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SUMMARY.
In this work we analyse the behaviour of liquids in the fibre
spinning process. We describe something of the industrial processes
used to produce man—made fibres. The analysis is limited to the
behaviour

of

materials

which

are

maintained

at

a

constant

composition and temperature throughout the process and we discuss
something

of

the

experimental

methods

used

to

determine

their

behaviour. The mathematical analysis begins with the behaviour of a
simple Newtonian fluid. We then go on qualitatively to investigate
a model of a fluid which exibits a property which is a combination
of both a Newtonian fluid and a Hookean solid. This property is
viscoelasticity and the model is that of Maxwell. An attempt is
made qualitatively to determine the steady—state behaviour of a
spinning solution composed of a polymeric material dissolved in a
volatile solvent, the Jeffreys model. Finally we investigate
equations which model something of the behaviour of the long—chain
molecules of which a polymer is composed, the Phan—Thien—Tanner
model.

We have endeavoured to produce an understandable account of
the spinning process from reasonably fundamental principles. To
this end the work includes an appendix on continuum mechanical
principles, adapted from the works of

(1)

Bird et. al. and

(2)

Oldroyd,

and the derivation of the convected derivative quantities used in
the spinning equations.

(1)

R. B. Bird, R. C. Armstrong and 0. Hassager, Dynamics of Polymeric Liquids.
(2nd edition Vol. 1, John Willey and Son, New York 1987.

(2)

J. G. Oldroyd, On the Formulation of Rheological Equations of State. Proc.
Roy. Soc., Vol. 200, 523—541, 1950.
An Approach to Non—Newtonian Fluid Mechanics. Journal. Non-Newtonian Fluid
Mechanics. Vol. 14, 9-46, 1984.
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NOTATION.
Whilst we would hope that the majority of the notation used
in this work has been adequately explained as it is presented
the nature of the work requires the use of scalars, vectors and
tensors.

To

differentiate

between

these

quantities

we

have

adopted a notation suitable for the type styles available (i.e.
we have available bold—type Roman but not bold—type Greek). We
have decided on the following notation: a scalar will be a
light-type Roman or Greek (examples; τij, Z, VZ, ĝ ij , δij, t), a
vector will be a bold—type Roman, or a Greek with a light—type
ĝ i , r, v, n, δi) and a tensor will be a
bold—type Roman with a bold—type underline, or a Greek with a
•
bold—type underline (examples; E, τ(1), γ , δ )

undeline (examples;

8
CHAPTER 1.

FIBRE SPINNING

Fibre spinning, generally, is the process of producing
man-made fibres from liquid polymers by way of extruding the
liquid polymer through a die (a hole) to form a thread. By the
term "spinning" we in no way imply that any rotational motion is
present in the process and a suitable analogy may be to consider
that a spider will '"spin" the filaments that it uses to build its
web'. The industrial process produces materials for textiles,
carpets, plastic cables and many other products.

§1.1. THE HISTORY.
The production of man-made fibres dates back to the end of
the 19th century. The first fibres were produced by Chardonnet
(cellulose nitrate in an alcohol-ether
solution, dry spinning,
"Chardonnet Silk", 1885), Cross, Bevan and Beadle (Viscose Rayon,
1892) and Fremery and Urban (Cuprammonium cellulose wet-spun into
an acid 'coagulation' bath). The early years of the 20th century
brought acetate (Miles, 1905) and the early 1930's saw the first
wholly synthetic fibres: Polyvinyl Chloride and Polyamide. Rapid
development of the polymer industry after 1940 resulted in the
introduction of some fifty different types of man-made fibres and
many modifications of the formation process (for more details see
Ziabicki [1]).

§1.2. CLASSES OF FORMATION PROCESS.
We may distinguish three major classes of fibre formation
processes: The tubless syphon or Fano flow, melt spinning and
solution spinning.
Fano Flow: In this arrangement the liquid is sucked up through a
tube which has its end raised above the surface of the reservoir
of liquid; this is only possible for a non-Newtonian liquid.
Variations include pressurising the reservoir of liquid
to
increase the flow rate and, instead of suction, the flow is driven
by winding up the solidified fibre which draws the molten polymer
from the reservoir.
Melt Spinning: This is the simplest and most economical method of
fibre formation. Its application is limited to those polymers
which melt without destruction and which are thermally stable in
temperatures corresponding to high fluidity. This is basically the
industrial process for the manufacture of artificial fibres of
Nylon, Polyester, Polyolefins and inorganic glasses.
Molten
material is extruded downward through a spinnerette, a small disc
with several holes, the thread is allowed to cool and solidify and
is then taken up on a roll or drum. This is driven at a faster
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speed than the thread would attain under gravity and so the thread
is stretched.
Solidification in melt spinning is due exclusively to heat
transfer. The spinning of thin mono-filaments, multi-filament
yarns and staple fibres is usually performed in a gaseous medium
(air, water vapour), in cooling chambers 2-5m long. The rate and
stability of the cooling process is sometimes controlled by
blowing hot air across the stretched filament. For polymers which
have properties which do not readily lend themselves to spinning
the process is carried out in heated cells. Spinning velocities at
the take-up drum range from 30-100m/min for thick mono-filaments,
cooled in liquid baths, to several thousand meters per minute for
thin filaments, cooled in a gaseous medium. Initial temperatures
will be in the range 100o-300o C for organic polymers and higher
temperatures will be used for inorganic materials such as glasses
(and even some metals).
Solution Spinning: The basic arrangement is very similar to that
for melts. The process is isothermal and arrangements are made to
regulate the temperature of the liquid fibre and its surroundings.
Solution spinning takes two forms;
Solution Wet-Spinning: This is applicable to soluble materials
which do not melt without destruction and dissolve only in
non-volatile
or
thermally
unstable
solvents
(Cellulose,
Polyacrylonitrile, Polyvinyl-Alcohol, Proteins).
The
process
consists of extruding the polymer solution into
a
liquid
'coagulation' bath containing low-molecular weight substances
miscible with the solvent but not dissolving the
polymer.
Solidification of the spinning line in the bath is the result of
phase separation (crystallization), gelation and often also of
chemical reactions. Polymer content varies between 5%-30% of the
spinning material and extrusion viscosities lie in the range 2-500
Pa.s. Bath temperatures do not usually exceed the range 0 -150 C.
Maximum take-up velocities are limited by hydraulic drag in the
liquid bath and are rarely higher than 50-100 m/min. Wet-spinning
is the most complex of the industrial spinning processes.
Solution Dry-Spinning: This employs polymers dissolved in volatile
solvents as spinning fluids (e.g. ether, acetone, lower alcohols,
tetrahydrofuran). Dry-spinning of fibres from polymer solutions
consists of extruding the fluid into a vertical cell where jets of
the fluid leaving the spinnerette come into contact with a stream
of hot gas, usually air, where the solvent vaporises, polymer
concentraton in the filament increases and the filaments solidify.
Spinning velocities reached in this procedure are in the range
10 -10 m/min. Polymer concentration in the spinning dope may be in
the range of 15%-40% which correspond to extrusion viscosities
within the range 30-500 Pa.s.
Inlet gas temperatures vary,
depending on the nature of polymer and solvent, over the range
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100 -250 C. Dry-spun fibres include Cellulose Acetate, polymers
and copolymers of Acrylonitrile, Vinyl Acetate, Vinyl Chloride and
Polyvinyl Alcohol. The disadvantage of this, historically the
oldest method of fibre spinning (Chardonnet Silk), lies in the
necessity for solvent recovery which usually results in losses.
After the fibres have been produced, by any of the methods
outlined above, they may then be drawn in order to increase the
degree of molecular orientation and improve their mechanical
properties, particularly the tensile strength and elasticity.
Drawing may form part of the spinning process. Finally the fibres
will be thermally stabilised in order to relieve internal stresses
that will have been set up by spinning and drawing.

§1.3. THE SET-UP FOR THE MATHEMATICS.

