentration on correctly modelling the air-core 
shape. The two-dimensional work forms the subject of the next chapter.  
 
 
8.2 Three-Dimensional Orthogonal Block Grid Model 
8.2.1 Introduction 
 The 3.03 version of FLUENT, which was initially available, employed an orthogonal 
block-type grid. The grid is non-staggered and all dependent variables are calculated at the cell, 
control volume, centres using the finite difference methodology and power-law interpolation. 
Having established a method of modelling the discrete inlets and applying the input velocity the 
grid was first tested using small input velocities which would clearly result in a laminar flow 
field. The same grid was then used to calculate a full operating velocity Algebraic Stress 
turbulence Model (ASM). The results obtained from these investigations are shown as vector 
plots and profiles of velocities together with contours of pressure. The results of the laminar and 
turbulent flow calculations are seen to differ markedly. A discussion is given on the critical 
Reynolds number for transition to turbulence. 
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8.2.2 Grid Construction 
 The FLUENT code required geometries to be modelled by firstly specifying the 
"dimensionality" of the model (two or three dimensions) the number of cells required in each 
spatial direction and the type of each cell. A description of the various cell types is given in 
Appendix C. Grids may be created in either the cartesian or cylindrical coordinate systems and 
clearly the cylindrical system is most appropriate to the swirl atomizer. In the cylindrical 
coordinate system it was not necessary to employ a finite inner radius and in this initial trial no 
attempt was made to model the air-core. The atomizer had two discrete tubular inlets and it was 
not possible to model these using orthogonal block grids and so they were represented by 
rectangular sections of inlet cells which were set in to the walls of the swirl chamber. With the 
atomizer having two inlets it could be assumed that the flow will be approximately rotationally 
symmetric so that the number of cells employed could be halved by modelling only one, 180o, 
half of the atomizer. This also reduced the CPU time needed to obtain a converged solution 
field. The isometric outline of the modelled atomizer, of fig. 8.4 below, shows both the nature 
of the rectangular inlets and the way in which the model was split into two rotationally 
symmetric halves. 
 
 The total number of cells available was 25,000, including boundary cells. It will be seen 
that in modelling a three-dimensional geometry, of this type, this allows for only a fairly coarse 
grid structure and an attempt was made to utilise as many of the available cells as possible so 
that recourse was made to 'weighting' or 'stretching' factors, as described presently. Figure 8.1 is 
a side view of the model, showing both halves, with all of the relevant atomizer dimensions and 
the rectangular inlets. The number of "live cells" representing the flow domain were: 22 in the 
tangential (azimuthal) direction, giving a mean cell spacing of 0.607 mm around the chamber 
wall; 47 in the axial direction, giving a mean cell spacing of 0.593 mm and 19 in the radial 
direction. The size of the radial cells was determined by allocating 3 cells to the outlet radius ro 
= 0.6, of 0.2 mm each, and by dividing the remaining 16 cells across the rs - ro = 3.65 mm radial 
length which gave the spacing of these cells to be 0.456 mm, these were all of the same size. 
Having only three cells in the radial direction in the outlet is insufficient. However, with the 
overall cell limit of 25,000 cells and, as is mentioned on the following page, the adjacent cell 
sizes ought to be constrained so that there is a smooth transition from small cells to larger cells, 
across a number of cells, then three cells in the radial direction in the outlet was all that was 
possible. Even so, the cell spacing in the radial direction is closer than in either of the axial or 
tangential directions and this was chosen so as to best represent, and calculate, regions of 
anticipated high velocity gradient, ∂w/∂r, near to the central axis. Figures 8.2 and 8.3 show the 
side and end view of the modelled grid but do not include the boundary cells. 
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 The spatial dimensions of the atomizer were defined in terms of x, y and z coordinates. 
In the cylindrical coordinate system, in the FLUENT code, x represents the axial direction, y 
the radial direction and z the tangential direction (rather than the more usual x, r and θ 
notation). The cell numbers in each of these respective directions are given in terms of I, J, and 
K indices. The cells in the tangential direction were bounded by cyclic cells giving a total 
number of cells in the tangential direction of 24. The cyclic cells were placed at the k = 1 (θ = 
0o) and k = 24 (θ = 180o) positions. The axial cells were bounded at the closed end of the 
atomizer by wall cells and at the far end by a combination of outlet cells and wall cells, where 
appropriate, giving a total number of cells in the axial direction of 49. The cells in the radial 
direction were bounded on the centre-line by symmetry cells and at the wall, on the surface of 
the atomizer, by wall cells giving the total as 21. Hence the complete total number of cells 
employed in the model was 24 × 49 × 21 = 24, 696, i.e. close to the limit of 25,000. 
 
 The cell spacing in the axial direction was governed by three things:  
(1) It was anticipated that there would be regions of high velocity gradient in the vicinity of the 
inlet. 
(2) The spacings of the axial cells in the region of the conical convergence were required to be 
in accord with the spacing of the radial cells in order to approximate the, φ = 50o, conical 
convergence by a series of steps.  
(3) In order to maintain accuracy in the diffusion terms of the governing equations the 
difference in size between any two adjacent cells should be as small as possible, and in any case 
their difference ought not to be much greater than 30%. 
 

 
Figure. 8.1. Model outline for block-grid showing the different axial cell regions. 
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 The distribution of the cells in the axial direction was determined as follows: fig. 8.1 
shows how the axial length was divided up into six regions. It was decided to use 6, 0.2 mm, 
cells in the, 1.2 mm, inlet region, (2), and this relatively fine cell spacing was chosen in order to 
better model the anticipated flow complexity in this region. It was necessary to use 7 cells in the 
convergence region, (7). This left a possible 34 cells, out of the 47 live cells, to model the 
remainder of the swirl chamber and the outlet, regions (3), (4) and (6). Region (1), in fig. 8.1, is 
of the same order of size as the inlet region and so it was decided to also use 6 cells here. Unlike 
the cells in the inlet region, these cells are to be spaced so as to vary smoothly in size from those 
within the inlet region, becoming larger, and then diminishing again, near to the back wall of 
the atomizer. In order to vary the cell spacing in this way it was necessary to determine a 
weighting factor F. This was done in an organised fashion by dividing the 1.6 mm pre-inlet 
region, (1), into two 0.8 mm regions and calculating the adjacent cell ratio f from 
 
    0.2 (1 + f + f2) = 0.8.    (8.2) 
 
giving f = 1.303. Thus the weighting factor, which was applied to the mid point of region (1), at 
x = 0.8 mm, is F = f2 = 1.698. This ensured that: (a) the cell size ratios varied smoothly from the 
closed end of the swirl chamber to the inlet region and (b) the finest possible cell spacing was 
used adjacent to the wall at the closed end of the swirl chamber. 
 
 
 

 
Figure 8.2. The axial distribution of the cells in the computational grid. 
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 The numbers of axial cells in regions (3), (4) and (6), of fig. 8.1, were determined by 
trial and error (in order to ensure the smoothest possible transition from fine cells to coarse cells 
along the length of the atomizer model), from the remaining 28 axial cells, and the results of 
this are as follows. It was elected to use 11 cells in the 9.2 mm region (3). Starting with the first 
cell in region (3), adjacent to the inlet region, of size 0.2 m.m. the adjacent cell ratio f, for this 
region, was calculated from 
 
   0.2 (1 + f + f2 + f3 + . . . . . . + f10) = 9.2   (8.3) 
 
(here f was calculated using a Newton-Raphson iterative scheme) giving f = 1.264. Thus the 
weighting factor, which was applied on the last cell of region (3), is F = 1.26410 = 10.410. 
 
 The seven, equally spaced, cells in the convergence region (5), of axial length 3.063 
mm, are each 0.438 mm long. The adjacent cell ratio f, for region (4), containing 9 cells, was 
thus calculated from 
   0.438 (1 + f + f2 + f3 + . . . + f8) =  9.25   (8.4) 
giving f = 1.204. Thus the weighting factor, which was applied on the first cell of region (4), 
was F = 1.2048 = 4.416. Note that the last cell in region (3) is 10.410 × 0.2 = 2.082 mm whilst 
the first cell in region (4) is 4.416 × 0.438 = 1.934 mm so that the length of these adjacent cells 
are within only 8% of one and other. 

 
Figure 8.3. The radial and tangential cell distribution. 
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 Finally the remaining 8 live cells in the axial direction were allocated to the 3.6 mm 
outlet region (6). As with region (4), the length of the first cell in this region is the same as those 
within the convergence, 0.438 mm, so that the adjacent cell size ratio f here was obtained from 
 
   0.438 ( 1 + f + f2 + f3 +. . . f7) = 3.6   (8.5) 
 
which gives f = 1.008 and the weighting factor which was applied to the last cell in the outlet is 
F = 1.0087 = 1.057. 
 
 Immediately surrounding the live cells in the convergence and outlet were wall cells, 
beyond them there were dead cells. The axial cell spacing of the grid is shown in fig. 8.2 and 
the dead cells are those surrounding the flow domain boundary of the convergence and outlet, 
on the right hand side of the figure. 
 
 The following explains the distribution of the cells in the tangential direction. Figure 8.5 
shows the relative position of the 'virtual' inlet. As was mentioned earlier the inlet was in fact 
modelled as a rectangular region of inlet cells let into the side of the swirl chamber, shown in 
fig. 8.4. The 1.2 mm diameter inlets, entering the 8.5 mm diameter swirl chamber tangentially, 
subtend an angle of approximately 45o, (cos-1 {[4.25 - 1.2]/4.25} = 44.14o) so that the 
rectangular section in the swirl chamber wall was also specified to subtend an angle of 45o, and 
was set at 1.2 mm long in the axial direction. The tangential cells were made more dense in the 
region of the inlet so as to better model the interaction of the flow entering the swirl chamber, 
from the inlets, with the swirling flow already present. Figure 8.3 shows the distribution of the 
22 live cells in the tangential direction, two cyclic, half-model, geometries are shown together 
for clarity and the dashed vertical line represents the two halves. Nine of the 22 tangential live 
cells were used to represent the inlet, subtending 5o per cell. Of the remaining 13 cells, the cell 
adjacent to the complement half was set at 5o and the remaining 130o (180o  - [45o + 5o]) was 
divided up into two 65o portions, each of six cells. The cell size ratio f is thus calculable from 
 
   5 (1 + f + f2 + f3 + f4 + f5) = 65   (8.6) 
 
giving f = 1.308. Thus the weighting factor which was applied at the juncture of the two 65o 
portions is F = 1.3085 = 3.828. This gave the two largest cells in the tangential direction to be 
3.828 × 5 = 19.115o. Figure 8.4 shows an isometric view of the outline of the flow domain, i.e. 
the boundary of the live cells. 
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 The construction of the grid was carried out in the above methodical manner in order to 
make the best use of the limited number of cells available in the CFD code. However, given the 
anticipated complexity of this highly swirling flow the author acknowledges that it is still 
extremely coarse. In Section 8.3 a discussion is given on the grid structure of a body-fitted grid 
model where the overall number of cells was not limited to the 25,000 of this block grid model. 
In that section the author determines the overall grid spacing beginning with the conditions at 
the wall boundaries, where it was anticipated that the finest grid spacing was required. 
 
8.2.3  The Inlet Velocities 
 As with the geometry, the input and calculated velocities are in cylindrical polar 
coordinates, u, v and w. The input velocities can only be applied to the inlet cells which are on 
the surface of the cylindrical flow domain. In reality, the tubular inlet, which enters the swirl 
chamber at a tangent, will impart the initial liquid velocity normal to an x-r plane, i.e. normal to 
the θ = 450 radial grid line, of fig. 8.5. Thus this inlet velocity V must be resolved into radial 
and tangential components, v and w respectively, which vary along the curved rectangular inlet, 
and these must be calculated for each inlet cell. From a knowledge of the angle, θ, subtended at 
each cell centre one may determine the required u and v velocities, to be input, for each cell. In 
the usual way of transforming from cartesian to cylindrical velocities  one obtains 
 

 
Figure 8.4. An isometric view of the boundary to the flow domain. 
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   w = V cos (π/4 - θ)  and  -v = V sin(π/4 - θ)  (8.7) 
 
where V is assumed to have a plane profile calculated by dividing a given flow rate by the 
cross-sectional area of the two 1.2 m.m. diameter inlets. The w and v velocities may be 
calculated and applied to each inlet cell, or they may be applied as a polynomial function of θ 
across the whole of the 6 × 9 = 54 cell inlet region. The latter option was chosen with the 
polynomials defined as follows 
 
  cos (π/4 - θ) ≈≈≈≈ 0.706 + 0.734θ - 0.456θ2 
  sin (π/4 - θ) ≈≈≈≈ 0.710 - 0.758θ - 0.190θ2.    (8.8) 
 
These were obtained by fitting a second order polynomial to small sets of data, generated using 
cos (π/4 - θ) and sin (π/4 - θ), in a standard PC-computer graph plotting package. Figure 8.5. 
shows the relevant coordinates and velocities, it also shows the position of the 'virtual' inlet, 
shown dashed.  

 

 

 
Figure 8.5. The position of the 'virtual' inlet and the cylindrical coordinate directions and 
velocities. 
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8.2.4 Transition to Turbulence 
 An estimate may be made as to whether the flow within the atomizer is expected to be 
laminar or turbulent. According to Widger (1993) at an operating pressure of ∆p = 1,500 p.s.i. 
(10.364 MPa), gauge, the volumetric flow rate, for this atomizer, was Q = 3.410 
ltr/min(5.683×10-5 m3/s) (the radius of the outlet is ro = 0.6 mm which gave the discharge 
coefficient as CD = 0.349). The mean inlet velocity V may be calculated by dividing the 
volumetric flow rate by the cross-sectional area of the two ri = 0.6 m.m. inlets to give V = 
25.125 m/s. This is a high velocity for a swirl atomizer and the flow within the atomizer may be 
turbulent. The Reynolds number for the 'pipe flow' through the tubular inlets is 
 

As described by Hinze (1975), for example, pipe flow should be turbulent for Re > 2,300. 
However: 
(1) The tubular inlets are short, li = 2.4 mm, so that fully developed turbulence may not be 
likely to occur before entering the swirl chamber. 
(2) Whether or not turbulence occurs within the inlets there is no guarantee of turbulence 
occurring, or being maintained, within the body of the atomizer. This point is worthy of some 
discussion:- 
The average axial velocity across the swirl chamber cross-section is equal to the volumetric 
flow rate Q divided by the swirl chamber cross-sectional area giving m/s, 1  u ≈ 221(ignoring the 

presence of the air-core). Thus the ratio of swirl to axial velocity, at the inlet level is 
approximately 25:1 and therefore the swirl velocity very much dominates the flow. Although 
some work has been carried out on the modelling of turbulent swirling confined flows, e.g. 
Hogg and Leschziner (1989), as far as is known an investigation has not been carried out to 
determine the criteria for the transition to turbulence for these flows and indeed such criteria 
may differ between flow types. For instance the criteria for the onset of turbulence in the 
furnace and jet-engine combustors considered by Hogg and Leschziner may differ somewhat 
from those for swirl atomizers. However, some quantitative appreciation of the Reynolds 
number for the onset of turbulence may be gained with reference to the early work of Liepmann 
(1943, 1945) who carried out investigations into the transition to turbulence on concave walls 
and suggested that transition to turbulence occurs within the boundary layer for 
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where V∞ is the free stream velocity, r is the radius of curvature of the wall and δ2 is the 
momentum thickness within the near wall boundary layer. According to Schultz-Grunow 
(1975) the momentum thickness for flows along a concave wall is given by  
 

 
is the boundary layer thickness and ξ is the distance along the wall at which the transition to 
turbulence takes place. Equation (8.10) is akin to the transition number for Taylor-Couette flow, 
between two cylinders with the inner one rotating, 
 

for turbulent flow, where wi is the tangential velocity of the inner cylinder, Ri is its radius and d 
is the radial separation between the inner and outer cylinders. 
 
 
 A combination of eqns.(8.10) and (8.11) gives, for transition to occur, 

Equation (8.13) may be used to estimate whether or not the flow within the atomizer is 
turbulent.  If one equates V = 25 m/s with V∞ and equates rs = 4.25 mm with r, and with vL ≈ 
1×10-6 m2/s for water, then it will be found that ξ > 0.27 m for turbulence to occur. It can be 
shown that this is equivalent to a fluid particle, that enters at the inlet, making some ten 
revolutions of the 8.5 mm diameter swirl chamber. With the mean tangential and axial 
velocities of 25 m/s and 1 m/s, respectively, then the particle, near the wall, will actually 
undergo some twenty revolutions during its traverse through the ls = 21.25 mm swirl chamber. 
This suggests that turbulence may occur, at least within the swirl chamber boundary layer and 
at the very high liquid pressure used by Widger (1993). 
 