We wish to investigate the behaviour of a single fibre. We
are essentially interested in the dynamics of the material in the
fibre spinning process. In order to simplify the problem we assume
that the material will maintain a constant composition and
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temperature throughout the process i.e. we will be ignoring the
effects on the material properties of temperature change (in melt
spinning) or solvent evaporation (in dry-spinning). We
are
considering a flow which is steady, in a laboratory frame of
reference, in which a jet or thread of liquid emerges from an
orifice (experimentally we use a single holed spinnerette called a
die) into air, or some fluid much less viscous than the liquid of
the jet. The thread is stretched by a force applied at a fixed
point, the 'take-up' point, some distance downstream from the
orifice. As an element of fluid in the jet flows from the orifice
to the take-up point it is stretched under the action of the
force, its cross sectional area A decreases and its velocity v
increases. Hence the axial stress on the element and the axial
strain will both also increase. These quantities at any point in
space are independent of time.
The spinning of a round filament is shown schematically in
figures 1.1a and 1.1b. The liquid column swells in the region
immediately downstream of the point of extrusion. This region of
die-swell or extrudate-swell is not treated in the investigation
and the origin of the coordinate system is taken at a position
beyond the point of maximum diameter where the axial velocity has
become approximately uniform over the cross section. The velocity
profile in the die tube will be parabolic and so there is a region
of transition in velocity profile between the die tube and what we
take to be the origin of our coordinate system. This region of
transition is difficult to analyse mathematically. The fibre,
travelling at its maximum velocity, is wound onto a rotating drum
(at the take-up point) which provides the stretching force F. The
fibre is considered to have solidified for z > L and hence the
velocity gradient for z > L (∂vz /∂z) will have become zero. Our
region of interest in this investigation will be 0 < z < L which
we term the 'spinline length'. We consider that the effects of
inertia, gravity and surface tension are negligible in comparison
with the effects on the fibre of the applied force.

§1.4. EXTENSIONAL RHEOMETRY.
Since in the modelling we shall ignore changes in material
properties we shall not expect good quantitative descriptions of
industrial processes.
Laboratory experiments aimed at investigating extensional
properties of polymer solutions may be more accurately modelled by
the equations we shall develop. In the experiments a solution can
be stretched by some mechanism at constant temperature and
composition and measurements are made from which stress and rate
of strain can be calculated.
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Experiments have been undertaken in which flow rates, forces
spinline diameters, etc. have been measured
for
different
solutions. One of the pieces of apparatus employed in such
experiments is the Spin Line Rheometer (see for example Jones,
Walters and Williams [3], Ferguson and El-Tawashi [4]). In
this section we give brief details of this instrument.
The Spin Line Rheometer is a commercial instrument
shown schematically in figure 1.2.

which

is

The fluid under investigation is placed in a stainless steel
reservoir (1) and pressurised by air, nitrogen or any other
suitable gas (3). The fluid is forced through the delivery pipe
(4) and out through the spinnerette nozzle (5). This can be
removed for ease of cleaning and a range of nozzle sizes can be
used. The fluid falling vertically from the nozzle is taken up
tangentially on a rotating stainless steel drum (6) and elongated.
Drum speed is accurately controlled through a direct drive motor.
The drum and motor are mounted on a slide attachment which enables
the fluid filament length to be varied. A scraper (7) removes the
sample and deposits it in a beaker (8) allowing a "catch and
weigh" system of flow-rate measurement. The whole instrument is
contained within an environmental chamber.
The forces generated during spinning cause the delivery pipe,
which acts as a built-in cantilever, to deflect. This deflection
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is measured by means of a displacement transducer (9) which is
wired to a recorder which provides electronic amplification of the
relevant dynamic measurement.
A knowledge of the flow rate and the filament profile
provides a measure of the deformation rate in the sample.
Controllable variables are the nozzle diameter, flow rate, drum
speed and length of the filament.
Several methods may be employed for analysing the filament
profile. A vertically travelling microscope can be used to take
direct diameter readings at fixed distances along the filament or
a photographic method may be used. For long filament lengths it is
necessary to take composite photographs, Jones et. al. [3] have
overcome the difficulties associated with this method of analysis
by the employment of a video camera (10). From these readings
the filament diameter can be calculated and hence stress and rate
of elongation.
A number of other instruments involve the same or dynamically
equivalent arrangements. It is clear that good experiments require
great care and skill to carry out and the results need to be
interpreted carefully.

§1.5. VISCOELASTICITY AND THE CONSTITUTIVE EQUATIONS.
The polymer solution used in the spinning process has the
property of viscoelasticity. We wish to explain this term and how
it affects the type of mathematics that we will need to employ in
the investigations.
The classical theory of elasticity deals with mechanical
properties of elastic solids
for which, in accordance with
Hooke's law, stress is always directly proportional to strain in
small deformations but independent of the rate of strain. The
classical theory of hydrodynamics deals with properties of viscous
liquids for which, in accordance with Newton's law, the stress is
always proportional to the rate of strain but independent of the
strain itself. These categories are idealisations; the behaviour
of many solids approaches Hooke's law for infinitesimal strains,
and that of many liquids approaches Newton's law for infinitesimal
rates of strain. Some simple liquids, notably air and water, show
Newtonian behaviour over a large range of rates of strain. Under
other conditions deviations are observed; we may distinguish two.
First, when finite (usually considered large in comparison
with infinitesimal) strains are imposed on solids, especially
those soft enough to be deformed substantially without breaking,
the stress-strain relationships are
much
more
complicated
(non-Hookean deformation). Similarly in steady flow with finite
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strain rates many fluids, especially polymeric solutions,
marked deviation from Newton's law (non-Newtonian flow).

exhibit

Second, even if both strain and rate of
strain
are
infinitesimal, a system may exhibit behaviour which combines
liquid-like and solid-like characteristics. For example a body
which is not quite solid does not maintain a constant deformation
under constant stress but goes on slowly deforming with time,
"creep". When such a body is constrained at constant deformation,
the stress required to hold it diminishes gradually, "relaxation".
On the other hand a body which is not quite liquid may, while
flowing under constant stress, store some of the energy input
(potential energy), instead of dissipating it all as heat; and it
may recover part of its deformation when the stress is removed,
"elastic recoil". Materials which have a behaviour that exhibit
such characteristics are called "viscoelastic".
If both strain and rate of strain are infinitesimal, and the
time-dependent stress-strain relations can be described by linear
differential equations with constant coefficients we have linear
viscoelastic behaviour. The relations between stress, strain and
their time dependences are described by "constitutive equations"
or "rheological equations of state". If strains and/or rates of
strain are infinitesimal, corresponding to linear viscoelastic
behaviour, the constitutive equations are
straight
forward
compared to those for finite strains and finite rates of strain.
If strains and/or rates of strain are finite, the constitutive
equations may be non-linear or quasi-linear (linear in its highest
derivative) and maybe quite
complicated.
The
constitutive
equations for the Newtonian, Maxwellian and Jeffreys models are
developed and investigated, with reference to appendix A, in the
following chapters.
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CHAPTER 2.

THE NEWTONIAN LIQUID AND THE GENERAL
CONSTITUTIVE AND SPINNING EQUATIONS

§2.1. THE NEWTONIAN LIQUID.
In this section we investigate something of the behaviour
a Newtonian liquid in the spinning process.
For an incompressible
Tensor

liquid

we

define

the

total

of

stress

where p is the isotropic pressure, which will not influence
deformation or flow for the incompressible material, δ is the
identity or unit tensor and τ is the extra stress tensor.
Working in a cylindrical coordinate system we define radial and
axial components of the total stress tensor. If the isotropic
pressure is measured relative to atmospheric pressure then the
total stress normal to the free surface is zero. Hence

The axial stress on a filament during the spinning process will be
due to the force F applied at the take-up point and will vary
along the length z of the filament (see figure 1.1a). We therefore
define the dynamical relationship

where A(z) is the cross sectional area of the filament

where R(z) is the external radius of the filament.
The constitutive equation or relationship between stress
strain for a Newtonian liquid is defined by

and
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where τ is the extra stress tensor, i.e. this represents the
stress on the fluid but excludes the effects of any isotropic
pressure. The parameter ηS is the viscosity and γ (1) is the upper
convected derivative of the strain tensor γ , applicable for finite
rates of strain, see appendix A. A polymeric liquid may consist of
a liquid polymer dissolved into a volatile solvent, which behaves
in a Newtonian manner, hence we use the superscript s to indicate
that we are dealing with solvents (very few polymers, if any, will
exhibit Newtonian behaviour for finite rates of strain).
The components of the tensor γ (1)

are given

in

appendix

(A.30), we may use these to write (2.5) in component form. In
direction of stretching, the axial direction,

A,
the

where z represents the axial direction, in
a
cylindrical
coordinate system, and vz(z) the axial velocity of the thread. The
stretching of the filament will be accompanied by a radial
constriction