 A more fundamental analysis lends weight to the above. According to Schlichting 
(1987) the influence of wall curvature on transition is small if δ/|r| « 1. For flow along a plane 
wall the boundary layer thickness may be approximated by 
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With V = 25 m/s equated with V∞  and rs = 4.25 mm equated with r, in eqn.(8.14), then δ/|r| = 
0.235ξ½, and this is much less than unity for small ξ. Thus the swirl flow along the wall of the 
swirl chamber may be approximated by that along a plane wall. The critical Reynolds number 
for flow along a plane wall is 

If one again equates V = 25 m/s with V∞ then it will be seen that ξ only need be greater than 
about 13 mm for turbulence to occur. It was concluded that the flow field ought indeed be 
calculated using a suitable turbulence model. Comparison of eqns.(8.11) and (8.14) for δ show 
that the laminar boundary layer for flow along plane walls is approximately 3.5 times that for 
concave walls. This was explained by Hogg and Leschziner (1989) who refer to a 'body-force' 
effect due to the centrifugal acceleration which effectively forces the liquid towards the wall 
and hence reduces the boundary layer thickness. This same effect also has a tendency to restrict 
the diffusion of turbulent fluctuations in the radial direction. Chapter 2 gives a qualitative 
explanation of this mechanism. The swirl atomizer flow chosen for these initial computations 
used an unusually high liquid velocity and also had an unusually long swirl chamber. These two 
conditions combined to give a likelihood of turbulent flow, at least at the end of the swirl 
chamber. Swirl atomizers operating at lower inlet Reynolds numbers, and particularly with 
shorter chambers, are unlikely to develop turbulent flow. For example swirl atomizers 
employed in aerosols are approximately of a quarter of the size of the one currently being 
considered and will have volumetric flow rates of perhaps 1×10-6 m3/s. If these are operated 
with liquids of the constituency of water, vL = 1×10-6 m2/s, then on consideration of their 
operational Reynolds number from eqn. (8.13), the distance, ξ, that a fluid particle would be 
required to traverse within the flow domain, in order for turbulence to occur, would be 
approximately 0.2 m and this is clearly much larger than the order of scale of such nozzles. 
After the turbulent case computations described in this chapter all subsequent calculations, for 
the two-dimensional models of the following chapter, are for laminar flow. 
 
 There were two turbulence models available with FLUENT version 3.03, the K-ε 
model and the Algebraic Stress Model (ASM). It is well known that the K-ε turbulence model 
is limited by its assumption of isotropy of the turbulent viscosity µt and is thus not applicable to 
highly swirling flows. In addition, Hogg and Leschziner (1989) have shown that the K-ε model 
gives an excessive level of turbulent diffusion for swirling flows. It was therefore elected to 
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employ the Algebraic Stress Model (ASM). The ASM is a type of Reynolds Stress Model 
(RSM) which has the Reynolds stress transport equations replaced by algebraic forms. It was 
also recognised at the outset that the complexities of swirling turbulent flows are unlikely to be 
captured by the commercial CFD code, for according to Fu et al. (1986), in swirling 
axisymmetric flows the ASM misrepresents the diffusive transport of all the stress components 
and that this is "aggravated by a failure to account for influential swirl-related stress transport 
terms in the algebraic modelling process". In the later work of Hogg and Leschziner (1989) 
additive corrections to the algebraic transport equations for the Reynolds stresses include the 
effects of swirl and these will not have been incorporated into this early version of the FLUENT 
code. 
 
8.2.5  Results of the Flow Field Calculations 
8.2.5.1 Low Velocity Laminar Model 
  An appreciation of the axial positioning of the cells refered to in this section may be 
obtained by viewing fig. 8.1 in conjunction with fig. 8.2. The set of figures displaying the 
results of the flow field calculations are necessarily restricted as both the Hewlett Packard 300 
series computers and the version 3.03 of FLUENT, that was specifically ported to these 
computers, were no longer available at the time of writing so that further output could not be 
obtained. 
 
 The grid was first tested by calculating the flow field under laminar conditions with the 
inlet velocity V set at 0.8 m/s giving Re ≈ 1,000 in eqn.(8.9). Figure 8.6 is a view of the 
atomizer looking from the outlet toward the back face showing surfaces of constant tangential 
velocity component w = 0.8 m/s, throughout the entire length of the atomizer. The tangential 
velocity rotates in the anticlockwise direction, as viewed in the figure, with the inlets set at the 
angular position shown in fig. 8.5. The contours at the axial position of the inlets cover the 
largest area. Contours axially adjacent to the inlet position become gradually smaller, moving 
away from the inlet indicating that the inlet velocity is being slowed as its energy is imparted to 
the swirling liquid already present in the swirl chamber, the driving velocity diffuses into the 
main body of the flow. The inner circle of constant, 0.8 m/s, tangential velocity component 
demonstrates that, at the same plane as the inlets, the axial asymmetry reaches into the centre of 
the flow. The large ring occurs predominantly within the convergence of the atomizer (it is at an 
axial distance x = 5.46rs, from the back face of the atomizer, where x = 0). 
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Figure 8.7a is a section through the atomizer just axially downstream from the inlet (at axial cell 
i = 14, x = 0.74rs, the axial cells of the inlet are numbered from i = 7 to 12 so that fig. 8.7a is 
two cells downstream from the far end of the inlet cross-section and has its cell centre 0.46 mm 
from the nearest inlet cell centre). The figure shows the tangential velocity components in the r-
θ plane. The tangential velocity component arrows are colour coded in accordance with the 
visible light spectrum (ROYGBIV), with red representing the highest tangential velocity 
component magnitude. They are also coded by relative size with the smallest representing the 
lowest tangential velocity component. The higher density of the arrows at the angular position 
of the inlets is simply due to the higher density of cells at that position. Study of this figure 
shows that asymmetry is small, even at this plane very close to the inlets. The blue ring at  the 
centre of the figure is simply a dense group of small arrows (the tangential cells are very dense 
at this radius). Figure 8.7b shows the velocity profiles at the angular position θ = 45o, the 
azimuthal position of the far edge of the rectangular inlet, fig. 8.5, and also at θ = 135o. The 
figures show a clear boundary layer profile close to the swirl chamber wall, which is 
represented by the RHS of the plot frame. There is also clear solid body rotation taking place 
adjacent to the central axis. The free vortex type profile, assumed by classical theory and 

 

 
 
Figure 8.6. Surfaces of constant w-velocity component, w = 0.8 m/s. Laminar Model, scale 
12:1. 
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demonstrated in the experimental results of Horvay and Leuckel (1984, 1986), between the 
central solid-body zone and the wall is not clearly in evidence. This is possibly to be expected at 
a cross-section so close to the inlets. The trend of the free vortex, the tangential velocity 
component increasing with decreasing radius, can however be observed. Due to the nearby inlet 
flow the tangential velocity component across the θ = 45o position is generally higher for large 
r, than the profile at θ = 135o. Although the inlet velocity was input as a plane profile, V = 
constant, it has taken on a definite curvature due to the inlet flow mixing with the liquid already 
present within the swirl chamber. 
 
 Figure 8.8a is a cross-section at axial cell 18, at approximately a quarter of the distance 
along the swirl chamber (x = 1.13rs, this is 6 cells axially downstream from the end of the inlet 
section and has its cell centre 2.11 mm from the centre of the nearest inlet cell, cell 12) Figure 
8.8b shows the corresponding w-velocity component profile which is essentially the same for 
all values of θ, i.e. flow axial symmetry has been established by this plane and the tangential 
velocity profile of Fig. 8.8b is therefore applicable to any angular position. These figures, as 
with figures 8.7, clearly show the presence of both a boundary layer and a central solid body 
region. The free vortex behaviour is more apparent in fig. 8.8b, than nearer to the inlets (fig. 
8.7b), although there are obvious discrepancies from that type of flow at larger radii. The effect 
of the inlets on the flow symmetry has disappeared but their effect on the tangential velocity 
profile shape has not. 
 
 Figures 8.9a and 8.9b show the tangential velocity within the atomizer convergence 
(at axial cell i = 37, x = 5.46rs). The flow is clearly axisymmetric at this plane. Figure 8.9b 
shows the predicted tangential velocity profile, the trend is that the tangential velocity 
increases as r decreases, which approximately accords with free vortex behaviour. However 
the tangential velocity appears to continue to increase right up to the cell adjacent to the 
central axis. This may indicate that the vorticity-containing solid-body rotating core has 
reduced in thickness, as it passes through the convergence, and it is not being resolved using 
such a coarse grid.  
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Figure 8.7a. Tangential w-velocity components axially just downstream of the inlet 
(axial cell i = 14, x = O.74rs). Laminar flow. 
 

 
Figure 8.7b. Tangential, w-velocity, component profiles at azimuthal positions θ 
= 45o

 and 135° anticlockwise from the vertical. The profiles correspond to fig. 
8.7a. 
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Figure 8.8a. Tangential w-velocity components a quarter of the way along the 
swirl chamber (axial cell i = 18, x = 1 .13rs). Laminar flow. 
 

 
Figure 8.8b. Profiles of tangential w-velocity components with r, from 
fig. 8.8a, axisymmetric flow. 
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Figure 8.9a. Tangential w-velocity components within convergence (at 
axial cell i = 37, x = 5.46rs). Laminar flow. 
 
Figure 8.9b. Profiles of tangential w-velocity components with r, from fig. 
8.9a, axisymmetric flow. 
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Figure 8.10. Profiles of tangential w-velocity components in the convergence (i = 36) 
and outlet (i = 43). Scale 15:1. Laminar flow. 

 
Figure 8.11. Profiles of Tangential w-velocity components throughout 
the atomizer. Scale 4.5:1. Laminar flow. 
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        Athough these observations indicate that the mesh is not sufficiently dense at the exit, what is 
clear, from viewing all of figures 8.7 to 8.10, is that the model predicts that the peak tangential 
velocity component increases with axial distance along the atomizer. This is most evident from fig. 
8.11. It is recalled however that these predictions were obtained with a simplified model in which 
no attempt was made to model the air-core. 

 
Figure 8.12 shows the pressure profiles in the convergence and outlet end of the 

atomizer. The colour key to the left of the figure gives values in Pascal. One may observe that 
the trend of the variation of p with r is approximately the inverse of that of w with r, as one 
expects for a vortex. 

 
In conclusion these initial laminar calculations have been useful, principally, for the 

demonstration that three-dimensional effects disappear rapidly downstream of the inlets, and 
this is used to justify the use of a two-dimensional model in Chapter 9. which permitted mesh 
refinement and modelling of the air-core. 

 

 

 
Figure 8.12. Profiles of pressure in the convergence and outlet. 
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8.2.5.2 The Model Under Full Velocity Calculated using the Algebraic Stress 
Turbulence Model 
 The atomizer geometry of Widger (1993), with mesh constructed as described earlier 
(using the non-staggered, unstructured, orthogonal block grid with no air-core), was again used 
to calculate the flow field. In this example the atomizer was run with the full V = 25 m/s inlet 
velocity, using the algebraic stress turbulence model. Turbulence quantities may be input into 
the ASM in the form of initial kinetic energy intensity and a suitable length scale. The 
turbulence intensity is defined as the ratio of the root mean square turbulent velocity 
fluctuations to the mean flow velocity. The energy intensity at the inlets was estimated at 5% 
and the length scale chosen was the 1.2 mm diameter of the inlet tubes. In order to calculate 
flow fields of this velocity magnitude it was necessary to obtain converged solution sets for an 
increasingly greater inlet velocity, using the previous solution set as a starter at each step. If a 
calculation had been attempted using the full 25 m/s inlet velocity initially then it would have 
led to rapid divergence. 
 
 Figure 8.13a show the velocity components at a cross-section close to the centre of the 
inlets, through a r-θ plane, at axial cell 9. The coloured scale key gives velocities in mm/s. The 
velocity components thus represent the magnitudes and directions of the combined v and w 
components. The general, imposed, velocity direction at the inlets is observable as is its 
interaction with the flow already present within the swirl chamber. Figure 8.13b shows the 
velocity component profiles at angular positions θ = 0o, 45o and 135o. At θ = 0o and 135o the 
velocity components are almost wholly tangential. The trend is that of turbulent solid body 
rotation, which is otherwise known as a 'forced vortex', and this is an apt description of this 
flow. Figure 8.13b also shows how the velocity peak diminishes with angular distance from the 
inlet. 
 
 Figures 8.14a and 8.14b show the tangential velocity component near to the back face 
(at the axial cell 2, 1.77 mm from the centre of axial cell 9, above, and 0.33 mm from the back 
face of the atomizer). One may observe that the flow has become completely axisymmetric at 
this juncture and figure 8.14b is applicable to any angular position. Contrast this with figures 
8.15a and 8.15b, just downstream from the inlet (at axial cell 16, x = 0.89rs). In these figures 
one observes that the flow has attempted to gain axial symmetry but the peak w-velocity still 
occurs at the θ = 45o position. Although the cross-section of cell 16 is nearer to the inlet than 
that of cell 2, it is likely that the flow within cell 2 has attained better axial symmetry because it 
is close to the back wall of the atomizer and is therefore under the influence of the viscous 
retardation of the boundary layer there. 
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Figure 8.1 3a. Velocity components in the r-θ plane at the axial position 
of the inlet (axial cell i = 9, x = 0.49rs. Turbulent flow. 
 
Figure 8.13b. Velocity component profiles at azimuthal positions θ = 
0o, 45o and 135o anticlockwise from the vertical. The profiles 
correspond to fig. 8.13a. 
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Figure 8.1 4a Tangential w-velocity components near the back face 
(axial cell i = 2, x = 0.08rs. Turbulent flow. 

 
Figure 8.14b. Tangential, w-velocity component profiles 
corresponding to fig. 8.14a. The flow has become axisymmetric. 
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Figure 8.1 5a Tangential w-velocity components just axially downstream 
from the inlet (axial cell i = 16, x = 0.89rs). Turbulent flow. 
 

 

 
Figure 8.15b. Tangential, w-velocity, component profiles at 
azimuthal positions θ = 45° and θ = 135° anticlockwise from the
vertical. The profiles correspond to fig. 8.15a.
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Figure 8.16. Axial and radial u and v velocity components in the 
convergence and outlet. Turbulent flow. 
 

 
Figure 817 Axial and radial u and v velocity components in the swirl 
chamber and convergence showing re-circulation near the wall. 
Turbulent flow. 
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 Figure 8.16 shows a meridian plane at θ = 0o with the corresponding velocity 
components (combined u and v components). In the absence of an air-core the profile are in 
accord with intuition, with a velocity profile peaking near to the centre of the swirl chamber, as 
the flow enters the convergence. There is an increase in the axial velocity of some 50-fold, as 
the flow moves from the swirl chamber, through the convergence, to the final outlet. Figure 
8.17 is a close-up of the situation upstream of the outlet, with the vectors more greatly 
magnified. In this figure one may observe a reverse flow which took place along the 
convergence and swirl chamber wall. Figure 8.18 is a view of the atomizer flow near the closed 
end of the swirl chamber, showing velocity components in the meridian plane at θ = 0o. The 
positions of the rectangular inlets are evident. Here one observes the interaction of the inlet flow 
with the liquid already present in the swirl chamber. There is a further zone of reverse axial 
flow at the junction of the inlet and the wall of the swirl chamber. Notice that the profile of the 
axial velocity component within the swirl chamber differs from the experimental results of 
Horvay and Leuckel (1984, 1986) who found that the flow bifurcated into two regions: near to 
the wall and adjacent to the axis. 

 

 
Figure 8.18. Axial and radial u and v velocity components in the swirl chamber
showing the interaction of the flow entering from the inlets with the flow already
present within the swirl chamber and re-circulation along the swirl chamber wall.
Scale 19:1. Inlet velocity 25 m/s. Turbulent flow. 
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8.2.6 General 
 It is likely that the flow within this atomizer differs from that determined experimentally 
by Horvay and Leuckel (1984, 1986) due to the much higher Reynolds number. The maximum 
Reynolds number used by them, in the work presented in Chapter 5, was Re1 = 38,037 whereas, 
using eqn.(5.1), one finds that for the atomizer modelled here that Re1 = 182,500. In the 
situation here it is probable that the axial velocity differs from the bifurcated profiles of Horvay 
and Leuckel for the following reasons: In the axial velocity profiles shown in fig. 8.18 the 
velocity near to the wall is clearly greatly reduced by the reverse flow along the wall. This 
reverse flow itself is due to the shape of the conical convergence and this point is elaborated on 
in the following chapter. Figure 8.18 also shows that some reverse flow took place near to the 
axis at the inlet level and it is this which is responsible for the comparatively low axial velocity, 
near to the axis, further downstream within the swirl chamber. Figure 8.16 shows that this effect 
is reduced at the far end of the swirl chamber, as the flow enters the convergence. 
 