The constant volume flow rate Q is defined as

By subtracting (2.7) from (2.6) and by subtracting (2.3) from
(2.2) we obtain the relationship
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Use of (2.8) to replace A(z) in (2.9) allows us to obtain

and by employing the single initial condition

we have, on integration, a complete model for the Newtonian liquid
for which

We see that if we are given the volumetric flow rate (2.8),
the fluid viscosity (2.5) and the initial velocity (2.11) then,
for a Newtonian liquid, the take-up velocity vz(L) = vL
is
determined by the force F, in (2.12). We can, alternatively,
regard vL as defined, we then have a two point boundary value
problem, and this then determines F;

is the dimensionless draw ratio. If DR = 1 then the filament would
not be stretched, would not be "drawn out", (DR may take values of
several hundred). There is a one-to-one
correspondence between
≤ 8 and the take-up force in
the draw ratio in the range 1 ≤ DR
the range 0 < F < ∞.
Consideration of (2.5) and the rate
uniaxial stretching (A.32) leads us to

of

strain

tensor

for
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from (2.9) and therefore, using (2.3), we have

Finally, from (A.33b), we have

and hence (on integration), for constant F,

•

If the rate of strain γ (t ) is constant then by integrating (A.33b)
we have

from (2.9a). We therefore see that the cross sectional area of the
specimen in figure A.3 decreases linearly with time whilst its
length increases exponentially with time.
The elongational viscosity ηT is defined
steady uniform extension. From (2.9a) we have

•

to

be

S/ γ

in

a

i.e. the elongational viscosity ηT is three times the shear
viscosity ηS . A special result for the Newtonian liquid, because
it is purely viscous , is that the ratio ηT/ηS is three whether

19
the flow is steady or not. This is not the case for viscoelastic
liquids, where even in steady flow this ratio (the Trouton ratio)
is not three.
If we consider (2.12), along with (2.3) and (2.8) we have

We may also write, from (2.12),

By dividing (2.20) by (2.21) we again obtain

which shows that for a Newtonian liquid the ratio of stress to
rate of strain at any point on the spinline gives the true
extensional viscosity and a Trouton ratio of three. Again, this is
not the case for viscoelastic liquids.
where
is the time that
We may change variable from z to
a particle of the liquid has been in the flow. We may write

and hence from (2.12)

On integration we have
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Where

and hence Ao = Q/vo. If we identify t with t we may rearrange
(2.22) to recover (2.17) for constant force stretching. We see
then that the exponential decrease of area
with
distance
corresponds to a linear decrease of area with time, (2.17).

§2.2. THE MAXWELL MODEL.
The first attempt to obtain a constitutive equation for
linear viscoelastic liquids appears to have been that of J. C.
Maxwell (1867). He proposed that the behaviour of fluids with the
properties of both viscosity and elasticity could be modelled by

for shearing motion. For steady state shearing motions
equation simplifies to the Newtonian liquid with viscosity µ

this

For sudden changes in stress, the time derivative term in (2.24)
dominates the left hand side of the equation and integration with
respect to time gives the Hookean solid with elastic modulus G
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Again, this is a linear relationship for infinitesimal strain.
Equation (2.24) is the simplest expression for the shear stress
for a liquid that is both viscous and elastic.
Maxwell's proposal was empirical and it turns out that its
range of validity is somewhat limited. However we may generalise it
for arbitrary small displacement flows by putting the equation in
tensor form

This is more complicated than the Newton's or Hooke's equations
since this is a differential equation for the tensor τ. The
parameter η is the zero-shear-rate viscosity and λ is the
relaxation time, associated with gradual stress relaxation when
motion ceases.
Equation (2.27) describes a linear relationship between τ and
•

γ , for infinitesimal rates of strain. We may use it to generate a
quasi-linear model which is more appropriate for a general
viscoelastic liquid and will be applicable for finite rates of
strain. This is done by replacing the partial time derivatives in
the Maxwell model (2.27) with
the
upper
convected
time
derivatives (see appendix A) to obtain the upper convected Maxwell
model

where we have included the superscript p to indicate that the
equation describes the behaviour of the polymeric part of a
polymeric liquid as the equation may be combined with the
Newtonian solvent model (2.5) to describe the behaviour of
solutions, this is done for the Jeffreys model in the following
section. This Maxwell model is discussed further in the next
chapter.

§2.3. THE JEFFREYS MODEL.
For a polymer-solvent solution the extra-stress tensor
(2.1) is split into two parts

t

of
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These parts have been defined above as;

the Newtonian solvent part of the extra stress tensor and

the upper convected Maxwell model. A liquid
polymer
dissolved
into
a
solvent
will
shear-rate viscosity given by

consisting
have
a

of a
zero

We also define a material parameter, made up of the three
independent material parameters (ηS,ηP and λ), the retardation
time L, associated with delayed or retarded strain recovery when
stress is removed

We may take the upper convective derivative of both sides
(2.5) to obtain

of

λ times (2.32)

we

By the addition of equations (2.5), (2.28) and
Obtain

The employment of (2.29) and (2.31) allows us to rearrange this as
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This is called the upper convected Jeffreys fluid or Oldroyd model
B. It is a constitutive equation with a quasi-linear relationship
between the extra stress tensor τ and the strain tensor γ. It
describes the behaviour of a polymeric liquid which consists of a
Newtonian solvent into which is dissolved a liquid polymer which
in turn has a behaviour modelled by the upper convected Maxwell
equation. This model will be discussed further in the next
chapter.

§2.4. THE SPINNING EQUATIONS.
If Q is the constant volume rate of flow of the liquid in the
spinline then

From the momentum balance equations we have

The equations associated with the Jeffreys model which
describe particularly the spinning
process,
the
"spinning
equations", will consist of a force balance equation relating the
P
extra stress components, τzz
and the axial velocity vz , and
, τPrr
two rheological equations which simply state the Maxwell model in
component form.
We begin with the force balance
total stress component
(2.8a) we obtain

of

equation.

(2.3a)

in

Writing

parts

and

out

the

employing
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We replace τ szz with 2ηs ∂vz/∂z, as in
(2.33),

(2.6)

above. Hence,

By writing out the total stress component

of

(2.2)

in

τ

we

parts and employing the Newtonian equation (2.7) for
obtain

By subtracting (2.36)
Equation

from

(2.35)

Finally, by considering the
convected derivative tensors τ(1)

we

have

the

from

s
rr

force

balance

zz and rr components of the
and γ (1) (A.29 and A.30), we

write down the upper convected Maxwell equation in
form

its

component

Equations (2.37)-(2.39) are, what we may term, the spinning
equations for the Jeffreys model. These equations will be employed
in the next chapter.
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§2.5. DISCUSSION.
In this chapter we have looked at: the behaviour of the
Newtonian liquid in the spinning process, how this relates to
uniaxial stretching, the development of the Maxwell and Jeffreys
spinning models and the general form of the spinning equations.
In the following chapters we will qualitatively investigate
something of the behaviours of the Maxwell and Jeffreys models and
discuss here the Newtonian liquid.
We began with a relationship between stress and rate of
strain in (2.5). The equation (2.5) defines the viscosity for a
Newtonian liquid, it is a constant of proportionality and is
formally defined as the frictional force per unit area of a liquid
when it is in a region of unit velocity gradient.
Comparison

of

the

strain

rate

for

infinitesimal

•

for
finite
displacements γ in (A.2) and the strain rate
displacements γ(1) in (A.20) shows that these are identical and
are both given by

this suggests some form of linearity in the velocity gradients and
equation (2.21) indicates that ∂vz/∂z is a linear function of vz.
Equation (2.12) says that the
velocity
vz
increases
exponentially with distance z along the spinline. For a constant
volume flow rate Q, as given in (2.8), we see, from (2.12), that
as vz increases then the cross-sectional area A(z) must decrease.
This decrease in A(z) with z is also exponential and this is
indicated in the topology of the spinline of figure 1.1b. This
behaviour is also reflected in the analysis leading to equation
(2.23). Equation (2.17) says that for a particular cross-section
as it moves down the spinline its area will decrease linearly with
time.
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CHAPTER 3.

PHASE SPACES FOR THE MAXWELL AND
JEFFREYS MODELS.

In this chapter we will investigate the phase spaces for the
Maxwell and Jeffreys models. Petrie [5]
has suggested the use of
three new dependent variables; S, Π, and V for the Jeffreys model.
First we adapt these dependent variables for the Maxwell model to
•

produce a Π-V phase plane and we also produce a V− V phase plane
which has already been done by Petrie in previous work,
[2] and
[6].
Secondly we use the dependent variables S, Π and V to
investigate the three dimensional Jeffreys phase space which is
somewhat more complicated.