 In general, figs. 8.13 to 8.15 show entirely different velocity profiles to figs. 8.6 to 8.9, 
for the low velocity laminar flow case, as there the trend was toward a free vortex surrounding a 
solid body core whilst here the flow profiles more closely resemble solid body rotation 
throughout. This solid body or 'forced vortex' behaviour is due to the highly driven nature of the 
flow at this high Reynolds number. Although the asymmetry effect of the inlets is not 
observable further downstream the large magnitude of the velocity imparted to the flow by 
them has ensured that the forced vortex flow is maintained throughout. 
 
8.3 Three-Dimensional Body-Fitted Grid Model  
8.3.1 Introduction 
 The 4.11 version of FLUENT used a structured, non-orthogonal, body-fitted grid. The 
overall grid forms a cuboid in three-dimensional computational space, having six sides. The 
body-fitted grid may be manipulated to fit various flow domain shapes, in physical space. In the 
computational domain the inlet pipe is represented as a cuboid, set upon the cuboid of the half 
geometry of the nozzle and is surrounded by 'dead' inactive cells, fig. 8.19. As with the 
cylindrical, orthogonal, block grid model of the previous section, only one half of the body of 
the atomizer was modelled. This model was also based on the high velocity coal dust 
suppression atomizer of Widger (1993).  
 
 The advantages of using a body fitted coordinate (BFC) grid, over the block grid, are 
that the convergence may be modelled as a true cone, rather than as a series of steps, and the 
inlet may be modelled as a true tube, rather than as a rectangle let into the side of the swirl 
chamber. This has the advantage that the liquid entering the flow domain may be prescribed a 
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proper turbulent pipe flow velocity profile and that the volumetric flow rate is more likely to be 
correct. 
 
 Unlike the version 3.03 of FLUENT the quality of the grid, in the version 4.11, was not 
affected by the upper limit of the number of cells as this was 150,000, i.e. six times the number 
of version 3.03. In this version of FLUENT a Reynolds stress turbulence model  (RSM) was 
available. This has advantages over the algebraic stress model (ASM) employed in the previous 
section. Whereas in the ASM the Reynolds stresses are modelled using approximate algebraic 
expressions, in the RSM each Reynolds stress term has its own differential transport equation. 
As the solver uses the Reynolds stresses to update the values of the mean velocities, and hence 
the pressure field, one might expect this model to provide a better representation of the flow 
field within the atomizer. The calculations were undertaken in a similar manner to those in the 
previous section, that is the calculations were begun using low inlet velocities, which were 
increased in steps after the flow field had converged. However, it was found that it was not 
possible to obtain a converged solution field for the full 25 m/s average inlet velocity and the 
results presented in this section are for an average inlet velocity of 12.5 m/s only. 
 
8.3.2 Geometry 
 In order to form the grid the geometry of the complex shape is first defined by a series 
of points, curves and surfaces. The grid is then 'laid over' the 'wire frame' of the geometry and 
then interpolated into the body of the flow domain in order to produce a three-dimensional 
structure. The nature of the resultant grid must therefore be borne in mind when deciding on the 
construction of the geometry. The curves may be straight lines, arcs or Bezier, i.e. joining 
several points to achieve a desired complex shape, in physical space. All curves are straight 
lines in computational space. Each surface is composed of four curves and forms a flat 
rectangle in computational space.  
 
 As the geometry is to form a cuboid in computational space then the essentially 
cylindrical shape of the atomizer must contain a small but finite inner radius. In this way an 
inner cylinder is created which forms the 'base' of the cuboid in computational space, fig. 8.20. 
Figures 8.19 and 8.20 are designed to give an impression of the correspondence between the 
physical and computational space (fig. 8.21 also gives limited detail in the inlet region). The 
inner cylinder is shown proportionally larger than that actually employed, for clarity. 
 
 In order to form an arc a pivot line must be defined. This particular geometry is 
composed of many arcs and two pivot lines were defined for (a) the main body of the atomizer 
and for (b) the tubular inlet. There were essentially two ways to form a surface (a) by defining 
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four curves and (b) by joining two curves, which were parallel to one and other in 
computational space, thus two additional normal curves are formed as part of this surface. 
 

 
Both the curves themselves and their order of construction were direction dependent, that is to 
say that, in the physical domain, the curve must be defined from its point nearest to the origin of 
the cartesian axis, to the point furthest from the origin. Surfaces are constructed by defining 
firstly the curve nearest to one of the axes then the curve furthest from the axis, followed by the 
normal curves, in the same order w.r.t. their axis. Bezier curves may then be formed by 
attaching further points to the curve, this will distort the curve to the required shape. The 
geometry contains many more points than those shown in the schematic drawings of figures 
8.19 and 8.20 however these are sufficient to explain the geometry construction. In this version 
of FLUENT the geometry is constructed in the cartesian coordinate system with the z-direction 
as the axial direction, coordinate directions are shown in fig. 8.20. 
 

An appreciation of the construction of the overall geometry may be gained from a few 
examples of surface construction. Figure 8.19 shows the internal surface between those axial 
regions of fig. 8.20 labelled A and B. Firstly the arcs are formed by defining the pivot line 
running along the axis of the atomizer followed by the spatial positioning of point 5, then the 
number of points that are to be used to construct the arc, the name of the final point on the arc 
(point 12 in this instance) and finally the angle which it subtends, -180o in this case: Angles are 
subtended in the anticlockwise direction, using the standard mathematical convention, in the x-
y plane. As an arc is a curve then it must be made to obey the direction dependency according 
to whichever axis it is parallel to, in physical space, therefore, as in the above example, it is 
often necessary to define it in terms of a negative angle. The arc from point 6 to point 11 is 

Figure 8.19. The internal surface between the regions A and B, of 8.20, showing the 
correspondence of the points between the physical and computational spaces. The figure 
also shows the grid mapping strategy at the inlet. 
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 constructed similarly. Next the 'vertical' lines are defined which must go, in order, from point 5 
to point 6 and from point 12 to point 11. These four curves may then be used to form a surface, 
a rectangle in computational space. The curves and surfaces produced in this way may be 
copied to form other curves and surfaces. They may also be magnified or reduced to form the 
convergence and the outlet. 
 
The surface at the entry to the inlet tube is composed of four 900 arcs. With regard to fig. 8.20, 
the arcs and surface were constructed with the following point and curve order; 8 to 9, 16 to 17, 
8 to 16 and 9 to 17. The side walls of the inlets were constructed by joining each of these curves 
to the 'parallel' curves forming the juncture of the inlet tube to the main body of the atomizer. 
These latter curves were Bezier as they are complex. It was therefore necessary to define more 
points on them in order to attain the required accuracy of shape. This was achieved from the 
outset by defining the 90o, arcs, which formed the entry surface to the inlet (between points 8, 9, 
16 and 17), as having five equally spaced points i.e. each of the arcs contained a further three 
points (the inlet entry surface was therefore constructed from sixteen equally spaced points 
around a circle). These points were then copied to the inlet/body juncture position by specifying 
the translation distance for each point in the x-direction. The points forming the Bezier curve, 
between points 7 and 10 in figs. 8.19 and 8.20, were then attached to the arc formed from point 
6 to point 11 so as to distort it to the required shape. The interior surface between sections B 
and C of fig. 8.20 was treated similarly. 
 
 As the arc between points 6 and 11 then contained additional points it was also 
necessary to add additional points to the arc between points 5 and 12 because 'parallel' curves 
were required to contain the same number of points. In addition, because the curves of the 
interior surfaces, between the regions A, B, C, D, E and F, were to join with each other in order 
to form the wall surfaces of the swirl chamber, that of the convergence and that the outlet, it 
was necessary for all of these interior surfaces (together with the exterior surfaces forming the 
back face of the swirl chamber and the exit) to have arcs containing the same number of points. 
 