§3.1. THE MAXWELL MODEL.
In the previous chapter we developed the spinning equations
(2.37)-(2.39). The force balance equation (2.37), as it stands, is
applicable to the Jeffreys model, i.e. it applies to a model
involving a solvent as well as a liquid polymer. By setting ηs, in
(2.37), equal to zero the equation becomes applicable to the
Maxwell model. For convenience we restate the spinning equations
(for the Maxwell model)

The constant λ is the relaxation time of the Maxwell liquid, when
λ = 0 we have that (2.38) and (2.39) become equations applicable
to a Newtonian liquid and these may be compared with (2.6) and
(2.7).
In order to facilitate discussion
dimensionless quantities. The dimensionless
is

we
define
independent

several
variable
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where z is the distance along the spinline, as before, and L
the spinline length. We also define dimensionless parameters

is

where G ≡ η/λ is the elastic modulus associated with the Maxwell
model, vo is the axial velocity of the spinline at z = 0 (x = 0),
and So = F/Ao (Ao is the cross sectional area of the spinline at
z = 0); So = F vo/Q
(2.9) and (2.37a). The parameter µ is the
ratio of elastic modulus to initial stress and we shall regard it
here as a dimensionless reciprocal of the applied force F.
The explanation of the parameter α in (3.2) is a little more
involved. In Newtonian fluid mechanics the Reynolds number appears
as a dimensionless group that may be interpreted as a ratio of
the magnitude of inertial forces to that of viscous forces. For
instance, flow in a tube radius R exhibiting a parabolic velocity
profile with a mean velocity v will have a Reynolds number given
by Re = 2Rvρ/η where ρ will be the fluid density. Analogous to the
Reynolds number for viscoelastic fluids is the Deborah number.
This dimensionless group may be interpreted as the ratio of
magnitude of elastic forces to that of viscous forces. It is
defined as the ratio of a characteristic time of the fluid λ to a
characteristic time of the flow tflow

The parameter λ is associated with gradual stress relaxation when
motion ceases. The characteristic time of flow may be some measure
of the time for which an element of fluid occupies the spinline,
i.e. tflow = L/vo hence we could have
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The parameter a can also be regarded as a Weissenberg number which
is the ratio of normal stress to shear stress in steady shear with
characteristic shear rate vo/L

i.e. we may regard vo/L as either the
reciprocal
of
a
characteristic residence time (for De) or a shear rate (for Wi). A
small Weissenberg number will correspond to essentially viscous
behaviour whilst a large Weissenberg number will correspond to
essentially elastic behaviour. A large Deborah number will be
associated with slow relaxation, a large effect of initial
conditions (flow history) and,
again,
essentially
elastic
behaviour.
§3.1-1. THE Π-V VARIABLE PHASE PLANE FOR THE MAXWELL MODEL.
To return to the phase plane development we define
dependent variables for the Maxwell model, which
will
dimensionless,

the
be

Note
that
with
this
scaling (2.37a) implies that S = V.
Differentiation of (3.3)-(3.5) with respect to x, as defined in
(3.1), gives
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To continue with the phase
(2.38) and (2.39) to form

plane

development

we

rearrange

By identifying equations (3.3)-(3.8) with the components of
and (3.10) we obtain

(3.9)

•

where we have used ( ) to denote differentiation with
•

•

respect

to

x. As mentioned above, we have S = V and hence S− V ; we then have
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If we have λ = 0 as for the Newtonian model then from (3.2) we
have α = 0 and αµ = ηPQ/FL (finite). From (3.11) this would give

i.e. the Newtonian exponential velocity profile of (2.12).

We may present a

phase

plane

for

the

system

(3.11)

and

•

(3.12). We have Π = 0 on

This is a hyperbola which in the limit of large Π and V approaches
an asymptote with a gradient of √2. We also have a vector field
given by

In the limit of large Π and V the vector field flows toward an
asymptote with a gradient of 1. This phase plane has been
presented in figure 3.1 where, for the purposes of plotting we
have taken µ = 1.
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•

§3.1-2. THE V − V PHASE PLANE FOR THE MAXWELL MODEL.
We may rearrange (3.11) to form an expression for Π. This

in

•

turn may be

differentiated

to

form

an

expression

for

Π . By

•

identifying these two expressions for Π and Π in
rearranging we may form

(3.12)

and

by

This is a second order quasi-linear differential equation for the
dimensionless axial velocity V of the spinline. Solutions for
(3.15) were first obtained numerically by Denn, Petrie and Avenas
[7] and the graph obtained by them of V(x) is presented in
figure 3.2.
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•

We may also present a phase plane for the system V − V . We have
••

V = 0 on

•

In the limit of large V this approaches V − 1/α . We
vector field given by

also

have

a
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This phase plane has been presented in figure 3.3 where, for
the purposes of plotting we have used a value of a which is within
the range of values shown in figure 3.2, α = 0.05. This indicates
that the relaxation time λ is much smaller than the residence
time L/vo , from (3.2).
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§3.2. THE JEFFREYS MODEL.
§3.2-1. THE S-Π-V SYSTEM
For the Jeffreys model, equation (2.37) will
original form

remain

To assist in the scaling of the variables S, P and V we
two new dimensionless parameters

in

its

introduce

where we have taken the viscosity of a polymer-solvent solution to
be the sum of their individual viscosities. The
dependent
variables for this system we define as

and the new dimensionless independent variable is

We note that in this system (2.37) does not give S = V as for the
Maxwell model; we must therefore deal in three variables which is
more
complicated.
We
also
note
that
the
coefficient
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αQ/{3ε(1-B)voF} ≡ λ/3ηs appears as some form of elastic modulus
but contains parameters from each of the Newtonian and Maxwellian
models; the significance of this will not be pursued here. By
differentiating (3.19)-(3.21) with respect to X we obtain

By identifying equations (3.19)-(3.21) and (3.23)-(3.25) with
components of (2.37), (3.9) and (3.10) we may obtain

the

•

denotes
differentiation with respect to X and
where
( )
p
s
K = β/(1-β) = η /η
is the only material parameter appearing
explicitly, this is the main reason for the choice of scaling of
the variables.

§3.2-2. THE, THREE-DIMENSIONAL, PHASE SPACE OF THE
S-P-V SYSTEM FOR THE JEFFREYS MODEL.
We wish to consider the behaviour of solutions of the system
(3.26)-(3.28) in S,Π,V phase-space. For the steady state situation
we wish to determine a region of stability in this three
dimensional phase space. For the viscoelastic liquid
under
consideration we have the physical requirements that: α > 0,
ε > 0, 0 ≤ β < 1, β = 0 corresponds to the purely Newtonian
solvent-only condition, β = 1 corresponds to the Maxwell model
and
cannot
be
dealt with using this
scaling.
From
a
consideration of the spinning flow being modelled, we expect
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V(X) > 0 for 0 ≤ X < 1/3ε(1 - β)
V(0) = α/3ε(1 - β) > 0.

and

certainly

can

require

If we hoped to find a stable singular point in
the
phase-space then we would look for the point of intersection of
•

•

•

the three surfaces given by S = 0 , Π = 0 and V = 0 . Clearly, by
considering (3.26)-(3.28) such a point
occurs
(stable
or
otherwise) at the origin. This is unhelpful as such a point is not
physically meaningful. We therefore look for a region of stability
in the phase-space. This will be a region where trajectories enter
•

only. From (3.27) we see that for S > V then S < 0 hence
trajectories will move into the region V > S.
From (3.26) this
•

indicates that in a region of stability we would have V > 0 .
§3.2-2-1. PHASE PLANES IN P AND S SPACE WITH V = CONSTANT.
In this and the following section we use the term phase plane
to refer to projections, onto a plane in phase space, of
trajectories through points on the plane.
•

We notice fom (3.28) that Π = 0 is given by
Π = (V-S)2S

(3.29)
•

and hence, from (3.27), for S = 0 we require
2S3 - (1 + 4V )S2 + (2V2

+ V - K - 1)S + KV = 0.

(3.30)

This has three real roots, one in each of the intervals S < 0,
0 < S < V and S > V where the second of these intervals
corresponds to the situation described above. It should therefore
be possible to draw two-dimensional phase planes, of Π = Π(S),
for different values of V = constant, each with intersecting lines
•

•

given by Π = 0 and S = 0 . In this way we may be able to build up a
picture of the phase space for the system of spinning equations
(3.26)-(3.28). We have
•

for S = 0 , Π = S/(V - S) - (K + S)

(3.31)

•

for Π = 0 , Π = (V - S)2S

(as above).

(3.29)

The two-dimensional phase planes have been plotted in figure 3.4
for small values of V. For the purpose of plotting we have taken
K = 1.
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§3.2-2-2. PHASE PLANES IN P AND V SPACE WITH V = mS.

Continuing with the idea of two-dimensional phase planes, we
may also depict phase portraits in the planes Π vs. V = mS, see
figure 3.5. From (3.29) and (3.31) we obtain
•

for S = 0 , Π = 1/(m - 1) - (K + S)

(3.32)

•

for Π = 0 , Π = (m - 1)2S2 .

(3.33)

These planes are shown in figure 3.6. The first two

sketches

are

•

in the region V = 0 (V = S) and the second two are turning towards
the plane S = 0 (i.e. m becoming large). We are beginning to
realise a wedge-shaped phase space i.e. we are looking at the
region V > S, S > 0. As S → 0 we see from (3.27) that
•

in order to have S > 0 then we also require
puts a bottom onto the wedge.

Π > -K,

•

S→ k +Π,

this

then,
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§3.2-2-3. THE FUNCTION V = S + c/S,

c = CONSTANT.

We may consider a function that gives a family of curves
filling the wedge region, V > S > 0, for planes Π = constant. For
a wedge, bounded by the planes S = 0 and V = S, such a function
may be described by
V = S + c/S

or

c = S(V - S),

(3.34)

see figure 3.7. Vectors n normal to the graph of the function
be given by its gradient vector, as follows. If we put

will

φ(S,Π,V) = S(V - S) = c
then we have
∇φ = n = (S, V-2S, 0).

(3.35)

If the tangent vector to a trajectory is t, defined by
•
•
•
t =  V, S, Π 



(3.36)

then for the region bounded by the function to be a region of
stability, or a region of attraction (of trajectories), then the
scalar product of the normal n with the tangent vector t will need
to be positive i.e. trajectories ought to point into the region.
We find
•
•
n.t =  V S + S{V - 2S} = (V − S)S + {− S + (V − S)(K + S + Π)}{V − 2S}/V



from (3.26) and (3.27).
Unfortunately the problem of proving expression (3.37) to be
positive proves to be intractable. However we can at least make
one or two comments. For (3.37) to be positive we would require

In the region near S = 0 we need, from (3.38), only that
Π > -K
provided V > 0, which is a requirement that we met in the last
section. On the other hand, in the region near V = S we have that
the left hand side of (3.38) goes to infinity, provided V > S,
which certainly satisfies the inequaliy.
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•

Interestingly, we see that from (3.28) Π is now given by
•
•
Π =  − Π + 2C  / V



(3.39)

which, if we were able to solve the intractable problem of (3.37),
may influence the shape of the top and bottom of the wedge region.

§3.2-2-4. TRAJECTORIES CROSSING THE PLANES V = mS.
We may show that trajectories crossing the boundaries of a
semi-infinite wedge in phase space do so from outside to inside.
The simplest wedge in question is bounded by the planes V = S,
S = 0, Π = -K and the interior of the region where V > S > 0 and
Π > -K.
If we
defined in
the wedge,
the wedge.

again employ the tangent vector to a trajectory, t,
the previous section, and n is a normal pointing into
we need to show that n.t > 0 for all planes bounding
On V = S we have

n = (1, -1, 0)

(3.40)
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•

•

(figure 3.8) and hence n.t = V − S .
the fact that V = S we obtain

Using

(3.26),

(3.27)

and

n.t = 1

as desired. On the plane S = 0 we have
n = (0, 1, 0)

and here

(3.41)

•

n.t = S

= K + P
using (3.27) and S = 0. Hence provided that Π > -K then n.t > 0 as
desired. On the plane Π = -K we have
n = (0, 0, 1)
and

•

n.t = Π

= {K + (V-S)2S}/V
> 0
provided that V > S > 0, which is true on the part of the plane
Π = -K bounding the wedge. Hence we have established the existence
of a region which trajectories cannot leave.

§3.2-2-5. DECREASING THE WEDGE.

We seek to decrease the size of the wedge shaped region of
the previous section, by considering planes (a) V = ms for m > 1
and (b) V = ms for large m
(m → ∞ gives S = 0), see figure 3.8.
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For (a) n = (1, -m, 0)
(3.42)
and n.t = 1 - (m - 1)(K + Π)
so that n.t > 0
which puts an upper limit on Π which
provided that Π < - K
was not the case for m = 1.
For (b) n = (-1, m, 0)

(3.43)

and n.t = (m - 1)(K + Π) - 1.
so that n.t > 0
•

provided that Π > -K + 1/(m-1). Now Π > 0 on Π = constant in the
region where V > S > 0 if the constant is zero or negative, so we
get a useful inequality for
-k + 1/(m-1) < 0

i.e.

m > 1 + 1/K.

Hence we have a wedge shaped region Π > 0, 0 < S < V < (1 + 1/K)S
and for large values of K (i.e. ηp >> ηs ) this region is very
narrow. This seems consistant with the behaviour of a Maxwell
liquid (ηs = 0).
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§3.3. DISCUSSION.
In this chapter we have
examined
something
of
the
phase-planes of the Maxwell model and attempted to determine a
region of stability in the three-dimensional phase-space of the
Jeffreys system.

THE MAXWELL MODEL.

Figure 3.1 shows a P-V phase-plane for the Maxwell model. The
parameter Π is proportional to the trace of the extra-stress
tensor τ and V (= S) may be regarded as either being proportional
to the axial velocity of the spinline or proportional to the
difference between the axial and radial extra-stresses occuring in
the filament during the spinning process.
For the Maxwell model
we
certainly
have
that
the
dimensionless axial velocity V is greater than zero (V > 0) and
p
p
hence, as S = V, S > 0. This may also be interpreted as τzz
> τrr
(from the definition of S, equation 3.3), the axial extra-stress
is greater than the radial extra-stress.
We may consider that the parameter Π may be less than zero:
We know that vz increases as z increases, as we move down the
p
p
= Fv /Q
spin-line (figure 3.2). From (2.37a) we have that τzz
− τrr
p
p
increase with z.
for constant Q and F then τzz − τrr must
p
p
Intuitively both τzz and τrr will increase with z but we may
consider that in the region of die-swell, small z, then t
may be
p
p
negative and so for Π < 0 we would need τzz < 2τrr .
Figure 3.1 shows two saddle-nodes, at the points (0,0) and
(0,-3µ), neither of these points are stable. For Π = -3µ we would
p
p
)λ/ηp = −3 , in the present scaling. For typical
need (τzz
+ 2τrr
polymer viscosities of the order of 100 Pa.s. and relaxation times
p
p
of order 0.01s. we would need (τzz
) to be of the order of
+ 2τrr
-10,000 Pa. which would seem to indicate a very large and negative
radial extra-stress, a rather incredible amount of die-swell,
which does not seem likely. So, with Π = -3µ and V > 0 figure 3.1,
along with the vector gradient given by equation (3.14), shows
that trajectories flow towards a region Π = V. This would seem to
indicate, from the definitions of P and S (=V), equations (3.3)
and (3.4), that the axial extra-stress becomes dominant as we move
down the spinline, z increasing.
•

For a full discussion of the V− V system of S3.1-2 and the
associated phase-plane, figure 3.3, see the work of Petrie [2].
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THE JEFFREYS MODEL.

V =

For the
constant

Jeffreys model
of figure 3.4

the projections onto the planes
indicate a stable node at the
•

•

intersection of the graphs of Π = 0 and S = 0 in the first
quadrant. This is within the wedge region described in the latter
sections of this chapter. Having
realised
early
in
the
investigation that the region of stability would be wedge-shaped
it was decided on to produce figure 3.6,
projections
of
trajectories onto the planes V = mS. For small m, within the wedge
region V > S, i.e. m = 1.01 we see that the intersection of the
•

•

graphs of Π = 0 and S = 0 is an unstable saddle point. Larger
values of m (m = 10 and m = 100) give little information but serve
only to illustrate the paths of trajectories in these regions.
Both the graphs for m = 0.99 and m = 1.01 indicate the
non-physically viable result that the origin is stable.
In §3.2-2-3 we examined the possibility of trajectories
entering the wedge region across a family of curves filling the
wedge. To facilitate further analysis it may be beneficial to
replace the parameter V in (3.37) with S + c/S, as given in
(3.34), and hence reduce the number of variables appearing in
(3.37), or a more suitably rearranged form of this.
In §3.2-2-4 we have been able to prove that a wedge region in
the phase space of the Jeffreys system, described in the opening
paragraph of that section, is a region of stability
that
trajectories will enter into and not leave.
In §3.2-3-5 we have sought to determine the smallest region
of space in which the S-Π-V system of the Jeffreys model remains a
region of stability. Should it become possible to determine the
smallest possible bounds on this space then this may indicate how
the parameters S, Π and V relate to one and other i.e. we may, for
instance, be able to determine Π = Π(V,S) for the region of
stability.
The strongest result that we have, so far, in determining a
region of stability in the phase-space of the Jeffreys system is
that given at the end of S3.2-2-5, which describes a wedge-shaped
region which is a domain of attraction for trajectories. We note
that the approach of sections 3.2-2-3 to 3.2-2-5 is more fruitful
than that of considering plane projections of trajectories as in
sections 3.2-2-1 and 3.2-2-2, although the latter is useful in
helping to visualise the three-dimensional trajectories.
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CHAPTER 4.