The most complex surfaces of the geometry were the two surfaces adjacent to the inlet in region 
B, forming the wall of the swirl chamber. Consider the surface below the inlet in region B, fig 
8.20, (shown more clearly in fig. 8.21), it is bounded by; the arcs from point 6 to 7 and from 
point 14 to 15, the straight line from point 6 to 14 and the Bezier curve from point 7 to 15. 
However the surface formed from these four curves will not be of a true cylindrical shape, it 
will be as if a cloth were laid over the wire frame of these curves and pulled tight and it would 
tighten as a bow string in the middle. The solution to this is to break the surface down into three 
sub-surfaces; two small, four-sided, surfaces (which will still not be true cylindrical surfaces, 
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but the discrepancy will be minimal) and a single surface projected between two large arcs. As 
surfaces formed between two curves will be composed of straight lines in the normal direction 
then this sub-surface will be a true cylindrical section. Figure 8.21 shows this geometry 
strategy. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

8.3.3 Grid 
 In accord with the x, y and z physical space dimensions, of the geometry, there are 
corresponding I, J, and K node number indices. Each of the surfaces, that were constructed 
during the geometry set-up, are ascribed a certain number of cells in two-dimensions, this 
process is called 'mapping'. Surfaces are mapped by ascribing I, J and K node indices to the 
'bottom left' point of the surface and then assigning the number of nodes across the surface in 
each of the two directions, one of the indices must be kept constant in accordance to whichever 
direction the surface is normal to in the computational space. In order to carry out this process 
for all of the surfaces it was necessary to have a knowledge of all of the point names and their 
positions. As many of the points, curves and surfaces were constructed by the translation and 
copying of user defined points, then the names of these were not known to the user. It was 
therefore necessary to print out the geometry data file listing all of the points, curves and 
surfaces. There were approximately 200 points for this geometry. 

 
Figure 8.21. The geometry strategy for the cylindrical surfaces near the inlet. 
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 Surfaces may be 'exterior', i.e. lie on the model boundary (such as, for example those of 
region B, in fig. 8.20, between the points 5, 6, 13 and 14) or 'interior' i.e. they may form the 
interface between the live-cell flow domain and a region of dead cells (for example, the surface 
of region B, in figs. 8.20 and 8.21, between the points 6, 7, 14 and 15). In the FLUENT code 
exterior surfaces bounding a region of dead cells are not required to be mapped as their 
opposite, interior, surface will have been. There are also internal surfaces within the flow 
domain itself, such as that of fig. 8.19, and these are not mapped but have to undergo four-point 
interpolation (actually two surfaces are shown here: one for the body; points 5, 6, 11 and 12 and 
one for the inlet; points 7, 8, 9 and 10). Having mapped all of the interior and exterior surfaces 
and carried out all four-point interpolations then each of the regions, A, B, C, D E and F 
together with the inlet tube (which forms an additional, cuboidal region, in the computational 
domain, of its own, fig. 8.20) must then undergo full six-point interpolation so as to form the 
full three-dimensional grid structure. Figure 8.22 shows one of the cross-sections through the 
swirl chamber at the inlet position in computational space. Non-slip wall cells are labelled 'w1', 
cyclic cells 'C', dead cells 'D', live cells '.' and wall cells having a slip boundary 'w2'. It was 
elected to use a slip boundary for the necessary finite inner radius of the model so as to 
minimise the effect of its presence on the flow field calculations. Note that no attempts were 
made to model the air-core in these initial trials. The size of the finite inner radius was 0.015 
mm, compared to the swirl chamber radius of 4.25 mm. This type of grid is termed 'simply 
connected' as there were no regions of wall cells which were completely surrounded by live 
cells. 

 

 

Figure 8.22. Section through the atomizer model at the inlet level, in computational space. 
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 Although there was the possibility of using a large number of computational cells in the 
FLUENT version 4.11 it was still preferable to have a fine grid only in regions of expected high 
dependent variable gradient, notably at the walls of the swirl chamber and near the central axis 
where the swirl velocity, and hence the pressure, were anticipated to vary strongly, and to use a 
coarser grid in regions were the flow features were expected to be less complex, chiefly at mid-
radial positions within the swirl chamber. This type of grid construction strategy utilises far 
fewer cells than an overall fine grid and hence helps minimise the CPU time required to achieve 
a converged solution field. As with version 3.03 the size ratio of adjacent cells ought not to 
exceed 30%, this meant that weighting factors, F, ought to be within the range 0.7 to 1.3. Also 
attention needed to be paid to the cell aspect ratio, the ratio of the sides of a particular cell, as 
these ought not exceed 10, with the longest cell side set in the direction of the dominant flow. 
Ideally the cells should be aligned so that their faces are normal to the anticipated direction of 
the flow in order to reduce errors due to numerical diffusion. In modelling the junction of the 
inlet with the swirl chamber, in the manner described above, the cells will generally not have 
orthogonality this is termed cell 'skewness' and the included angle of cell corners ought to be 
within the range 45o-135o. 
 
 The cell spacings in the axial direction were set using weighting functions, which were 
determined in much the same manner as for the orthogonal block type grid of Section 8.2. 
Unlike the situation with version 3.03 of FLUENT, where the radial grid spacing was required 
to be constant due to the limitations of the total number of cells and the requirement of 
modelling the convergence as a series of steps, the body fitted grid model could have variation 
of the cell sizes across the radii of the swirl chamber and the outlet. The grid spacing near the 
walls needed to be fine and chosen according to boundary layer theory. At the wall cells both 
the normal and parallel velocity components are zero. In turbulent flow the velocity gradient 
between the wall and the free stream velocity is steep in comparison to other regions and this 
must be reflected in the near wall grid spacing. For turbulent flows the velocity profile close to 
the wall consists of a near wall laminar sub-layer and, slightly further out, a so-called log-law 
layer, in which the flow is fully turbulent. In the log-law layer the near wall grid spacing may be 
calculated by using the 'log-law' wall function: 

where  y+ = u*∆np/vL, 
  ∆r = nodal distance of point p from the wall, 
  up = velocity of the liquid at point p near the wall, 
  τw = wall shear stress, 
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  ρL = fluid density, 
  vL = fluid kinematic viscosity, 
  k = von Karman's constant (0.42), 
  E = empirical constant (9.81) and 
  τw = wall shear stress. 
 
Equation (8.16) is applicable for both pipe and plate flow although the constants, k and E, used 
in these two cases will differ slightly this is ignored, in the FLUENT code, for the purpose of 
determining near wall grid spacing. The juncture of the laminar sub-layer and the log-law layer 
occurs at up/u* = y+ so that from eqn.(8.16) 

 
This may be solved for y+ to give y+ ≈ 11.6. The near wall grid spacing was calculated in 
anticipation of using the full average inlet velocity of 25 m/s. If one takes up to be the average 
inlet velocity then it will be seen that the only other unknown, apart from ∆r itself, in 
eqn.(8.16), is the wall shear stress τw. The wall shear stress will be output from the CFD 
programs after an initial run and can be used to determine the grid spacing for future runs. 
However it is far more convenient to establish the grid spacing before running any iterations. 
Formulas for wall shear stresses are given by Schlichting (1987): 
 

for pipe flow and 

for plate flow. If the near wall node is to be placed in the vicinity of the transition region, where 
y+ ≈ 11.6 then it can be shown, for both the inlet pipe using eqn.(8.18), and the concave wall of 
the swirl chamber using eqn.(8.19), that ∆np  ≈ 0.01 mm. 
 
 A peculiarity of the FLUENT code is that if the near wall grid spacing is set such that y+ 
< 11.6 then the whole flow field will default to laminar, whatever the applied inlet velocities, 
and it is recommended that it be set close to 20. In Section 8.2.4 it was indicated that the wall 
boundary layer could be expected to be thinner for swirling flows than for plate flows, due to 
centrifugal action. In this respect one might expect that the constants k and E, in eqn.(8.16), 
may be very different to those for pipe and plate flow, so that ∆r would be correspondingly 
smaller. However, due to the peculiarity of the FLUENT code, noted above, it is evident that a 
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finer wall grid spacing is not necessarily desirable. It was therefore decided upon to set the 
thickness of the cell adjacent to the wall at ∆r = 0.015 mm. 
 
 Having constructed the grid and applied weighting functions, wherever appropriate, the 
grid can be 'smoothed' using a Laplace or Poisson equation (Spacing Control) method. Figure 
8.23 shows the surface grid of the model atomizer prior to the application of weighting factors 
and smoothing, and one can see that different regions have been assigned different cell 
densities. Figure 8.24 shows the surface grid of the swirl chamber together with the 4-point 
interpolation through the inlet juncture after the application of weighting factors and grid 
smoothing. Figure 8.25 shows the interpolated grid at a cross-section through the inlet after the 
application of weighting factors and grid smoothing. This shows the increased radial grid 
density near the wall and central axis. Such refinements in the cell density and distribution aid 
in the accuracy of the computed results as the Taylor series truncation errors, from the 
discretization of the governing partial differential equations, are smaller for finer grids. Figure 
8.26 shows the correspondence between the physical and computational spaces on the outer 
surface of the inlet, the inlet surface in the computational domain is shown surrounded by the 
region of dead cells. 

 
Figure 8.23. The surface grid of the half-nozzle model. 
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Figure 8.25. Section through the 
inlet showing 4-point  
interpolation, after smoothing. 
Figure 8.24. The surface grid of the swirl
chamber at the inlet junction after
smoothing.
 
3.4 The Applied Inlet Velocity Profile 

At the inlet, fully developed turbulent pipe flow is assumed so that the length of the 
delled inlet pipe is of little consequence. Edge effects are neglected in order to reduce 

mputational complexity. The turbulent pipe flow velocity profile is given by (Bird, Stewart 
d Lightfoot (1960)) as 

.u
4
5 = u     where

R
r - 1u =u max

7/1

max 






       (8.20) 

re R = 0.6 mm and the mean pipe velocity = u 23312.5 m/s. The CFD program does not 
ow the formula to be input as it stands in a three dimensional form and discrete values must 
 assigned to the individual cell centres at the inlet. A spread-sheet was therefore employed to 
lculate: the cell centres from their nodal coordinates (shown in fig. 8.26); the radii of these 
ll centres from the axis of the inlet tube and the velocity values for these radii from eqn. 
.20). The spread-sheet was then used to compose a 'patch' file, that is a series of instructions 
ecifying the particular input velocity for each set of I, J, K indices for each particular inlet 
ll. 

A 'script' file, was written to run the program in the absence of the user. This loaded the 
se' file, which was the grid file together with its velocity and turbulence inputs, specified the 
mber of iterations to perform and when to save a 'data' file. As with the version 3.03 model, 
nverged solution sets for gradual increases in inlet velocity were obtained and used as the 
rting flow field for the next step. The final solution field for the = u 23412.5 m/s mean inlet 
locity took approximately a week to complete, for each trial. 
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8.3.5 Results of the Flow Field Calculations 
 As with the presentation of the results from the version 3.03 of FLUENT, in Section 
8.2.5, firstly the tangential and radial velocity components are presented in planes normal to the 
axis followed by the axial and radial velocity components, together with the pressure profiles, in 
meridian planes. Figures 8.27 to 8.35 are in pairs showing the velocity component vectors and 
the corresponding velocity profiles. The azimuthal position of the inlet can be seen in fig. 8.29a. 
 
 Figure 8.27a shows the tangential velocity components in the cell adjacent to the wall at 
the closed end of the swirl chamber and fig. 8.27b shows the corresponding tangential velocity 
profiles, at angular positions θ = 0o, 90o and 112.5o, where the 90o position corresponds to the 
vertical in fig. 8.27a. The differences between the profiles is due to the flow asymmetry caused 
by the nearby inlet. The profile for the 90o position is most different as this azimuthal position is 
normal to the direction of the inlet flow. The profile indicates that the effect on the asymmetry 
of the inlet is more marked for small radii. The profiles for θ = 0o and 112.5o indicate that the 
tangential velocity is constrained to just over 3 m/s at small radii. Approaching the wall of the 
swirl chamber all three profiles show a marked rise and this behaviour can be likened to a wall 
jet: the liquid entering the swirl chamber from the inlet is retarded on one side by the relatively 
slow moving liquid already present (see Schlichting (1987)). However in a true wall jet the 
liquid flow is retarded on the opposite side by the wall shear stresses and this is not evident in 
fig. 8.27b. Comparison of these figures with their counterpart from the block grid model, figs. 
8.14a and 8.14b, showing the tangential velocities adjacent to the wall at the closed end of the 
swirl chamber, indicates several differences. In those figures it was seen that the flow had 
become entirely axisymmetric. The differences in the tangential velocity profiles, between figs, 

 
Figure 8.26. The surface at the entrance to the inlet showing the 
correspondence between the physical and computational spaces. 
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8.14b and 8.27b, are likely to be due in some way to the differences in the fineness of the grid 
used and in particular the differences in the turbulence model employed. 
 

Figures 8.28a and 8.28b show the tangential velocity components axially upstream of 
and adjacent to the inlet region. The profiles shown in fig. 8.28b were taken at the same 
azimuthal positions: θ = 0o, 90o and 112.5o, as in fig. 8.27b. Figure 8.28b indicates that away 
from the constraints of the back wall boundary layer the profiles take up a free vortex behaviour 
for radii up until approximately 2.5 mm. Thereafter the flow transforms to the wall jet type 
behaviour indicated, in fig, 8.27b. The Reynolds number for this flow is, from eqn.(5.1), Re1 = 
91,250 and it appears that at this high a value viscous effects are not markedly evident, both in 
terms of a boundary layer at the wall or solid body rotation at small radii. This differs from the 
situation shown in figs. 8.13b, 8.14b and 8.15b where it was suggested that the forced vortex 
behaviour was due to the highly driven nature of the flow. However, it is recalled that the 
Reynolds number employed in that model was twice that used in the model discussed in this 
section. 

 
Figures 8.29a and 8.29b show the situation at a section taken near to the axis of the 

inlet. The interaction of the inlet flow with the swirling flow already present within the swirl 
chamber is clearly evident in fig. 8.29a. The flow within the swirl chamber is caused to change 
direction and is accelerated by the inlet flow. The profiles shown in fig. 8.29b are similar to 
those of the previous figure. The presence of the inlet in these figures gives a clear indication as 
to why the flow at the larger radii may be likened to a wall jet. The free vortex behaviour at the 
smaller radii is evident in fig, 8.29b but the magnitude of the velocities are generally lower at 
radii approaching the inner cylinder: the natural flow behaviour is disturbed by the presence of 
the inlet. 

 
 Figures 8.30a and 8.30b show the tangential velocity components axially downstream 
of and adjacent to the inlet region.  Figure 8.30a clearly shows the asymmetry associated with 
the presence of the nearby inlet, in a region surrounding the θ = 90o azimuthal position. The 
flow behaviour at the wall is similar to the previous figures. The profiles at the smaller radii, 
fig. 8.30b, indicate that at this level the free vortex behaviour is more affected by the inlet flow 
than axially upstream from the inlets, fig. 8.28b. 
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Figure 8.27a. Tangential w-velocity components near to the 
back face of the atomizer (near z = 0). 

 
Figure 8.27b. Tangential, w-velocity, component profiles azimuthal 
positions θ = 0°, 90° and 112.5° anticlockwise from horizontal. The 
profiles correspond to fig. 8.27a. 
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Figure 8.28a. The tangential w- velocity components just 
upstream of the inlet. 

 

Figure 8.28b. Tangential, w-velocity, component profiles at 
azimuthal positions θ = 0°, 90° and 112.5° anticlockwise from 
the horizontal. The profiles correspond to fig. 8.28a. 
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Figure 8.29a. The tangential w- velocity components at the inlet 
level. 

 
Figure 8.29b. Tangential, w-velocity, component profiles at 
azimuthal positions θ = 0°, 90° and 112.5° anticlockwise from 
the horizontal. The profiles correspond to fig. 8.29a. 
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Figure 8.30a. The tangential w- velocity components for the 
position just downstream from the inlets. 

 
Figure 8.30b. Tangential, w-velocity, component profiles at 
azimuthal positions θ = 0°, 90° and 112.5° anticlockwise from 
the horizontal. The profiles correspond to fig. 8.30a. 
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Figures 8.31a and 8.31b show the situation mid-way along the swirl chamber at x = 12 mm = 
2.9rs from the closed end, and these figures indicate a dramatic change in the flow behaviour 
from the previous figures. At this juncture the flow has become wholly axisymmetric and the 
wall jet effect due to the inlet has entirely disappeared. The profile of fig. 8.31b has taken on the 
more expected solid body rotation near to the inner cylinder and a gradual decrease in velocity 
at larger radii approaching the wall. This decreasing velocity behaviour is similar to that of a 
free vortex but is not, however, represented by w ∝  1/r so that the flow behaviour, in this high 
Reynolds number model still differs markedly from the laminar results of Horvay and Leuckel 
(1984, 1986), fig. 5.2. 
 