THE PHAN-THIEN-TANNER MODEL.

§4.1. DESCRIPTION OF THE MODEL.

The Phan-Thien-Tanner model, developed by them in their paper
[8], describes the behaviour of an entangled polymer, i.e. a
polymer that has its long chain molecules entangled with each
other and crossing over each other at several points, see figure
4.1. This network has junctions that are not assumed to move
strictly as points in the fluid continuum but will, to some
extent, slip. The rates of creation and destruction of junctions
are assumed to depend on the instantaneous elastic energy of the
network, or equivalently the average extension of the network
strand, i.e. the average extension of the individual long-chain
molecule.

§4.2. THE MATHEMATICAL MODEL.

The constitutive equation for the
will be the generalised Maxwell model

Phan-Thien-Tanner

model
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where

denotes a generalised convective derivative. The dimensionless
parameter ξ is taken to be a constant obtained empirically from
the dynamic viscosity-shear viscosity shift data; ξ is found to be
small compared to unity; ξ = 0 gives the upper convected
derivative (ξ = 1 gives the corotational model and ξ = 2 gives the
lower convected derivative, see for example Petrie [6] and Bird
et. al. [9]). The parameter Ki is taken to be a function of the
(i)
first invariant of τ , and a particular form is given below
(equation 4.6).
In a later paper Phan-Thien [10] introduces the spinning
equations for this model. The force balance or momentum equation
of (2.37a) will be replaced by

(i)
and the Maxwell constitutive equations for τ (i)
zz and τ rr are,analogus to
(2.38) and (2.39),
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where

in which ∈ is a dimensionless constant material parameter of order
0.01.
To simplify this analysis we shall set the parameter ξ to
zero also we shall assume the existence of only one set of terms
in the summation of (4.3) i.e. we put N = 1. In equations (4.4)
and (4.5) we multiply through by K-1. In this way we may identify
the
equations
(4.3)-(4.5)
with
those
of
(2.37a)-(2.39)
respectively, with λ replaced by λiK-1 and h replaced by GiλiK-1.
This gives us that both λ and η depend exponentially on stress. We
have that G = η/λ and this will be a constant, we therefore refer
to it as Go and write λ as

where we have omited the superscript (i)
components.

from

the

extra

stress

We now define dimensionless variables, similar to those
in §3.1 of the last chapter, for this system

used

49

and a dimensionless independent variable

Note that (4.8)-(4.10) are equivalent to (3.3)-(3.5) and (4.11) is
equivalent to (3.1). We therefore carry out similar manipulations
as in §3.1-1 and obtain

In this analysis, we have taken

§4.3. THE P-V PHASE PLANE FOR THE P-T-T MODEL.

To facilitate sketching the phase plane for this
•

P-V phase space, we have Π = 0 given by

and a vector field given by

system,

in
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Equations (4.15) and (4.16) are identical to those of (3.13)
(3.14) and indeed we have exactly the same phase plane in
phase space as that presented in figure 3.1.
•

and
Π-V

•

For Π > 0 then V and Π in (4.12) and (4.13) will be greater
than their counterparts in (3.11) and (3.12), respectively, of the
previous chapter i.e. λo/λ times as great (if all other parameters
correspond in magnitude). Hence trajectories will be traversed
more quickly and if we consider the velocity gradient, the rate of
change of vz with z, (∂vz/∂z) will be greater and hence the draw
ratio, DR = vL /vo , will also be greater for this model.
§4.3-1. THE LARGE FORCE RESULT FOR THE Π-V SYSTEM.

An attempt has been made
function of the variable V.

to

obtain

the

variable

Π

as

a

If the applied force at the take-up drum is large (F → ∞) we
may make the approximation µ = 0, in (4.14) (clearly the present
scaling is not appropriate for this manner of analysis and ideally
this ought to be changed in some way). This approximation
simplifies equation (4.16) to

which appears to be a solvable
make the change of variable

which gives

This may be rearranged to form

differential

equation.

we

first
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By employing partial fractions we may put (4.19) in the form
integrands

of

which may be integrated to form

Returning to the original P-V variables we thus have

where c is a constant of integration.
Ideally this could be rearranged to form an expression for Π
as a function of V. Unfortunately the modulus term in the
denominator on the right hand side of equation (4.21) leads to
difficulties in the algebra. This will be taken up again in the
discussion, §4.6.
•

§4.4. THE V - V PHASE PLANE FOR THE P-T-T MODEL.
•

We may also wish to present a phase diagram in V - V phase
space, in a similar manner as for the system of figure 3.3. This
however is a more complicated matter than in that analysis. To
assist us we simplify (4.7) to
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i.e. b = ∈/µ (in the present scaling) and we further simplify

hence

In this way we rewrite (4.12) and (4.13) as

We may arrange (4.12a) to

form

an

expression

for

Π

and

then

•

differentiate this to form a further expression in Π . We may then
•

identify these expressions with Π and Π in (4.13a). In this way we
may form the second order differential equation for V as follows

= 1 - 3µb. By letting b = 0, and hence
= 1, we recover
where
the differential equation for the Maxwell model of (3.15).
••

In order to sketch the phase plane we have V = 0 on
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•

In the limit of large V we have V /V → b/α

(in

(3.16)

for

the

•

Maxwell model we had V → 1/α ). We also have a vector field
By

given

To facilitate sketching the phase plane we put µ = 1, e = 0.01 and
hence b = ∈/m = 0.01, and therefore
= 0.97. We put α = 0.05 as
for the sketching of the phase plane in figure 3.3. This phase
plane is shown below in figure 4.2.
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Figure 4.2 is consistent with the discussion in S4.3 and, in
comparison with the Maxwell model of §3.1, the significant feature
•

is that there is not an upper limit to which α V tends. It
therefore seems unlikely that there is an upper limit for the draw
ratio (for a fixed α) which is found for the Maxwell model (see
Petrie [2]).
•

§4.5. ANALYSIS OF THE AXIAL VELOCITY vz

ON α V = bV .

From (4.26) we have seen that in the limit of large V we have
•

V /V → b/α . We may use this result
axial velocity vz .

to

analyse

something

of

the

We may rearrange (4.27) to form

•

On α V = bV equation (4.27a) simplifies to

•

This is the gradient of the vector field on α V = bV . For large V
the graph of V = 0 has a slope of b/α and trajectories will flow
toward the graph of V = 0 from below provided that

In the region of interest, the first
•

quadrant

(figure

4.2),

we

••

have α V > bV above the graph of V = 0 and,
inequallity of (4.28a) holds, this will be
For the inequallity in (4.28a) to be true,
µ, b, α and V, then we would require 3µb <
§4.4, then this requirement can be written

provided that the
a region of attraction.
for positive values of
1. As b = ∈/m, from
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Which is certainly true for ∈ of the order of 0.01
§4.2.

as

stated

in

This result is independent of the parameter µ
the force F and the elastic modulus Go .

and

hence

of

•

As V = vZ/vo > 1 then from α V > bV we will certainly have that

and in terms of the original variables, µα = ηoQ/FL, we have

•

For α V

> bV

•

(V >∈ V / µα) we then have

which may be integrated to form

or

§4.6. DISCUSSION.