 Figures 8.32a and 8.32b show the velocities at the beginning of the convergence. The 
flow behaviour at this axial position is axisymmetric and similar to that in figs. 8.31. The 
overall velocity magnitude has diminished along the length of the swirl chamber and even 
though the peak magnitude is slightly larger in this figure than in the previous figure, for the 
mid-swirl chamber position, one can observe, by comparison of the velocity profiles, that the 
overall angular momentum has continued to diminish. This is of course due to the effects of 
viscosity and turbulent energy dissipation. 
 
 Figures 8.33a and 8.33b show the velocities within the conical convergence. The 
velocity profile of fig. 8.33b indicates a region of solid body rotation followed by transition to a 
free vortex region. Near to the wall of the convergence the profile indicates that the velocity 
rises. Unlike the situation further upstream, near to the inlet, this is not due to a wall jet. Figure 
8.33a shows that near to the wall the velocity components change direction in an apparent 
attempt at reversal and the velocity here is greater than that at slightly smaller radii. Figure 8.37 
indicates that there is a reversal in the axial direction, in the meridian plane, of the flow along 
the wall of the convergence and this behaviour was also found in the block grid model of the 
previous section, fig. 8.17. It is therefore likely that the increase in the velocity components near 
to the wall shown in figures 8.33a and 8.33b is due to the increased radial velocity component 
in this region. 
 
 

Figures 8.34a and 8.34b show the velocities mid-way along the length of the outlet, 1.8 
mm from the end of the convergence. The profile is that of strong solid body rotation near to the 
central axis with reduced solid body approaching the outlet wall. There is no free vortex motion 
evident from these figures. The tangential velocity appears to increase near to the wall while the 
axial velocity, of fig. 8.37, clearly reduces near to the wall within the outlet.  
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Figure 8.31a. The tangential w- velocity components mid-way 
along the swirl chamber. 

 
Figure 8.31b. Tangential, w-velocity, component profiles 
corresponding to fig. 8.31a. The flow has become axisymmetric 
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Figure 8.32a. The tangential w- velocity components at the 
beginning of the convergence. 

 
Figure 8.32b. Tangential, w-velocity, component profiles 
corresponding to fig. 8.32a. The flow has become axisymmetric 
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Figure 8.33a. The tangential w- velocity components within the 
convergence. Scale 25:1 

 
Figure 8.33b. Tangential, w-velocity, component profiles 
corresponding to fig. 8.33a. Axisymmetric flow. 
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Figures 8.35a and 8.35b show the velocities at the very end of the outlet. The flow here is of 
approximately uniform solid body rotation throughout. As the liquid exits the atomizer it is 
likely that it contains no angular velocity gradient so that the entire film behaves as a solid 
body. This form of solid body rotation at the exit is in accord with the computational results of 
Dumouchel et. al. (1993), fig. 6.5, Chapter 6. Although in that figure, for laminar flow, there 
was seen to be a clear boundary layer profile.  

 
Figures 8.36 and 8.37 show the velocity components in a meridian plane. Figure 8.36 

shows the situation at the closed end of the swirl chamber. This is not a clear figure however 
one may detect some slight recirculation occurring in the pre-inlet region of the swirl chamber 
where there is no motivation for the flow to move in the axial direction. The pre-inlet region is 
provided to assist the flow in stabilising prior to moving off in the axial direction. Figure 8.37 
clearly shows the increase in axial velocity, due to continuity, as the liquid enters the 
constriction of the convergence. As was mentioned above, the flow recirculates along the wall 
of the convergence, in the next chapter it will be explained how this debilitating effect on the 
flow can be obviated by a suitable choice of convergence shape. Although no axial velocity 
profiles are available for these results one can see that  within the outlet the velocity is slowed 
by viscous effects near to the wall and also near to the slip-boundary inner cylinder. Although 
the axial velocity profile is not clear, this general  behaviour is in accord with both the 
experimental results of Horvay and Leuckel (1984, 1986), fig. 5.2 and the computational results 
of Dumouchel et. al. (1993), fig. 6.7. 

 
Figure 8.38 shows contours of pressure in the convergence and outlet. The boundary 

condition at the outlet was specified as zero (gauge) pressure across all of the outlet cells. The 
regions of highest pressure occur at the junction of the convergence and the outlet. This is due 
to the flow having to negotiate the sharp corner here and it is this build up of localised pressure 
that leads to the recirculation seen in fig. 8.37. It can be seen that the pressure is approximately 
zero in much of the outlet. Figure 8.39 shows the zero pressure contour only. Figure 8.40 shows 
the magnitude of the pressure along the length of the slip boundary of the finite inner radius 
cylinder, the pressure here is approximately axisymmetric and this profile is therefore 
applicable to any azimuthal meridian. This pressure profile indicates that the pressure is slightly 
reduced at the inlet level due to the corresponding high velocity occurring there. The pressure 
also reduces in the approach to and within the convergence. The pressure rises again as the flow 
is constricted at the far end of the convergence, at the junction with the outlet. The pressure 
decreases sharply as the flow enters the outlet. At the far end of the outlet the pressure becomes 
negative corresponding to the situation shown in fig. 8.39. 
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Figure 8.34a. The tangential w- velocity components mid-way 
along the length of the outlet. Scale 60:1 

 
Figure 8.34b. Tangential, w-velocity, component profiles 
corresponding to fig. 8.34a. Axisymmetric flow. 
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Figure 8.35a. The tangential w- velocity components at the very 
end of the outlet. 

 
Figure 8.35b. Tangential, w-velocity, component profiles 
corresponding to fig. 8.35a. Axisymmetric flow. 
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Figure 8.36. Velocity components in the r-z plane within the 
swirl chamber. 

 

 
Figure 8.37. Velocity components in the r-z plane within the 
convergence and outlet. 
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Figure 8.38. Contours of pressure within the convergence and outlet. 
Figure 8.39. The zero pressure contour 
within the outlet. 

 

Figure 8.40. The pressure along the finite 
inner cylinder with a slip boundary. 
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8.4 Comments and Conclusions 
 It is known that the air-core occurs in the swirl atomizer at the radial position where the 
pressure is zero, or that of the ambient medium. It was hoped that if one were able to determine 
the position of the zero pressure contour then one could adjust the size of the inner cylinder 
(with its slip boundary), along its length, to meet it. In this way one could progressively iterate 
the position of the inner cylinder at each converged solution of the flow field until the radii 
along the length of the inner cylinder and those of the zero pressure contour concurred, on 
convergence of the flow field. This methodology was not successful, largely because, as can be 
seen from fig. 8.39, the zero pressure contour only extends a little way into the outlet whereas, 
in reality, it should extend right to the back face. Figure 8.41 shows photographs taken of a 
perspex model atomizer with similar geometrical dimensions as that considered in the present 
study, which was used by Widger (1993) to view the air-core. Even taking into account the light 
refraction due to the water and the perspex it can be seen that the air-core in this atomizer is 
extremely small in comparison with the size of the swirl chamber. It is therefore suggested that 
the above methodology to determine the air-core shape and size may be more fruitful if applied 
to an atomizer where the air-core is known to be relatively large. 
 

 Although Widger (1993) did much work on the study of the resultant spray there 
was no empirical data on the internal flow with which to compare and validate these 
computational results, apart from the photographs of the air-core shown in fig. 8.41. It is clear 
from both the orthogonal block grid and the body fitted grid three-dimensional models that 
axisymmetric flow exists for much of the atomizer length, after a short axial distance 
downstream of the discrete inlets and it is in this respect that this work has value. The decision 
was therefore taken to concentrate on, computationally less intense, two-dimensional, 
axisymmetric, laminar solutions of the flow, but with case predictions using a time-stepping 
laminar solution procedure of the code to check whether turbulent flow was likely to develop. 
This assumption permits the use of much denser grids than have been used up to this point. The 
use of two-dimensional models also permits the use of stream-functions with which to gauge 
the size and positioning of the air-core. These two-dimensional models, together with their 
empirical validation, form the subject of the next chapter. 
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Figure 8.41. Photographs of a transparent perspex swirl atomizer of the design of Widger 
(1993). 