The Phan-Thien-Tanner model is similar to the Maxwell model
and is applicable for similar polymers. In this analysis the P-T-T
model seeks to better describe the behaviour of the polymer in the
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spinning process by the provision of a stress dependent relaxation
time which is associated with the polymer's molecular behaviour.
In §4.3 we mention that the draw ratio DR will be greater for
the P-T-T model than for the Maxwell model, because of the
exponential multiplier λo/λ. Petrie [2] has found an upper limit
to the draw ratio for the Maxwell model, DR ≤ 1 + 1/α + δ, where
•

the number δ is approximately 0.63. The V - V phase-plane of

figure

••

4.2 in §4.4, together with the V = 0 equation of (4.26), indicates
•

that there is no upper limit to the velocity gradient V , for
P-T-T model, and hence no upper limit to the draw ratio DR.

the

In §4.5 we examined the axial velocity vZ for large V, the
dimensionless parameter V = vZ/vo becomes large as we move down
the spinline, increasing z (increasing x). As vZ = vo at z = 0 the
inequality in equation (4.32) could read

We may consider that (4.32) indicates a lower
draw ratio DR , DR = vL/vo = V(1)/V(0),

bound

to

the

as when z = L then x = 1.
It is interesting to note that there is a similarity
the Newtonian model of equation (2.12),

between

and the lower bound of equation (4.32). We see that the lower
bound of (4.32) will behave like a Newtonian liquid with a
viscosity ηS = ηo/3∈. Since ∈ < 1/3, equation (4.29), then we
would have that ηS > ηo.
In §4.3-1 an attempt was made to obtain the variable Π as a
function of the variable V. The failure of the algebra to produce
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the desired result stems from the integration of the second term
on the left hand side of equation (4.19a), which may be integrated
to form either -ln(1 - y) or -ln(y - 1). Clearly the argument of
this logarithmic term must be positive. If we have a knowledge of
which parameter is the greater, Π or V, then the problem is
solvable (y = Π/V). As we have assumed the existence of only one
set of terms in the summation of equation (4.3) (i.e. N = 1 ) then
we again have that S = V, as for the Maxwell model of the previous
chapter. In order to be able to use the argument in the form y - 1
we would need Π > V (y > 1) and hence Π > S. From the definition
of the terms Π and S (equations 4.8 and 4.9 respectively) we see
that we would need 2τ rr > − τ zz and this will be the case for
positive τ rr . The radial extra-stress τ rr is only negative in the
region of die-swell. We have taken z = 0 to be at a point just
downstream from the point of maximum die-swell (Chapter 1.) and it
seems likely that all values of τ rr thereafter ( 0 < z < L, figure
1.1) may be positive. Therefore with Π > V we may write equation
(4.21) as

which may be rearranged to form
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DISCUSSION.

CHAPTER 5.

The aim of this dissertation was to provide an exercise in
the phase-plane analysis of non-linear systems of equations and to
research something of the qualitative behaviour of polymeric
liquids in fibre spinning from a study of their constitutive
equations.
The most significant results of the dissertation are: that we
have established a domain of attraction in the phase-space of the
Jeffreys system and that there is no upper limit to the draw ratio
DR for the Phan-Thien-Tanner model.
In chapter 2, for the Newtonian model, we have seen that
axial velocity increases exponentially
with
distance,
cross-sectional area decreases exponentially with distance
will decrease linearly with time.

the
the
and

For the Maxwell model, chapter 3, in the limit of large Π and
V we have the result that Π = V and, from the scaling, this shows
that the axial extra-stress τzz becomes dominant. There
upper limit to the draw ratio DR for the Maxwell model.

is

an

Further investigations may be pursued in the following areas:
a) It may be possible to further reduce the bounds on the
of attraction in the phase-space of the Jeffreys system.
b) It may be worthwhile to
crossing a family of curves
§3.2-2-3.

domain

review the idea of trajectories
given by V = S + c/S, covered in

c) A further study of the topic of §4.5,

Analysis

of

the

Axial

•

velocity vz on α V = bV , for the Phan-Thien-Tanner
probably yield some interesting results.

model

would

d) The significance of the result of equation (4.21a) may be
sought, for example, in the limit of large V we have that Π = V
which was a result also obtained for the Maxwell model, figure
3.1.
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APPENDIX A.

STRESS, STRAIN, CONTINUUM MECHANICS
AND THE UPPER CONVECTED DERIVATIVE.

§A.1. STRAIN.

In a viscoelastic, as in a perfectly elastic body, the state
of deformation at a given point is specified by a stress tensor
which represents the relative changes in dimensions and angles of
a small cubicle element cut out at that point (see, for example,
S. Timoshenko's works on thin plate bending [11]). The rate of
strain tensor expresses the time derivatives of these relative
dimensions and angles.
For an infinitesimal deformation the components
infinitesimal strain tensor in cartesians are given by

of

the

where the xi = xi(t) and ui re respectively the coordinates of
the point where the strain is specified and its displacement in
the strained state; i.e. ui = xi(t) – xi(t') where xi(t') refers
to the unstrained state. The rate of strain tensor, components
•

γ ij , is formulated similarly with ui

replaced by vi, the

velocity

of displacement (vi = ∂ui/∂t). We may generalise this rate
strain tensor to be applicable in other coordinate systems

where the symbol
tensor (∇v).

indicates that the transpose be taken

of

of

the
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For large (finite) deformations the definition of the strain
tensor becomes more complicated and this is discussed later in
this appendix.

§A.2. CONTINUUM MECHANICS.

One can replace the stress and strain tensors (and their time
derivatives) occuring
in
linear
viscoelastic
constitutive
equations by the appropriate convected time derivative terms to
generate quasi-linear constitutive equations. For example, the
linear Maxwell model of (2.27) could be transformed into the
non-linear viscoelastic equation of (2.28). We wish to do this in
order to construct so called admissible constitutive equations.
We seek the general form of the equations that will specify
the flow properties at time t of a material that is moving in an
arbitrary manner as part of a flowing continuum. To be physically
acceptable the constitutive equations must be such as will
determine completely the deformation history of a material element
when its whole stress history (and temperature history) are given,
over a period of time from some instant t' at which the state of
the material is completely known to the current instant t; the
properties of an element at the current instant t will depend on
all the previous rheological states through which the element has
passed. According to Oldroyd [12] the criteria for admissibility
will be; that these flow properties of an element and hence the
constitutive equations should be independent of:
a) any frame of reference,
b) the position in space, the translational motion, and the
rotational motion of the fluid element
and c) the stress and strain in the neighbouring fluid elements
(except for continuity requirements on velocity and stress
across any surface).
i.e. it is assumed that the properties of a material element may
depend upon the the previous rheological states through which that
element has passed, but not in anyway on the
states
of
neighbouring elements and not on the motion of the element as a
whole in space.
To satisfy
non-orthogonal

the above
curvilinear

criteria
we
use
coordinate
system

a

convected

x i = constant
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(i = 1,2,3) embedded in the fluid and moving (deforming) with it
as part of the fluid continuum. A fluid particle has the same
  
coordinates x 1 , x 2 , x 3 for all time. Figure A.1 shows a convective
coordinate system moving through space as it is swept along with
the moving fluid.

We wish to relate the convected coordinate system to a
coordinate system fixed in space. Although a system of reference
fixed in space provides a less appropriate notation for recording
the rheological history of a material element moving as part of a
continuum, it is usually necessary to transform the constitutive
equations of a material so that the variables in them are the
fixed-components of tensors (i.e. their components in a fixed
system of reference) before solving the constitutive equations
simultaneously with the equations of motion and continuity, and
with predescribed initial and boundary conditions. The main reason
for this is that the equations of motion and boundary conditions
contain references to position and motion in space (or at least in
some external frame), and all the equations need to expressed in
the same notation for simultaneous solution. For convenience we
take the fixed coordinate system to be a cartesian system.
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We consider that the, moving, convected coordinate system,
1  2  3
x , x , x in figure A.2 below, will exactly coincide with the
cartesian coordinate system, x1, x2, x3 , at time t (-∞ < t' ≤ t).
We may now designate a fluid particle P by giving its convected

coordinates, x i which remain the same for all time, and associate
with this a time t' which will be an indication of its position
relative to the coordinate system 0x1x2x3. We may, alternatively,
use the coordinates xi along with the time t to designate the
particle and associate with this the time t' to indicate its
that
time.
So,
position, relative to the system 0x1x2x3, at
i
in the first case we have the coordinates x
as the "particle
label" and a time t' to indicate its position (at that time), and
in the second case we have the coordinates xi along with the time
t as a particle label and the time t' to indicate its position. In
this way the motion of the fluid (of a fluid particle in space)
may be described as a function of a particle label and a time. We
do this in two ways corresponding to the two ideas discussed above

which may be inverted to give

These are "displacement functions". The first two arguments in the
vector displacement functions identify the particle and the last
argument indicates the time dependence of its position. The
displacement functions completely specify the motion of the fluid.
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From the displacement functions we define the "displacement
gradient tensor" in terms of its cartesian components

these are measures of the displacements at time t relative to
positions at time t'.
At every point in the convected coordinate system (at
fluid particle) we can construct a set of three convected
vectors"

the

every
"base

D
where r is the position vector (the g i are analogus to the unit
D
vectors in cartesian coordinates). A base vector g i is tangent to
D
the x i coordinate curve and its change in length indicates the
D
extent to which the fluid is stretched in the x i direction (see
figure A.1). At every point we may also define a set of reciprocal

base vectors, these are normal to the surfaces x i = constant, see
Spiegel [13] for a more thorough definition of these terms,
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The
base
vectors
depend
on
the
convected
coordinates
D
D1 D 2 D 3
x ≡ x , x , x and on the time t'. The vector between two



neighbouring fluid particles x and x + dx is given by



in which the dx i and dx i are refered to respectively as the
covariant and contravariant components of the vector dr (we may
also construct second order tensors in a similar manner, see for
example (A.22) below). The square of the separation between the
particles is given by


in which the g ij are called the covariant "metric coefficients".
D
Since the g ij are obtained by forming scalar products they do not

depend on the instantanious position or orientation of
element in space.

the

As an aside, we note that we may obtain the identity or
tensor δ from the base vectors and metric coefficients

fluid

unit
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and that we may also obtain

the Kronecker delta.

§A.3. INITIAL WORK FOR THE CONVECTED TIME DERIVATIVE.

In order to develop the convected time derivative we need to

relate g i with E, the displacement gradient tensor (A.6), and also
to find their partial derivatives with respect to time t'. We have

Note that

operates on the ith unit vector δi to give the ith reciprocal base

vector g i (consider dotting a column vector δi into the tensor E,
as defined in A.6). When t' = t then E = δ, the unit tensor, and

g i = δi. When we calculate the components of E we first
differentiate the inverse displacement function (A.4 ) to obtain
(A.6) and then eliminate the x 'j in favour of the xj so that E
finally depends on r, t and t' as in (A.13).

We can regard Eij as
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g i (similarly if we were to
invert Eij(r,t,t') as defined in (A.6) to E ij' (r ' , t' , t) then E ij' will be

the jth cartesian component of g j ).

the jth

cartesian

component

of


We proceed by finding the partial time derivative of g i with
respect to t'

having
interchanged
the
order
of
differentiation.
Now
i
at time t',
δr'/δt' = v', the fluid velocity of particle label x
therefore



However ∂x 'j / ∂x i is the same as ∂x 'j / ∂x i = E ij' the jth component of g i so

that

I
Next we differentiate g j with respect to time t'. We begin by
 
differentiating g i .g j = δij

and so, from A.14,
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hence, on rearranging,

[

]


Now, by substituting g j = δ j ⋅ E (from A.12) into (A.15) we have

By rearranging the right hand side we obtain

On regrouping the dot product terms we have

§A.4. THE RELATIVE FINITE STRAIN TENSOR

In the opening paragraphs of this appendix we introduced an
infinitesimal strain tensor describing the strain at time t
relitive to the fluid configuration at time t'. In a cartesian
coordinate
system
we had
the
infinitesimal
displacement
ui = xi(t) – xi(t'). In a cartesian coordinate system the xi
describe the configuration of the fluid element at times t' and t.

In the convective coordinate system the metric coefficients g ij
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contain complete information about the shape of a
This suggests that we ought to use the quantity

fluid

element.

as a measure of the relative strain, between fluid configurations
at times t and t', where r,t is the label for a particular fluid
particle. It was pointed out in the discussion following (A.13)

that when t' = t then g i = δi and also that we could regard the

Eij
as the jth cartesian component of g i . Hence we may write
(A.17) as

These are the cartesian components of the "relative finite srain
= E . E = δ and the relative
tensor". When t' = t then E = E
finite strain tensor vanishes (see the definition of E (A.6)). For
small strains it can be shown that the relative finite strain
tensor reduces to the infinitesimal strain tensor of (A.1). For
the sake of clarity we may give examples of the components of the
relative finite strain tensor in cartesians
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§A.5. THE CONVECTED TIME DERIVATIVES OF THE RELATIVE FINITE
STRAIN TENSOR γ (o) AND OF THE STRESS TENSOR τ .

In linear viscoelasticity we use not only the infinitesimal
strain tensor γ of (A.1) but also the rate of strain tensor
•

γ = ∂ γ/∂t

of (A.2) (see, for example, the Maxwell model

of 2.27).

In non-linear viscoelasticity the nth order time derivative of the
relative finite strain tensor may be defined as

Let us look at γ [1]
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in which the E, ∇v, and γ [1] are understood to be functions of r,t
and t'. The last equality serves
to
define
the
tensor
γ [1] (r,t,t'). When t' = t then E = E = δ and hence γ [1] (r,t,t) =
γ [1] (r,t)which

is

exactly

the

same

as the rate

of

strain

•

tensor γ in (A.2).

§A.5.1. STRESS.

Next we consider the stress tensor
tensor may be expanded in terms of unit
components

It may also be expanded in terms of the
and the covariant components

τ(r,t,t'). The stress
vectors and cartesian

reciprical

base

vectors

We could equally well write the stress tensor in terms of base
vectors and contravariant components. From (A.12) we saw how the
reciprocal base vectors can be written in terms of the unit
vectors and displacement gradient tensors. Hence

These are the cartesian components of the tensor

When t' = t then τ[0] becomes equal to τ(r,t).
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We

can

now

find

the

derivatives

with respect to t' i.e.

We wish to find τ[1]. On rearranging (A.23) we Have

Earlier we found

and

where it is under stood that E, ∇v, and τ[1] are all functions of
t' and the particle label r,t. The last equality serves to define
τ[1].
The tensor τ can be regarded as either being a function of
the fluid particle label r,t and the time t', or else as a
function of the spatial coordinates r' and the time t'. Then by
the chain rule of partial differentiation,
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But ∂r’/∂t’is the velocity v’ at r’, t’. When t’ = t we have

which is the substantial derivative of τ.
Also when t' = t we have

hence,

from (A.25) we obtain

The quantity τ[1] is the covariant or upper
of the stress tensor τ.

convected

derivative

If we were to carry out the same procedure, as in (A.24), on
the first convected derivative of the realative strain tensor
γ[1], as defined in (A.20), then we would find that the operator
(A.26) operates on this to give

§A.6. THE SPINNING CONVECTED DERIVATIVE TENSORS.

The tensors γ(1), γ(2) and τ(1)
occur in the upper convected
Jeffreys model and the Maxwell model. We would like to write out
these tensors in component form. In their original forms they are
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rather complex. However, when applied to spinning we may eliminate
some of their components and reduce others.
In the spinning process we have a parabolic axial velocity
profile in the die tube. Beyond the die tube in the region
analysed in the present work, the region of interest, 0 ≤ z ≤ L,
see figure 1.1a, we assume that the axial velocity is uniform
across the cross section of the filament. The geometry of this
situation lends itself to be analysed in terms of cylindrical
coordinates.
The well known continuity equation for an incompressible
fluid (∇ . v) = 0, which describes the conservation of mass flux
into and out off a control volume of fluid, is written in
cylindrical components as

There is no rotational motion in the spinning process hence vθ
and derivatives with respect to θ are also zero. Therefore

= 0

from which, on integration, we obtain

As the axial velocity profile is uniform in the region of
= vz(z)
interest it is reasonable to make the approximations vz
= τij(z). Hence derivatives with respect to r of these
and τij
components are zero. In equation (A.28) the term ∂vz/∂z is of the
of
the
order
order vL/L whereas the term ∂2vz/∂z2 is
(vL/L)/(R(0)/L). Since R(0)<< L we will neglect such terms.
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Subject to the assumptions that we have made we are now in
position to write down the tensors τ(1), γ(1) and γ(2) for this
flow

a
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§A.7. UNIAXIAL STRETCHING.

In chapter 2 we give reference to uniaxial stretching. We
consider a flow which is time dependent but spatially homogenous
in the sense that the flow occupies the same position in space for
•

all time i.e. the rate of strain tensor γ is

independent

position vector x. This rate of strain tensor is a time
version of (A.30)

of

the

dependent

where g(t) is the rate of strain. If we consider stretching an
incompressible cylindrical specimen of length L
and
cross
sectional area A (i.e. volume

) then
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